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SOME PROPERTIES OF K-TRIANGULAR MULTIVALUED
SET FUNCTIONS
BY

ANCAMARIA PRECUPANU

The ¢oncept of k-triangular set function was introduced in {1] by G. L.
Areshkin, V. N. Alexiuk and V. M. Klimkin. Some important
properties of this kind of non-additive sel function are also studied by N. 5.
Guselnikov [6] and E. Pap [9], [11]

In the present paper we consider the notion of k-triangular multivalued
sel function and we point out some remarkable properties of this type of
multivalued sel function.

We also give a Dicudonné type theorem for k-triangular multivalued
sel funclions with (B-Mj-regular p-variations.

§ 1. Basic notions. terminology and notations. In what follows we
shall use Lhe terminology and notations as in [4]. Let Q be a nonvoid set, 2
a ring of subsets of Q and P(Q) the family of all subsets of €.

Let X be a Hausdoril locally convex topological vector space, < its
lopology and U a base of absolutely convex closed neighborhoods of the
origin in X.

Lel us denote by c#(X) the family of all nonempty subsets of X and by
©(X) the family of all closed subsets of X.

Define on <£(X) an equivalence relation ..p* by

(N ApB=A =B,

where 1 is the closure of 4 in X. We see that the addition (A, B)—»A4 +B
is compatible with p. We can also introduce another addition on of(X), de-
noted by the svmbol 4, defined by

(2) ALB-4+B. for every 4, Becdl(X).

Thus, (¢#(X). -b) admits a factorization by .p* and the corresponding quo-
tient semigroup can be identified with (€(X), +).
If % is the invariant uniformity on X compatible with v, then the

uniformity i on ct(X) defined by the following base of vicinities
WU —{(A. Byect(X) xct(X); 4= B+ U, BcA+ U}, UeD,

is said o be the exponential extension of ) to cf(X).
The topology on c/(X) induced by @ will be denoted by =.
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Using the equivalence relation (1), we may identify (E(N). ) with
(A {X). D)/ p) and (ﬁ(X).'_Z() wilh the separated uniform space asso ciated
with (ct(X), ).

If N is wmetrizable, then (—~{ X)), f?) hecomes a semi-melrizable space
for (he Hausderff distance helween sets,

If. fir addition, X is complete, then so is G(X). T (X.7() 15 a complete
aniform space then so is (E(X). 0.

We observe that (2(X), +3 7ty is a Hausdorff uniform commuiative
semigroup with the unit f01.

Furthermore the semigroup €(X) has (he jmportant properly thal
the law of cancellation °

(3) AL CeBdC=A =B, (V)4 B. Ce E(X),
holds in it.

Then, according to a result of Weher [13]. there exists a family 2

=id}, of semi-invariant pseudo—mctrics, which gencrates the uniformity /(.
That is for every d holds

() d(A 5 Ay, B B)<d(A, By +Hd(AL B

for all 4. A4, B, B s 2(X).

Without any loss of generalily we can suppose that the family D s
directed, that is for every finite Family (di)ier= D, there exisis a pseudn-
metric d=2 such that

(o9 dx s e O o) dlw s &

Every pseudomelric d induces a triangular functional p in the following
way !

(3) p(4) =d(A. {0]). (A e e(X).

The functional p has also the properties :

: (A B (1) +p(B),
() (AL By2 p(4)— pUID)]. ()4, BEC(X).

Let us denote by 7 the family ol all triangular funclionals induced
by the pseudometrics deD.

In the following we shall consider correspondences from 7 to X, lhat
is set functions p defined on @ faking values in (ct(X), &), or, if seis with

the same closure are identificd. in the semigroup (€(X), ) with the pro-
perty w(®)=0. ' )

1.1. Definition. Lol uw b2 d correspondence from R o X. The function
.1, B—>R: defined-by

@) . i fE)y=sup { ‘ZEJJ(:.J.(A))}. Ee®,
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where the supremum is laken over ll partitions of I indo « finile number of
pairwise disjoini members of R, is said lo be the p-varialion of w.

I is easy lo see thal [, is «a nonnegaiive, superadditive, non decreasing
sel funclion. '

Tn addition, the incequality holds
(8). plafAN= [l (), (VA =R

1.2, Definition. A family A —(p)ier of correspondences from R lo X
is said lo be uniformly exhaustive if for cvery disfoinl sequence (Ap)pexs @
we have Vim w,(A,) =0, uniformly with respect to i =1 (Here the limit is consi-

LR

dered with respect to the topology T induced by lhe uniformily o).

