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NEGULAR VECTOR FIELDS AND CONNECTIONS ON COTANGENT
BUNDLES
BY

V. OPROIE

Thie tangent and colangent bundies of a sinoolh manifold are isomorphic
veelor bundles when Uhey are studied from the differential-topological point
of view. However, there are some eszential differences when one considers
their differential geometvy. The tangent bundle has a naturally delined
integrable ahnost tangent struclure and one can define the notion of a semi-
spray (sccond order differential equation vector field) on it I‘rom a semispray
on the tangent bundie one can derive easity a {nonlinear) connection on this
bundle. On the contrary, the colangent bundie has a naturatly defined
syinplectic siruclure but one cannol define naturally something similar Lo
the notions of almost tangent structure and sSeIispray.

In this paper we study some geomelric properties of the colangent
bundle T*M of the smooth manifold A/, related lo the notions of adapted
atmost tangent struclure and regular vector fields. An adapted almesl tan-
gent structure on 173 is essentlialy delermined by a nondegenerale A-lensor
Ticld of type (0, 2) (sée [0] for the definition of M-tensor fields). From the
integrabilily condition for an adapted aimost tangenl sliucture on T*M we
gel a regular M-vector field on 1L This M-vector field defines naturally
an M-bundle (iocal) diffeoinorphism) @ from 7°11 to the tlangenl bundle
AL of 3. Using this M-bundle diffeomorphisin it is possible to transfer many
cestlts Trom the differential geometry of the tangenl bundle to that of the
cotangent bundle. A semispray on T s {ransformed into a regular vector
field on "M with the assoeiated M-vector field defined by the components
of the M-bundle diffeomorphism ®. The natural almost tangent structure of
T3 is transformed inlo an inlegrable adapted almost tangent structure on
T The connection derived from a semispray on TM is transformed into
4 connection on 73 wilh many interesting geow etric properties. kn the case
where the M-bundle diffeomorphisin @ is oblained as the (inverse of the)
legendre (ransformalion defined by a regular Hamillonian on T*M i. e,
a smoolh function on T°M with noudegenerale Hessian with respect to the
cotangential coordinates) the regular vector ficld on T*AI corresponding
to a sewispray on T defines a mechanical structure on T*}. In this case
there are anolher two symmelrie connecticns on T*A. If the regular vector
Tiekd on T° 3 is semi-Hamiltonian these three connections do coincide. Hence-
forth there ave studied some geometric problems relaled to the connections
defined on T3, 1t is shown that the Helmhollz condilions from the inverse
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problem of Lagrangian dynamics may be related te the problem for the image
of a semispray on 7'M by @' to be a Hamitton vector field on 7°M. Further,
there are sludicd the conditions under which a given regular vecelor field on
I VI is horizonlal with respect to the corresponding connection or il is langen!
to Lhe images of M by a section in 17} (i. e. by a t-form on M)

Throughout this paper the summalion convention is used and the in-
dices b, i, j, k. I, m run over the range {t. ..., n}.

1. Adapted almost tanyent structures on T*AL We begin by describing
{he geometric struclures of the tangenl and colangenl bundles TM, T°M
of a smooth {(i. ¢. €*) n-dimensional manifold M -TM T M are 2n-dimensional
smooth manifolds and some local charts induced naturatly from local charts
on M may be used. Denole by <: TM— AL 7“1 — M the natural projec-
tions and ket (1J, ) be a iocal chart on A with the domain U7 and the coordinale
function x=[x']; i=1..., n. Then the local charl (= (1), (x, )} is induced
on TAM where (x, P=[2 y']; i=1,...n, with 2 -x'er (by abuse of notation)
and yi are the veelor space coordinales with respect to the natural local
frame (9/dxY, ..., &/éx") in TM defined by (U, x). Similarly the local chart
(ot (u), q. p) I induced on 1M where (q. p)=[g¢'. p]: i=1....n. with
qt==x'cw and p; are the veclor space coordinates with respect to the natural
local frame (dzt. ..., da™) in T°3M defined by (U, x}. Throughout this paper we
shall use only induced lncal charts on 7'M and 77, Due lo the special from of
the change rules of the induced local charts on TM. T°M. it is possible 1o
define the notion of M-tensar fields on these bundles (see [9]). An M-tensor
field of tyvpe (k1) on TM (on T° M) is defined by sels of local coordinate

