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and 123.0) Tollows becanse ¢ b5 arbilvary. From (3.3) we have

i .
AFIY )~ 2 A-h(z(2)y T Qe 10 ) glshds.

Sinee Y is equicontinnous and bounded. we can apply Ambrosetli's result
({1} Lemma 2.1) o gel
a(Zysup [{x(Y(sh o —ags<T =sup EIR YU A RI=d(Y).
Henee, by #)
2 Y () << 2 LAY Le. AP Y JOYE L), ,
Thus, all assumplions of the fixed-poinl theorem are salisfied. 1 follows
that ¢ has a fixed poinl in N and this ends Lhe prool
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ON I50PTIC CRVES
BY

ROBSEL BENRKO*, WALDEMAR GIESLAK, STANISEAW GOzD7
and WITOLIY MOZG AW A

1. Introduction. An isoptic curve is a locus of vertices of acons
angle lorl_nod h_\_' two tangenl lines to a given convex cur U\} -l'(UIlSlllllt
[\-:crv.cm]sndorvd in the classical geometry (s:-c 11} ]:'; )] in\\'L';rihollln(sI:‘uwlr“‘ﬁ
(“(-): ulil\]-s(,-ldl'l“‘]“l: (letiznlt“d properties of iso;_)lic curves of algebraie (']:n'e\‘ﬂ"
are given In {1} Some problems connecled with isoptic curves are consi “‘
in the papers of Wunderlich (see e.g. |8 In Lhe ; H e
give some global properties ol isoptic curves of ovals \(n{)t”‘lﬂl "‘l AL
of isoptic curves of an ellipse is considered. ;\.‘orm‘\-m.‘ using isc e ooy
some Crofton-type integral formulas are derived - il BOPHE curves

P T B ey e : .

poq"i;.elil:)Irlil(:l[::le.atllﬂ(:..r]I‘n .1I‘us ].).):lpcr we will consider the family _# of all
{i\.-c o R = :;d :.,I e (2, |Jl':mv closed simple curves with the posi-
b G !I])l. '.Pl us consider (llll‘()\':ll Ce d. s—z(s)=2(s) Liy(s)
cm'\-a[;;l-(! ‘-.[" 1.|/,u" »N l..lm are lenglh, The tangent veclor lo (C {I];(|.UH:
el ﬂ‘;(ﬂd lpm;lll ‘,.‘(‘.\') \.\_:‘I! be (ItjlloEml by T(sy and k(s), respectively, For
* L) L0 exists x= (0, 2m) such that Tr@)=e* T(0). The so-
ution of the differential equalion v

(1) ¢ =i

with initi .

with the initial condition «(0)=« sulisfies the condition
(2) Togmd®y,

& 2 . i i Ty

(see {2]); we will say that o does nol change the angle z.

If ¢ e 1P A re :
E tll:z- O\till\ Cis given in n_n__arl_utrar_v parametrization. say /—:z(/). U<
s4, n the funclion % satisfies the difierential equation o

3) I

+y

e solulion of (3) is given by the formula

o{f) = K (K () K (200

K(f)= 'lLI K(ry | z(ry dr.
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following veclors and

for the Tarlher purpose w introduced e

funclions

" G2 Nmrr geeaven d=|p- Ty D-lp N

where (o s]—ad
We nole thal

be fur complex numbers = b, w=¢-di

(0 [ |Eem el = 10

1. Convernity ol jsoplic  curves.
ander o lined angle =
which does nol change the apgle =
has Lhe equalion

{8 o= —fd el 2 T,

can see an oval «
the solution of (1)
curve (L= z,ih.

iot)o

Fig, 1

Making use of (i) and the equalily
(h T =kiz=k|2}iT
we gel the system of dilferential equations
f=k 2 D517 in 7.
(10) [ d=FR¥= ,.p'|‘n:p sin #
\ Des —k1:ld—gizgp 08 27 23

Fhe equalities (8) -—(10) imply

1
(in —— = =g %) T —(detg 2 =it
and
1 1y, 1. k 1 .
o R T b — :1—_—(21)1\ -';*2[”.(";1 o e T : N T -
=k koo sin

-2k —2Dketg = -t

The locus of points from whiclh one
will be denoted by €. Let o denole
4. Then the isoplie
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In view of (11} and (12) we gel

I l—j‘—wl h—m—z[‘id'-'!; A2 - _f
T ¥ ] [) koo

]

(v z - Dsin v}} .

