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SOME REMARKS ON GENERALIZED COHOMOLOGY THEORIES
AND REAL K-THEORY

BY

CRISTIAN N, COSTINESCU

The aim of Lhis paper is to give a solution to the following classical
problem : the transition from the graded group associated with the filtra-
tion of an abelian group Lo the group itsell, We take the group to be the
real K-Theory of a linite CW-complex.

I. Let i be a generalized cohomology theory defined on the category €
of finite based CW-complexes; we shall write an object of € simply by
indicating the space X and very often the base point r, of X isnaturally
given by the contexl. Now we consider the gencralized Ativah-Hirzebruch
spectral sequence associated with i(X) and we recall that the limit term E,
is isomorphic to the graded group associaled with the filtration :

F o (RO(X)) = Ker(h(X)— h( X))

where X, i1s the p-dimensional skeleton of X (for details see {1]). We also
recall the following resull

i Theorem. (see [1], chapter I1I). If h ts wun arbilrary cohomology theory
then h®{) is also a cohomology theory and E.QQ0=FE_®Q.

Remark. Fhe above isomorphisms show in fact thal Lhere exist the
embeddings Im d.<Tors I, for every s, where we denote by d, the differen-
tial of the previous spectral sequence.

Thus we obtain immedialely the following lemma

Lemma 1.%. There is

(iy @ nafural group epimorphism : H(Tors E)—Tors(H'E, =FE,.,) [or
any s ;

(i) « nalural group monomorphism :

Grrglors 17 (X))— Tors(Greh' (X)y = EX)
rany p.
Proposition 1.2. Suppose tha! XN<@ is without torsion (i.e.: H(X; Z

5 n0 ‘lorsmn) and 2- Tors h'(xo) =" Then Tors LA X)=(Z,)", Tors E.(X) =
(Z.)", Tors B'(N)2(Z.)'" and r'<r<r.

Proof. 11 /I'(X: Z) has no torsion then Tors EX) depends only on
torsion of h*(x,). Using the previeus lemma, the proposition follows.
. Remarf;. We anay replace the second assumption of the proposition
by p- Tors h"(r,)=0. where p is prime.
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2 W eonsider the colomology Lieory it to be the real K-Theory.

Propesition 2.1, If N=C is withoul lorsion the:

(i) 2+ Tors KO'(X)==0;

Int the AMiyah-Hirzehruch spectral scquence associaled with KO'(XN) -

(i) the dif ferendial d 2 EF77 77 s XY panishes for sz 2 iog=00 1 (-
dule 8,

(iti) the differenlial dg: EPT—Ep+e 1=t panishes for sz 2. if q=—2,

4 (modulo 8).

Sketch of proof (ity and (iit), simuitancously. 1f Nis a point then KO°(X) = 0
and by using the Bott sequence we abtain that ris an epimorphism or ¢ is a
monomorphism {where we denote by r oand ¢ the Botl morphisms); this
implies. hecause X is wilhoul torsion, that I7.(r) is an epimorphism or f.40)
is a monomorphism. On the other hand, the Aliyah-lirzebruch spectral
sequence for KU'(N) collapses and so, Lhe proposition Tollows. for delails
see (2]

Remark. Suppose X € and KU'(X) has no lorsion (where we denole
by KU the complex K-Theory). This is a sufficient condition which implies
the first asscrtion of the previous proposition.

Fheorem 2.2, Suppose. in addilion to the conditions in propasifion 2.1,
that KO'(X) is « free KO (wg)-module. Then

(i) The Atiyah-Iirzebruch speefral sequence, associated with the Z.-graded
algebra KO'(X), collapses ;

(ii) There exisls the group tsomorphism

KOUX) = EYX)= ® [HMX; Z) < KO (1)}
r=o

for every q (i.e. 1 Ef(X) 2 E.(X)= KO(X) Zs-graded).

Remark 2.3. Let G be a compacl, connected, semisimple Lie group such
that m,(G)=0; if the conjugation in the reprezentation ring of G is the iden-
tity, then KO'(G) is a free KO (poinl) — module and his abelian structure
is well-determined (see [6]).

Proof of Theorem 2.2, We recall that Tors KO (xo)=(Z,)* (hence 1ihe
proposition 1.2 is available), rank K0'(x,)=2 and hecause (X ; Zyhas no
torsion, we have ERT—=["(X; Z) <« K0"(x,) (1) (see [1]and [5]. Due loa
simple problemn of the group extension we also have: rank RO'(N)=rank
[Gr KO (X)=E.(X)]; using again the Hilton's theorem we obtain : rank

KO*(X)=rank I£,(X)=rank II'(X; Z} - rank K0O(r,) and this implies that

KO'(X)=[KO'(x0)], where we denole by & the rank of H'(X: 7). The re-
mark above shows that Tors KO(X)=[Tors KO'(x,) [ =(Z)* and on the
olher hand, via (1), we have Tors I7,(N) = (Z.)**. Now, by the propesilion 1.2,
we obtain thatl the torsion of E,(X) contains only permanent exveles 5 beeause
we have too: Fors E(N)= H'(XN; Z2)@K0O v (ay=Ey V-, this mcans
that the dilferentials d,: Ef9— Er-® 0=5-t and d,: EJ~*¢*7'= [} vanish
for 522, if ¢= —1, —2 (modulo 8). The proposition 2.1 helps lo finish the
proof of (i}

Using again the lemma 1.1 (i) we obtain that:

EAX)=KO(X) Z;-graded. which closes the proof of the theorem.

Exumple. Let X be a simplectic group Sp(n). Then the Z-cohomology
of Sp(n) is an exterior algebra with generators X; whose rank =i.i.c. H(sp(n) s
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)Y 2NN o Ny, ) This implies thal Spen has ne lorsion ; using now ilhe
whose rank=1i, i.e. H(Spiny: Z=A (Ns ... @ Xy, ). Thisimplies that Sp(n)
remark 2.3, we obtain Lhat K()'(S]w(n)) is a free KO'(ro)-umodule and thus

the tarsion of KO(Spny is isomorphic to (Z93 " (Tor delails see {3, Sa.
having Lhis information, we gaay apply the Theorem 202
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