I . . i P .
components T ;1 Lo et E e Jy=1, ... n, assigned lo every induced

local chart on TAL (on T°M) such thal the change rule when a change
of induced local charts on TM, (on T*M) is performed, is the same with the
change rule of the local coordinate components of a tensor lield of type (& 0)
on M. Every tensor ficld T on M may he thought of as an M-fensor field on
T or on T*M with the same local coordinale components (constant on the
fibres) in induced tocal charts as those of T in the original local charts on M.
Remark thal in the case of a tensor field T ol type (0.7) on M the correspon-
ding M-tensor fieid on T3 (on T7.M) may be identificd wilh the pull-back
of T by <« (by =).

Consider the natural almost tangent sltructure on TM defined by the
tensor field J of type (1. 1) on T3 such thal ‘

(1y Jim0. Ker J=ln J=Ker<,, N.=0,

where N, is the Nijenhuis tensor [ield of J. Becall thal Ker 7, =V7TM
the integrable vertical distvibation on TM. The local coordinate expression
of J in an induced local chart (= HL). (r. y)) on T is

(2) J=éléy @dal.

In Lhe case of the eotangent bundle T3 we have the integrable
vertical distzibitisn VI M=WKorx with many propertic: similar to those
of VT b1t w> hive oot a nalaralty definzl alimsst tangent stracture.
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Definition. An adapted almost langent struciure on T°Al is an almost
tangent structure J on T*M such that

Ker J=Im J =V 1AL

It follows easily that the local coordinale expression of an adapted
almost tangent structure on T3 s

3) J=gya= @dyl,
ap;
where the components g.(¢. p) define an AM-tensor field of type (0.2) on
T, M. Moreover. this 1i-tensor field is nondegeneraie i. e. del (g:,)5# 0.
Proposition 1. The adapted almost langend siructure J on T* A is integrable
if and only if the M-fensor field g;; satisfies the condifion

s £
(4) P L B AR
opa ©fs

Proof. From Lhe definition of the Nijenhuis lensor field N, we get
N, (8/ép, elépy =0, N (8ép,. &léq’) =0 and the condition N (&8/¢q¢', é/e¢') =
—0 is equivalent Lo (4).

Consider now the local coordinale components g g, p)i tJ =1,..,. 1N
defined as Lhe entries of the inverse of the malrix (g,{qg. ;) i e

(0) ging"* =gnig"’ = 3.

The components g'' define an Af-lensor field of type (2,0} on T M.
Remark that there is not a naturally defined tensor field on T'M whose
nontrivial local coordinate chmponents are just. g,

Proposition 2. The adapted almost fangen! siructure J on T M is integrable

if and only if there exists an M-vector ficld on T*M defined by the componenls
£'q, p), such that

gt

r‘.

(™ gt =

S |

Proof. We get easily that the integrability condition (4) is equivalent to
Ak ik
(1) b A
apy op;
‘Then the components g'/ may be expressed by (6) on the domain = {U)=
= T*M. Using a swrooth partition of unity on M we may get the desired M-
veclor field EY, globally defined on T M.

The components &'(g, p) of an M-veclor field on T°M may be thought
of as the veclor space coordinates with respect lo the natural local frame
(8161, ... ¢/éx™) of TM of a certain vector field on 3 depending on the
parametrs p. Equivalently, £i{q, p) may be thought of as the last r com ponents
of an M-bundle map ®: T"M—=TM (i. e. 7e=%; however @ is not nece-
ssarily a vector bundle morphism i, e. it is not necessarily linear when restric-
ted to the fibres). The local coordinale expression of @ is
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(7} et gt 2y )