Let ns note that

el Dd — z [l:d'-——l.‘l_)! —d (ddeos z - 1sin -:r)]
Len 1

Flies we have

: Sit 2 . L ud — D sin s .
ks —{1\-:1- R - ____]_ n% e fare ta 2
kp o klpliz LAz al(,lg;)].

‘This Tormula implies the Tollowing theorem.
Iheorem 1. The isoptic curve Cgof an oval € is an eval iff fhe inequedily

. 1 '
(15 k f-(;n'(-. lg 2) =)

| )
holds.

Ihe above theorem suggests Lhal for a lixed oval (¢ there exists an angle
2(C) sueh that for all 22 2(Cy isoplic curves (O are ovals (the angle «(C) wiil
be called the limil angie if il exists). c
] AL | G HReonnm o .
i, Ellipses. We discuss this problens w nen our oval is an ellipse. Testing
the problem on the compuler we observed Lhe [ollowing statement R
It (r,’(fc_.]_z. then all isoptic curves of the ellipse a*fa®4y¢/b2=1
are vmln'o.\. {ef. picture ] This leads us to fhe following theoreny @ o
Theorem 2. If Cis the ellipse x*la® 2p/ds ” then the
) . A . se wila? Bprlbt—=1, then the limit
«(CY iy given by fthe formulu ’ e
(14) cos 'J.((f_)_='!_»f
1-tcos 2x(C)  u®
If 1<alb<| 2 then all isoplic curves are conver.
Proof. Let us consider the elipse C

a(ty=uacos I, ylOh—tsin L, < i< 2.
htf.ln.its isoplic curve (7, is given bv
sin () — sin ! )

oy = g 2RO TR <
sin{f —a() pih=1

vos 1 —cos o)
sin(t —a(1})

ere « is given by lthe formuln

ab sin fcos o 4-b?cos fsin «

w(fy=—arc g
abcos {cos g —@* sin [sin o

il S :

;béﬂ;)gmfnflm‘} ‘}!) ;;_t a point fy such that olfy) = ~lo. The number x''(fy)
B () h{]l(;'(',““ll angte x(€). The condition "' {{o)=0 teads to the
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v 1 —cos(f —2)

- o'sin { +4sin 9|
sin?{d —g)

and
13*cos® o

( —sinfsin 2 Neoslcos 2)*

¢

"J_—

where [?=b/a. Henee we oblain
Lamaer .
Qe -~—(—“———)—v [sin® (f —) — (1 —cos ({ —5)) sin 2(¢ —pt~
sint (f — )
1 —cos{f —
= {o'sin { -sin ?H_M [ +¢ cosit o cosy]
sin 2 —3)
and
"o 1
= z? ——— —— —_———— .
( —sin {sin a4 B cos tcos 2)*
« [ —Bsin® o —sin? asin 2 + Beos 2{sin 20 + Bsin 2¢cos? x ). h
The condition o{fe)= —{, implies equalilies |
2 (o) =1
@'l =2~— 1heos s [ e — sine % + B2 cost x - :n\(\)- “.10 are in the position to prove the sine theorem for isoptic curves of
n oval. :

B sin o(1 2 cos &)
sin x - B%(1 4-cos a)*
1-rcos « )

- Theorem 3 For any oval € and ils isoplic curve C, the following formula
wlds

(18)

4+ cos « |
_ @) e _ )l
Thus we have sin x,(s) sin «,(s)  sin %

02t =~ 2l 1 )sin £, 429 (a)eos o] = 0SSt S
sin? 21, Proof. From the considerations concerning cquation (8) il follows
1— { , ! , )
sin? 24, Moreover from (11} we obtain

and

It=rcos 1/(1 +COS 5()- :-1 =A[(d—DClg CC) T—(dctg I':—'D)IT],

5. The sine theorem for isoptie vurves. Let C, s—zts) for O<s< L bes

an oval, Then its isoptic curve C, is expressed in the following form Lipisin o

%

{13) s— 2, (s)=z(s) —(d(s)ctg = +D(s)) T(s). om the above considerations we have
and equations (10) have the form e |1, =] _ —sin a(detg o +D) = sin x/q,|
{16) d' =kD4o'sing, D'=—kD+1—3'cos Ty P Ip|
_ h means (hat
Let us introduece the veetors:
i - g, sz ="pl[sin «,
17 me T, —2, y=1I,—I0% y
(17) e e i arly we obtain

and the angles #,. z, as on the pieture (Fig. 2). ' . o [5in1 2,2 | p(f5in «
gl g = I .
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It is remarkable that the expression p(s) [sin o is equal to the diameler
of Lhe circle c,(s) passing by the points x(s). 2(o(s)) and z(s) (for a fixed s)
‘Fheorem 4. The tangent line to the isoplic curve a the point (s} is lan-
gend to the circle c (s} foo.
Proof. Lel us denote by + the angle formed by the Ltangent lines to
the circle and the isoptic curve at z,(s) (Fig. 3). By the fact that a circle is an
isoptic curve of a segment we have

i, s P
sin (o, —v)  sin (xg-y)  sinz

IFig. 3

On the other hand iu virtue of the last theorem we have (18), thus =0,
which finishes the prool.