In the case where M —{ud we simply sy thal uis exhaustive.

We remark that a correspondence u from @ lo X (a family A =(we)ies
of correspondences from @ to X) is exhaustive (uniformly exhaustive} if
and only if for every disjeint scquence (1), enc@ holds the equality
B pla(e,)) =0 (resp. Tim Plai(4,)) =0, (V) el for every perp.
noro K-> @

1.3, Delinition. .1 correspondence p from @ lo Xis said o be order con-
finwous (briefly o-continuous), if lim u(A,) =0 for cvery sequence (A ) exs®

such that A, L ® (thal is A2 A (HneN and lim A, =)

Also, a correspondence u from % to X is order-continuous if and only
it lim p(a(1,))=0 for cvery sequence () er=® such that A, @ and

for e.\'cr}' ;)67).
1.4, Definition ./{ w is a correspondence [rom @ to X and psD the
function i, : @— Ry defined by

() =sup{p(u(T)); T=AA. Te®}, (V)AeR

is said fo be the p-semivariation of u.

Il is easy lo see fthat: a) g(®)=0; by il A= B, A, BE®R=p,(4)<
<308 o pla())=dy(A) (V) ==2.

§ 2, K- Triangular multivalued set functions Let p be a triangular
functional from 7.

2 1. Definition. The correspondence u from @ {o X is said to be k-{riangular
with k{0, o) if for every A, BE®R with An B =® we have

) Pl 1) — kpl(B))< p(u(Au B))< plp(A)) -+kp(u(B))-

Examples.
1. Lel % be a family of additive sel [unctions m: #— X, Then the correspon-
dence u given by the formula u(A) ={m(A); meX} is k-triangular with k=1.
2, Let u be a correspondence from @ to X such that

a) .\, Be®@ with e B=u(A)cu(B). .

by for every A. Be® with An B=b=p(4U By<u(A)+-2(B)

¢) u is order continuous.
Then yu is a k-triangular multivalued. set function.
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From the definition of the p-semivarialion of a E-triangular muttivalued
set function u we easily obtain Lhe following resuils :

2.2, Proposition. If @ is «a ke-triangular multivalued sel funclion from 2
to X. fthen for every pei’. the p-semivariation of w has also the propertics

a) 0,(AU B)s () LED (). (W), Be® wilh dn =1,

b) if u is exhaustive, then 4, is finile;

¢} if w is exhausiive, then i1, is exhauslive

d) if w has the properly that for cvery sequeitce (A ey with A, —® folds
lim p(u(A,)) =0, then &, has the same property

Ao

e) if wiso-conlinuous. then for every disjoinl sequence (A ) wex =@ with

() A,=® holds the inequalily

posl

"

(U A<k Z] G,

that is 1, is k-c-subaddilive.

-2.3. Proposition. T} 4 family (u)ier of L-frianguier mullivalued sel func-
tion is uniformly exhaustive if and only if the family (u)ig, of their p-semi-
variations is uniformly exhaustioe.

II) If the family (w)ier of k-triangular multivelued sef funclions is uni-
formly exhaustive, then for every sequerce (E, 7) (resp. E N from @ and for
every ¢=0, there exisls meE N such that

(i p(EmAE,) <z (Vi =m,, (viyiel.

2.4, Theorem. Lel (), ; be an uniformly exhausiive family of k-trtangular
mulfivalued sel functions from @ lo X.

If for every p=P and every A &R, there exists M =>4 stuel that
(10) pled AN M. (iesl

then the family of their p-semivariations {{&)a} is uniformly bounded on T,
Proof. Let us define

(11) aol) = sup p(w, (), (V) A=
and =
(12) ho(A) = sup {pluo(B); B= A, BeE®} A e®.

We observe Lhat u, is a nonnegative k-tviangular exhaustive set function and
X, 15 its semi-variation.
Since

Pl (< @) )<kl D). (MA@, (NPl

it is sufficient te prove that %, is hounded on 2.