I'he special local eoordinale expression of @ as well as Lhe nondegene-
racy candilion in the definition of an inlegrable adpted almost tangent slrue-
ture Jf on T"M assures that @ assoeiated with the M-vector field correspon-
ding o .J is a local diffeomorphism defined, c. g. on a tubular neighborhood
of the null section in 1M,

An M-veetor field on T°3 defined by the components Zig. p) such
thal (he matrix [¢'']=(¢E'eps) is nondegeralerale is called regular. Every
integrable adapted almost tangent struclure on T3 is defined by a rcgulzfr
V-vector Tield on T°M and lhere exisls a local M-bundle diffeomorphisti
® from T°M lo TM associaled with this regular M-veclor Tield,

Conversely, every 3-bundle diffeomorphism ¢ : T*M— T3 defines a
regular N-vector field on T* 3, hence an integrable adapted almost fangent
structure on T7M.

Remark. An integrable adpled ahnost tangenl slruclure on =M (or,
equivalently, a regular M-veclor field on T°3) there always exists. Consider
a Riemannian melric on 3 expressed locally by gidridx’. Consider the len-
sor Field of Lype (2,0) on M delined hy the entries g') of the inverse matrix
of (g;;) and think of this lensor field as an M-tensor field on T7M. Then the
components &' =g''p, define a regular M-vector field on 1" M. More generally,
a regular Hamillonian f on 1A defines a regular M-veclor field with Lhe
components £ =éhfép;. A quite general procedure to get regular M-vector
Fields on T"M can be deseribed as follows. Consider a sioolh diffeomorphism
F: R"—=R" such that its Jacobian malrix is symmelric and positive. Denole
by f'(z) the componenls of . Consider a local M-veclor fietd on every domain
=) of an induced local chart. defined by the components 2i=f{p). Using
a partition of unity on M we get a globally defined regular A-vector field
on T°M. The described procedure is closely related to the locally conformal
Minkowski spaces in Finsler geomeltry. i

2. Connections on T°M A {nonlinear) conneclion on T3 s defined
by an almost product structure I"on T3 (i. e. [¥=1) such that Lhe eigen-
distribution on T*M corresponding to the eigenvalue —1 of I'is exactly
VT M (see [6] [7] (8] [2D. The cigendistribution on T°M corresponding
to the eigenvalue -+1 of ' is denoted by HT'M and is called the horizontal
distribulion defined by I’ The loeal coordinate expression of 1 is

) =" @ dgl= L
aq; ap;

The components I';; are called the coelficients of the connection [ in the
induced local chart (= (U). (g. p)). A connection " on T°M such that 1),
—=I";; is called a symmelric connection. It follows casily that Lhe property
of a connection I" on T°3M to be symmetric is independent of the induced
local charts on 173

“The local vector lields 8/ép,; i =1, ..., deline a local frame in V1M
while the local vector fields

() 20 o

®@dp; —21%;, _(— ®dy’.
op

5
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define a local frame in H M. We have
(1 TrM=VT Mol 1" Al

and the veclor ficlds @/ép,, 8/8¢"; i =T..... 1 define a local frame on 7'M
adapled o the direcl sum decomposition (10). The corresponding local dual
frame in T T*M is defined by ap;. dyt; i=1...., 1 where

(I Spi=dp, +dq’.
By using Lhese nolalions the expression (8) of I° becomes
(8% - ﬁ@dq' —-(Z ®3p,.

3¢ ap,

Remark. The conditions from {he definition of a connection Ton T"M
are equivalent 1o Lhe conditions

(12) [Tt I ) ==

where J is an adapted {(not necessarilly integrable) almosl tangen{ structure
on 7M.
Lei K be a vector field on 170 with the local coordinate expression

(13) K. p)=2(q. c— +rlg. p) — -
cff op;

The components %' define an ll-veclor field on T*M. called the associated
f-veclor field of K. The vector field K is called regular if its associated M-
vector field is regutar. Assume that K is a regular vector field on T3 and
denote by J: the integrable adapted alrost langent structure on T M defined
by (3) by {he M-vector field associated with K, There is a coordinate [ree
description of J:.