6. Crofton-type integral formulas for ovals. Let us fix an oval C, s—
—z(s) for 0<s< 1. We denote by o(C) the exterior of the region bhounded
by C. 1t is clear that each point (r, y)=e(C) belongs to exactly one isoptic
curve (. Thus we can deline a bijective mapping f: P = {(s.2) : 0<s< L,
0<g<nt—e(C) by the formula |

(20) (s, x)—>2a(s) ==
We note that

(detg « ~INT.

—C0s % ¢ o

L fua . Ip= ()= — T,
éx kog ax koo £a sin® %
(21) ;
£ s) =k[(d—Detg ©) T —(dclg = +DIN}
os
Hence we obtain that the jacobian .Jf(s, =) of f at (s, «) is equal to
_kd (detg = +D). e '
sin? «

~1
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. kd

(22) Tf(s, xy= —(— (detg 2 --D).
sin? x

ihe formulas (1% and (22) imply hal

(23) If(s, %)=

; LINLEE
s %

l'hus!)“ Iis a diffeomorphism. We recall the well-known two integral formulas
isec ‘16 ] . _

" sin o . sin ¢

\ dady =27, g @ (o1 +p)dady=2xL.
hl, bty

qs) “(c)

Making use of the diffcomorphism [ we can easily oblain these formulas.
Indeed. we have

- L I

Cosin e sin z ko

\ drdy= S R— - iTal g dsdx ==\ k(s)ds=2x?,
4Ly Jiglg, sz
) L) o

L S

sinew i 5in 1. 1 5

\ {g1+¢.)drdy= R-—— = (—+ ) —— [} q:|dsdx=
A YYim g \F" ko) sins
Pl o0

= L
= S S (1 42'(s))dsdsx=2=L,
0o

Using the diffeomorphism f we are able to show another integral formulas.

~

IR
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DPoland

BY

CRISTIAN N, COSTINESCU

The aim of Lhis paper is to give a solution to the following classical
problem : the transition from the graded group associated with the filtra-
tion of an abeliap group fo the group itsell. We take the group to be the

| real K-Theory of a finite CW-complex.

1. Let h be a gencralized cohomology theory defined on the category €
of finite based CW-complexes; we shall write an object of € simply by
indicaling the space X and very often the base point x, of X isnaturally
given by the conlext. Now we consider the generalized Ativah-Ilirzebruch
speclral sequence associated with h(X) and we recall that the limit lerm E,
is isomorphic to the graded group associaled with the filtration :

F o (X)) = Ker(hT( X)—h?( X))

where X, is the p-dimensional skeleton of X (for details see [4]). We also
recall the following resull

Theorem. (sce [f], chapter 111} If h is an arbifrary cohomology theory
then h®Q is also a cohomology theory and E,@Q=E.®0Q.

Remark. The above isomorphisms show in facl that there exist the
embeddings Im d,=Tors £, for every s. where we denote by d, the differen-
tial of the previous spectral sequence.

Thus we obtain immediately the following lemma

Lemma .Y, There is

(\) @ nalural group epunorphism
any s;

(i) a natural group monomorphism :

1 (Tors EN—Tors(I"E,=E,;,) for

Grr(Tors B(X))— Tors(Greh' (X)y = ELD

for any p.

Proposition 1.2, Sappese that X< is withoul lorsion (i.c.: H(xX,; 2z
Ras no forsion) and 2 Tors K {x)=". Then Tors E,(X)=(Z,)". Tors E,,(X)':‘“)
2(Z)". Tors K(N)=(Z)'" and r'<r'<r.

Proof. 1f II"(X; %) has no torsion then Tors E;(X) depends only on
the torsion of h'(x,). Using the previous lemma, the proposition follows.

Remark. We nay replace the second assumption of the proposition
2. by p: Tors h'(r)=0. where p is prime.