Suppose Lhat il is nol lrue. Then there exists a sequence 14,}, =R
such that

(13) (A pzj+1 j=1. 2,
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Lel us lake 13, LIJ AL je N Weremark that B= B, (Vij= N, and lhen
by Propuossition ‘_’..3]111(-1‘(- exists my =N such {hat
(1hH (B —DBp) <t lTor j=i,.
But for j =m, we have
Dol ) = Kol B VS il 1)) — Rhg{ 13} 2ol By — Ba):
Then from (13) and (11} we oblain
1o Bu) =i for j=m,.

Hence no(13,,) =0, which is nol possible because, by virtue of proposition 2.2,
) <o [or every s =@

§3. A Dicudouné (ype theorem for k-triangular muliivalued set funections,
In |2} J. AL Belley and P. Morales introduced an abslracl
tvpe of regularvity for measures laking values in a topological group; this
tvpe of regularity was also generalized in [7] by T L. Mavia Gonzales
for wmeasures taking values in certain topological semigroups.

In [14] we adapted this concepl of regularity for multimeasures anil
we called it the (13— M)-regularily.

In this section we shall prove a Dicudonné lype theorem lor families of
E-lriangular mullivalued set functions with (I3—2M)-regular p-varialions. In
[acl we shall use an easily modilied type of (B3—2M) — regularity, w hich
we shall call (13—3)-regularity.

1n whal Tollows we shall denote by 8 « g-algebra of subsels of €. by O7F,
fwo nonvoid classes of subsels of £ and by # CO= P, a0 Fo Q) two
funclions with Lhe Tollowing properties :

a)y Fo 8, O=4

b il Fy FeF=sFhinls0F, il 0. 0,€0=0400,<0;

¢) for every 0s0=0c a,(0). for every FeF=a,(f)=F;

dy if 1. FEEC?‘T:“’“%(FI)T] a-:(l"z)‘: a{FinFa) s

¢) for every sequence (0,)=0 with () 2,(0,) =® Lhere exisls n, = N such
N y1

that () 2,(0,) =

=1
Let us also denoteFo={F &7 ; alF)=F}.

3.1, Definition. A k-triangular mullivalued sel funetion from S lo Nils
said to be (13— MD-requlur if for everl Aed, coery peP) and every ¢ 0. there
exist 0@ and FeCF such thal

al(())'_~lL 11(1:) and p(u(][)), z

for every Hed with H=F 0.
We remark that if the p-varialion of the multifunction @ is regular
in the sense of [2]. then u is (B —2)-regular. 1
4.2, Definition. .3 k-triangular multivalued scl funclion from § o X is
suid to be (B— M)'-reqular if the conditions of the definttion 3.1 dre salisfied
with F ez, instead of F&EF.
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3.3, Theorem. /[ k= [ and p.is @ k-1 angular mullivalued set function from.§
in N with (B—AD-reqular  p-variation then w is o keg-subuddilive scl
function on (7, thal is for coery disjoinl scqucnce (F ) pex = F with U r.eF

=1

holds the incquality
s P U Fy <k B e
Proof. Tirst let us prove thal for every segucnce (IFpey = F such
that =217, (n=N) wilh ﬂll @ and for every pe? we have
lim p(ua{F,)) =0.

By virtue of (B— AD)-regularily of the p-y avialion | u |, of u, for every
e~ there exists a sequence {O), ey such lhal

0,2 (0= 2=, and | ulp (Fo\Op)<e[2". &k

L
‘I'hen there exisls ny=N such thal for every nzn,. MO, =0.
J=1

Lel us take nzn, arbitrarily. Then we have
pla(Fad) =plalFa™ 00 plel U (F O s | |AU Fa 0D
i je rm

But according to the k-lriangularity of W, ||, is A-subadditive and
then for every pair .1,. .1, =4 holds the inequalily

TR (0 IV PYE-S wl () 4k | ol Aa)-

From here, laking into account thal | ], is also monotonic we oblain

pletF sk X 1w 1{FN0) <z
o

for allnzn,, Lhat is Hm p(uF))=9.