Proposition 3. The integrable adapted almost tangenl struclure Jz on T M
is characterized by the properly

(i JefV, K=V
for every verlteal vector fietd Y on T"M (i e Vig. pye VI M for coery (g. <
< T* ). '

Proof. By a straightforward computalion in local coordinales.
Proposition 4. The tensor field Ty of type (1, 1) on TAf defined by

(15) Mp=— LpJ

defines « contection on T M where £, denoles the Lie derivative with respect
{n K.

Proof. From the property Ji=0 we gel ['yJ: -J: Ty Next, because
of (14)

PV =—(Le))V=—[K. J V] +T: K, V= \y

for every vertical vector field V on T'M. Since J. is surjective onto the set
of vertical vector lields over T'M it follows [yJ:=—Jz Thus 1" satisfies
the conditions (12) defining a connection on {FavE
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Itemark. From the integrabilily condition fuifilied by J; we get
Ly, 2T =T (LgT2) (Lzd:) Sy L X(THM).

The local coordinale expression of 'y is (8) where

. : 1(,, drk iy
{16} I'y;= "{hyij'i_yik LY ‘—"}
2 aq ap

Consider the canonical 1-form 6 on T°M and let o —d0 be ils exterior
differential. ‘The 2-form o delines the canonical symplectic structure on T\ I
The iocal coordinale expressions are

(17) 0-—-pdy’,  ©=dp Ady’.
Remark that w(V; V.) 0 whenever Vi, V, are verlical i.c. VA s Lagran-
gian for w.

Recall that a vector field H on HT*AM is a Hamilton vector field if il
is regular and L0 =0. J{ IJ has the local coordinale expression

].I_Zi_i)_ o d

ag ap;

then the condition Lye =0 is expressed locally by

avi oy ., ovs o i
(18) M 22=2 (i) Ba=t i) S
&p; P ap; cqt cq' &g

There exists (at least locally) a smooth [unction h: T'M—R (called the
Hamiltonjan) such that

i;{(.!) =—dh.

In this paper we deal with syme generalizations of the Hamilton vector
fields on T°J/.

Definition. The veclor field K on T°3 defines a mechanical struclure
on T°M if K is regular and Lhe matrix (¢'') =(&%7/dp;) defined by its associa-
ted M-vector field is syvmmelric.

In Lhe case of a veclor field defining a mechanical structure on T3
only Lhe condition (18) (i) is fulfilled. There exisls a smooth real funclion
h: T*M—R such that E'—=ah/dp; bul, generally, x4 —¢hjdg’. We may
wrile

ch
*y T - -1 e
{'f[l
Then
(IE') ‘G ;‘f'“dq‘.

is a semibasic 1-form on T"M. interpreted as the elementary work. and K
is defined by the condition

(20) i xeo = —dh 4,
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We have
(21) K —H
where I is Lhe Hamilton vector lield on 7”3 defined by Lhe Haw illonian
hi. ¢. iyw— —dhand ¥ is Lhe vertical vector field on T*)M defined by i, g =1

Definition. The vector field A on T°M is a semi-lTamilton vector field
if K is a regular and Ly is a semibasic 2-form on T'M i e ip(Lyw)=U
whenever V is a vertical vector field on T

In the case of a semi-Hamwilton vector field on T°M only the conditions
(18), (i), (ii) are fulfilled. The formulae (19}, (20), (21) are valid with the men-
lion that 4 is the pull-back by = of a I-form on AL

The properly of a veclor field K on T* M 1o define a mechanical structure
may be expressed by

(22 o Zy o Z2) FoldeZy Z) =0, Zn Z,=F(T"M)

where J is Lhe integrable adapted ahnost tangent structure on T'M defined
bv the associated M-vector field of K.

Propesition 5. The veclor field K on T'M defines d mechanical struchure
if and only if

(23) (L Vi, V=0
whettever V.V, are vertical.
Proof. Lel Z; Z,= BT M), Vi=J:Z, V,=J:Z, Then (Lrw)(Jeisy,

JsZ,) = K(o( T2y, T2 7)) Fo(TxZy J:Zy) +o(J:Z,, I'kZ,:). Taking I'p#y, DpZ, Tor
Z,. 7, in this relation and using (12) and the property T% =1 we gel

(Lr)( o7, o) =(Lxo)J T JTxZoy =0(Zas JeZa) Fe(J . Z2)

‘Then the proposition 5 follows easily.

In Lhe case of the vector field defining a mechanical structure on M
we may gel anolher two connections, Let K be a veclor field on T*M defi-
ning a mechanical structure. Define the tensor field g of tvpe (0, 2) on T°M by

(24) glZy, Z:) = —w(Z;. Jzze) ; Zy, Z, (T M).
Then we have ¢(Z,, Z,)=g(Z., Z)) and g{Z, V)=0 whenever V is vertical,
The loeal coordinate expression is
g=g:dy' @dq’.
Proposition 6. If K defines « mechanical structure on T°M then the the
tensor field Ty of type (1, 1) defined by
(25) o Zn ThZ) =(Lag)Zy Z2) s £, Z, BT D)

determines « connecfion on T M,
Proof. We have

(Lrg) Ly 22y = —(Lrw) Ly T2} 4 ol Zy TrZa) s Zs Z, (T M)
Then
(A)(Z:. ]“‘;\-.I-;Zg) T‘I -E;‘-g)(zl. cIEZg) =(0(Z|. T‘K'IEZZ)= (.n)(zl, J:‘ZQ)
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whence .
]‘K'Ii-“ -I-.;.
Next
VAT JEF};Zz) = (o(.fg\zl. PpZy) = (uﬁ';\-g)(JgZp Z)= (Lro)J:Z1, -I'-_Zz) ==

— el JpZy, T =l Zy, T T'xZs) VA A)]

whence JEFK =J£ o 5 . )
Thus I'; defines a connection on T" M. Its local coordinate expression
is given by the coefficients

o il dE*
(26) T= '2‘{[{91'} i ‘E}'}"i‘gw _371';} 0

Another connection Tz on 7* Al defined by a vector field K defining
a mechanical structure is obtained in a similar way from §=g;,0/0p,@¢lap;.
Its local coordinate expression is determined by the coefficients

e ] EK» E'/.;
27 r‘:" s — I{(]l ._.i__g g _.._} .
(27) j 2{ i G o i a5

Remark that both I'k- L'y are symmetric.
Moreover, in Lhe case of a semi- Iamillon vector field I we have

PK=FK=F;('.

‘The inlegrabilily condition for the almost producl siructure Ty is
given by the vanishing of the Nijenhuis tensor fiet Np. We get by a straight-
forward compulation

3 3
Nr b ’ 2)- 0, Np (_8__ , —8"') =0, Nr‘(-é‘, , —8-—)=2[—“-. : '_;] =
ép; apy ap: ¥’ - 3¢ 3¢’ 3¢t 3¢

3 i,
S 3 . ___]__ 4Ry —
3¢ 3¢’ opr
where
ST, 3l
28 Ryt 22
(28) = =
Thus

Np=— 1Ry _3__ ®d‘1{®dqj
ap

and the distribution HT M is integrable if and only if the almost product
structure T'g is integrable.

Remark that the components Ry define an AM-tensor field of type
(0, 3) on T"M. The following identity is fulfilled

: - ar ar ar’
(28') 81{]5-[1_E_SRJIJK+8Rh:|_‘_._R!U__"£_R”k __!L‘..-.—let___,.'-j— .
3q* 3qt 3¢ ap, eps ;i
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Similar results are obtained in the case of the conneclions g Uy

3. Semisprays on TM and regular vector fields on T*M A semispray
(v second order differential equation veetor field) on the tangent bundle TM
is a veclor field § on TM such that JS=C where J is the palural alimost
tangent structure on TM and (0 is the Liouville vector field on TM (Lhe
loca! coordinale expression 18 (—=y'c gy, see [6]. [2]. [4]- The local coor-
dinate expression of the semispray S is

(29) S(x, Y=y = 4ot ) — -
gt ey

There is a connection ' (thought ol as an almost product strueclure)
on T derived Irom the semispray S by

(30 Mo — LT
‘The local coordinale expression of I" is
¢ . ¢l da' d .
(31) I =_f’.. @dri— — ®dy' + 2 = @da
axt ayt ayl ey
henee the cocfficients of 1" are
% 1 dat
(32) i
2

Consider the splitting TTM VTM@HTAL defined by I'. Then the
local veclor fields
3 ¢ yixd
(33) 2 L[

= {— i=1,...010
bR A R i auy’

define a local frame in HTM.