-

Now let (), ey be asequence of disjoinl sels from (F withJ F,e0F.

eml

We observe that

pla( JF sk T plaF ) +plal U F)
jest j=1 -nd 1

By virtue of (13), we obtain for n—o0

T

T

— e

~1
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In what follows weshall suppose, in addition, that for every (I aex=(Fo

the set 1= | I, &(F,. for every rel {ate0and lor every I’=F,such that
reml
{x}= F. there exisls a sel €€0 such Lhal Q% «,(C) <€ 7, and {}= o (C)c L.
We remark Uhal Lhese conditions ave nol loo restrictive because for
instance. in the case Q a Hausdorfl locally compact space, % the ad herence
operalor and . the inlerior aperalor. § =B (£2). the class of Borel sets of €,
(F, Lhe family ol open sets and @ — the class of closed sels, all these above
conditions are salislied.
We also admit the [ollowing natural condition, for the firsl Lune consi-
dered in |2].
o

(3) M O=0and S ) wen= (F are such that a, ()= U 2:4f7,), Lhen there is
e |
a posilive integer n, for which o, {0)= U Fg
k=1

3.4, Theorem. Lel 4 be a family of k-ri angular muflivalued sel funclions
defined on § with (13— MY -requiar p-pariations.

If the sel {p(a(I)); w= A}, is bounded for cvery IF&(F,, then ip(ud));
ae . Aed) is a bounded sel.

Proof. First we observe thal we can reduce the proof to the case k=1.

Hence let us prove the result for a family of 1-triangular multivalued
set Tunctions. : _

In fact we shall prove that every poinl in Q belongs o a sel F=F, for
which holds
(16) sup {p(u(-)); A=F, A€4, we My <co.
Suppose Lhat it is not true, Then {here exists a poinl x<Q such ihat (16) does
not hold for every Fe&(F, for which rekF,.

Hence for I €(F, such that x € F there exist Aed with A=Fand y, & A
for which the following inequality holds :

(17) plusA)) =4 + sup {plul{zh)}-
1+ EHL

Bul. by hypothesis, u, has the p-varialion (B—2M)"-regular and then there
exist 0e0 and F'eF, with F'eI7 such that o,(0)c A= F’ and plpa(L)) =1,
for every LeF™N 0.
From the i-triangularily of y, we oblain
Pl 0)) +p{p(ANON 2 plpal 1))
which together wilh (17) and Pl ANO)) =1 implies

plu(0)) >3 42 sup {plaliah)}
weM

Let 0, —=0u{x}. Then, from the 1-triangularity of y; we have
(18) p(u0L) =3 + sup {p(ut{a})}-
weE
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Because | 2, |pis (53— M)-regular there exisls [ e(F, such that F2E20,

and plu,(L)<1 for every L [N
[From (18) and
p(ul(’f"))z])(;xl(()l))——[J(;J.I(T" 0))
we oblain
(1 ;}(;J.](T*')) -2 4 sup {pluitei. !
# €
Using again the (I3 ~AD)*-regularity of [uy [, wegdel a set IFIE Fo such
that {xjc=F=F and
(20) plua( L) <1 ' b
for every L= Fyodxk ; |
Now, lel € €@ such that QN (C) € Fy and {t}= 2, (C)=F,.

Then we have

plag(a (G sup puL) plues sup  pln(B) AP
ACH (O BCF N7
A e Beds
Thus by (20) we gel

(21) plur{lag (CN) < U4 sup plp(ieh)-
w €

Lel A, =N 2,(C)- Evidenlly A=k and .4,n (€)= But
Pl A Apla CHz pluad D))

and then, according to (19) and (21) we gel

(D) = 1. | _ 1

Now we shall continue the procedure. Thus, taking in (17) the constant 5 mstead
of 1 and taking into account Lhat {a}= o, {C) and the family A is nol bounded
on (0 we obtain two other disjoinl sels A,eF, (€0 and a mullifunction
uy= A such Lhat r& o, (C) and po{A) =2

In this wayv. reccurently we can construcl a sequence (), ex< A and a
sequence {3y 0f pairwise disjoinl sets from < £, such Lhal

(22) plud AN =i (V) ieN.