The integrabilily condition for the almost product structure T' expre-
ssed by the vanishing of its Nijenhuis tensor field is equivalent to the complete
integrabilily of the differential svstem on TM delined by HTM. We get

. & k
(31) [8__ 8_] — e HI‘.L 5 R?J=ill_ &
svi Az gyt 3xt 8!

and it follows Lhat the components 1Y define an M-lensor field of tvpe (1, 2)
on TM.

Consider now a regular vector field K on T*M. Then it is defined a
jocal MM-bundle diffeomorphisin @ from M 1o TM given locally by (7}
where £'; i =1. ..., n. define Lhe V-vector Tield associaled with K. Assume
for convenience Lhat @ is a global diffeomorphism. Its inverse @ ! has lhe
following local coordinale expression

(35) gi=2zf, p=C(z ¥)-

The components £z, y) define an AM-1-form on the langent bundle TA.
From the condition for ®1 to be the inverse of @O we get
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g, %, dg*
36 — oD =g;; o -—,-.-—"-,
(36) Py Fi; Py, Jix 2
where g/ = g5/ dp; and g, are defined by (5). Then
P " ork ~
0,2 migtotn L, 0, (S0 o5
37 ap. gy* &t ax' \ ¢ syt
GBI ol S0 SR ge B
Toay! “opy ox G g epy

Theorem 7. Lel K be a regular vector field on T°M and assume that ils
associated M-vector field defines @ global M-bundle diffeomorphism @ ™ M—
. TM. Then the veclor field O, K is d semispray on TM whose deri ped connection
T is the image by © of the connection T, defined by (15).

Proof. Using the local coordinate formulae (7), (13), (37) we get that
® K is a semispray with the local coordinate expression

d d
S= @, K=y — +a'(z, 1) — -
* Y 3x‘+ (x. 1) 77

where o' are given by

i i
(38) slod—KE =822 a

devp— .
aq® ; apa

Then, denofing by ® the map induced by @ al the level of tensor fields and
using (3), (37) we have

OJ; =(g;; 0D 1) Dy s @) 'dy? = i—@dﬂ:‘= i
ap: ay'

Finally, using the properties of the Lie derivative
1-‘ _-_aes.r_—-Q@.K(IDJF‘) ="'&)(-Q}\JE) =&)I‘K'

Thus T is Lhe image of I'x by ®.
Remark. By using (36), (37) we get {hat the formula (38) may be wrillen
in the equivalent form

(38" 20071 =SY,.

The theorem 7 gives us the following geometric resull. The splitting
TT'M=VT MOHT M defined by T, is mapped by @, into the splitling
TTM—VTM@HTM defined by T. We have the following local eoordinate
expressions

(39) (D*.E-=.§_, ;li:_a_,
3¢¢ 3z szt &¢
i
(40) l_‘;o(l)=——s—g—, l’”o(b‘1=-—-8—r’—f.
3¢’ 3z

A
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-

‘Theorem 8. Lel Zi(q, p); i=1,...n define « regular M-veclor field on
AL and let T be connection on T M. Then there exists « regular vector field
Ioon TN with ils associaled Meveclor field &' and stuch thal T =Ty if and
only if the following integrability condition is fulfilled
30y, OYx al’y ar
- —'Iﬁzgh "——“—‘QM .

(41) ; p i =
8¢’ 3¢ apy pa

Proof. Denote by @ the (localy M-bundle diffeomorphism defined by
the M-veclor field Ei{g. p). IT K is ax cctor field on T, M, satisfying the con-
dition of the theorem then ®, K is (locally) a semispray on TA and the co-
nnection I' derived from this semispray does coincide with the image by )
of the connection I =T The coelficients T3 of the connection I’ satisfy
the condition

K L
142) -'?-I:-‘—-a-l—’{ .
ay' oy
Then, using (40), (37) we get
. oEr G (BEM @B ¢ 3EF
o EafEE
ap. 8p,\3¢") @p; dpc \ 3¢

and, after a strightforward computation we obtain (41). The converse may
be proved remarking that Lhe image of the connection T by @ is a connection
' on TM whose coelficients T’ satisfy (42). But this is just the condition for
T Lo be derived from a semispray.

Remark. The theorem 8 may be proved Loo by studying the complete
integrability. of Lhe partial differential system

. P S gh

(43) e G 21 g, Z-280) o
i apy ot aq

obtained from (16), where the coordinates ¢’ are considered as parameters.

Remark that, due Lo the linearity of the system (13} we may get a global

colution using a partilion of unity on M.

Consider now ancther problem related to the correspondence considered
in theorem 7. Assume (hat § is a semispray ob TAl and let %y, ..., %a DE
1 smooth functions on the domain = (L) of an induced local chart on TM.
We ask for the local existence of a regular M-vector field £ such that the
image of S by the inverse &1 of the associated {local) M-bundle diffeomerphism
is just K==£/d¢" 2[aps

Theorem 9. Consider a semispray S on TM and let «dq. p); i=1,..,n
be n smooth real valued functions vn the domain = U) of an induced local chart
on T*M. Assume thal the ordinary differential system on T (U)

dat __dmf'__dy‘d _dyt d%, _ _______..c_"_._._
S T e T T e wmEdn ) k)

has n prime inlegrals Cy, .o C, such that

7 — Matematica
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DICy. Gy DUC o Co)
Dy, .o DIC. ... 0D

where the local coordinale expression of S Is given by (23). Then there exisis u

local M-bundle diffeomorphism ®' from TM lo T"M sending the semispray S

in a reqular vector field K on T*M, with ® the (local) M-bundle diffeomorphism

corresponding lo ils associaled M-veclor field and the lasf n componenls . ... %,
Proof. Consider the partial differential system

(45) F0.

at e, :
(46 TLEPLYE R LI L N A
) Y o {z.y o 7i( Co (2, 1))

obtained by using (38") from the condition ®7'S=K where ® is given by (7)
and K is given by (13). Then {see {1]) the characleristic system of (46) is just
(44) and the condition (45) for the prime integrals (. ... €, assures the obtai-
ning, by using the Implicite Function Thevrem, of the components (6%, aodmilC
in formula (31) of the local M-bundle diifeomophism @'

Remark. The first 2n—1 equations in the system (441} define the inlegral
paths of the semispray S.

Consider now the correspondence belween the connections on T2/,
TM given in theorem 7 when these connections are not necessarily obtained
from regular vector fields on 7'M and semisprays on T If & T"M—TM
is an M-bundle diffeomorphism and ", " are conncctions on T°M, TM
respectively Lhen the correspondence is given by

(47) G =T, @I ="
We shall say that I, I’ are ®-related. The local coordinate forinulae relating
the coefficients [z, y), I';lg. p) are (30).
Proposition 10, If the connections T, T on T°M, TM are ®-reluled then
£k 4
(48) (l) I?hlj é— =R‘+}'O(I), (ll) ]{?Il__: f t..ll -
P ayt
Proof. By a straightforward cemputation using (28), (34) or by using
the relation ®Np. =Ny between the Nijenhuis tensor fields of I' and I,
Proposition 11. If the connection T on TM is derived from a semispray

= I{J”-‘."}(I) 1.

then

(49) aR?J’ 3R§‘k a_R‘hls =

ayt eyt ay
Proof. By a local coordinate cymputation using the formula
a (3ThYy & (el ot ary
o) sl )

Remark. The connection " =®T on T*}M, corresponding by @ 1o a
connection T on 7'M, derived from a symispray must satisfy the identity

] a aFm ’) a m a a m
(49") g,“-—~( ; H,,k]w,.fi(,—‘r’— Ryu +.q,.,.-,—( 5 Ru‘j)=()
3]’» apy dpy\dp, apa\dpy

=().
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corresponding to (49).