Let 4 Ja(L4). Because [pily is (13— A -regular there exist 0=0
and Fe F, 31;6]!1 Lhal
0c 2,(0)= A 2 F)=F
and for every L&d with L= 0 holds the inequality

(23) |y |plL)<e

i K-TRIANGULAR MULTIVALUFD SET FUNCTIONS 143

Using the property (8) we oblain n,< N such that
dl(())c L_‘_,' .1_; U 12(.1_:).
=1 fm= 1
Then for mzn, 1 we have from (23):
pludA)s  sup o plu(Lys sup pluil)s sup plufL)<s.
"C-",,,U':J:I-i__ o fCGlAI s Lt~ 0

This last inequality says that

(2:1) lim p{u, (LN =0. (Ve
Moo
Now we can apply Swarlz’s lemma [15] for the infinite malrix {x:i; L
where x;; =p(ui.t))/i and then we oblain a sequence (i,,) from N and a sequence
¢,) of positive real numbers such that

Fimm 1 1

(25) Y = =(5 = s,,] ;. and
=) 2

(26) g < E—): Bl (nsN).

By virlue of theorem 3.3 we have

) w1 ot
Pl LU 4z pla i Aa) = 3 Pl () Y, Pl (L)
k=1 kensd
Using (25) and (20) we gel
P(:—Lt”(Ul“s‘)) ] i i '
k' 2. j?i'n E‘TI)N'A‘ : Z :ri f}.z -(”ﬂ’ (HE\)'
in ' k=1 | T | = 2

which vields
ptes (1 40 )2 plug (4:))/2. (V) neEN.

A=\

From {22) we obtain now
plu (U .lil))?_f"'Q. (Vynse XN,
S
which contradicls Lhe boundedness of Lhe family A on (Fy hence (16) is lrue
and the lheorem is proved. '
Using the results of [12] and [11] we can easily oblain .

A Corollary. Let Q be a Hausdorff locally compacl space and 4 a family
of ketriangular multivalued sel funclions w from B. the class of all Borel sels of
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Q, to X. If every ue A has the reqular p-variation (in the sense of [3]) and the
sel {p(u(DYyx; peM}is bounded for every open sel 1, then

{p(w B)); p=M, BEDB}

is a bounded sel for every pe®.
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WEAK PSEUDOUNIFORM STRUCTURES

BY

LIVIU €. FLORESCU

1. Introduction. In [6] we define the weak psendouniform slructure
on LI(X,4, g) and we oblain an extension of Lhe elassical resull of weak com-
pactness due to Dunford and Petlis.

The purpose of this paper is Lhe sequenlial variant of this exlension. In
9 we introduce the weak pseudouniform structure on a normed linear space
and we generalize the part “weak compactness— weak sequentially

¥
compactiess® of Eberlein-5mu lian's theorem. Inseclion 3. weuse
Lhis generalizalion to L(X, &, p).
2. Weak pseudouniform structure. Let (X, .]) beanormed lincar space
and N* be Lhe topological dual of X. For every a1} = X" and £=0, let

us denole:
5 =17, P e X x X:|z' (v — )| <afia’] +ef.

For every a0, §,={UL,.: 2" €X', ¢=>0}is a subbase for a semiuni-
formity At on X (see [2]). Let 4 ={:a> 0} ; then, for every a>0 and UsU,,
there exisls V =9L,/, such that VoVe U. Furthermore, a<b implies U, 296,
1t Tollows that 4l is a pseudouniformity on X with respect 1o the directed set
(R4, <71 (see [6]). We remark thal W, is the weak uniformity on X and, for
every a=(, b, =L, We say thal A is the weak pseudouniformity on X.

For every set A= X, we denole by A the closure of A in the norm to-
pology and by A¢ the closure of .1 in the semiuniform space (X, U,).

Proposition 1. Lel A_be a subspace of the normed linear space X. Then,
for every «=> 0, AcArc T(4, @), where T(A, @) is the closed sphere which has
A for center and a for radius.

Proaf. Obviously, AcA®. Now, if w=A‘—A, then d(z, A)=d>0.
Hence there is a point "€ X" with a’(2)=1, a'(y)=0, for every yeA and
||| =1/d([5, 11.3.12]). For any =0 there is a point e 4 such that|2™{(x — )| <
al|a’|| 4+-e. Therefore, 1 <a.lf/d 4+, so that d€a. It follows that x= T(A, a).

Remark. If a=0 than A =A°, where A° is the weak closure of A. So,
we rediscover a classical result.

A sel AcX is a-relatively compaet (a-relatively sequentially com-
pact) if every nel in A has a clusier poinl { every sequence in A has a convergent
subsequience) in semiuniform space (X, ).

We remark that the sequence (x,) converges to x in semiuniform space
(X, at,) il and only if Tim |z'(x,—x)|< e[, for every af X"

]