Remark. The identily (19" may be obtained loo as the inlegrability
condilion of (41) thought of as a partial differential system satisfied by g;,.

Let I T be connections on 773, TM respectively and let us look
for (al least locally) an M-bundle diffeomerphism O : T"M— TM such that
the connections ¥, ' are ®-related. From (40) we get the following partial
differential system

DEY | BEF .
(50) =Ty, =—Tig. &g. )
g’ P

satisfied by the components El(q. p) of the M-vector field on T*M, corres-
ponding to ®. The integrability condilion for this system is (48) (i). Gf:neral!y,
(48) (i} defines an overdetermined partial differential system on T"Af with
variables ¢!, ..., ¢" as parameters. Il we may find the general solution of (48)
(i) then the exislence problem for the solutions of (30) may be s‘gudied easily.
A quite interesting situation arises in the case where {438) (i) is equivalent
toa completely integrable system. Then the partial differential system obtai-
ned by considering together (50), (48) (i) is a cnllll)let.el}"integrahle system
and by using the Frobenius theorem we may get a local solution of our problem.

Remark. An equivalent problem may be considered if we look for the
inverse M-bundle diffeomorphism & ': TM— 1"} such that T, I are ©7*-
related. Then the M-1-form on TAM defined by (¥, y) corresponding to
®-1 must satisfy the partial differential system

3Ck ;,3Ck
50¢ 2F e — Ty (e, iz,
(50) =Dyt =Tua Ul 1)
with the integrability condition (48) (ii).
1i the connection T on T'M is symmetric then the Af-bundle diffe-
omorphism @ and the AM-tensor field R% must satisfy the following identily

8%, ag, 4%,
51 Rh 2L g-RE, L 4R,
(51) e 3y”+ L + Ky o

A quite interesiing situation arises in the case where we look for the
M-bundie diffeomeorphivim @ i. e. for the AM-veclor field Zig, p) an T2
in the form
(52) Eltets p) = pag" )
thus ¢*(x) are the components of a nondegenerate tensor field of type (2, 0}
on M. I the tensor field g, (x) on M is defined by (5) then

(52 Lz, gy = gale)y

If T js a connection on TAI associated with a linear connection § on M, de-
fined by the connection coefficients T¥ix) i e

VENHER VAR

then [ must be a connection on 7" M associate 1 with another linear connec-
:

3 . . . - ok

tion ¢ on 3 defined by the connection coetlicients If; i e

=().
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Uyl pYy=—1%(0) s

Moreover, the linear conneetions V. T must be conjugate (sce [10Ty with
respect to the tensor field of type {0, 2) on M, defined by g,,(2) 1. ¢,

294 . .
(53) 5! g Thp —gualh=10. -

The complele integrability condition for the partial differential system

(53) is expressed by the following purely algcbraic relation satisfied by ¢,

and the curvature tensor fields Ri;;, Ri; of V. v respectively

(54) Gin Bl 0 Ié.}'f-.‘j =i},

4. Regular vector fields and the inverse prohlem of Lagrangian dynamies.
The inverse problem of Lagrangian dynamics is to give neccessary and
sufficient conditions for a system of second order differential equalions to
be the Euler Lagrange equations of some regular Lagrangian function (see
[11], [2], [3]). One solution of this problem is known as the Hehnholtz condi-
tions. If S is a semispray on T3 with the local coordinate expression  (29)
and T are the coefficients given by (32) of the connection I on TM derived

from S then the Helmholiz conditions are concerned with the (local) exislence:

of the functions g;; i,j=1,....n on v '(U) such that

i egy __ €qu
i detl{g; )0, g, R L ]
(1) i) g1 Gy an* oy
(55) (“) S_f], — i P;' 9, ;.]1’:: =0,
" agk A . 80.7. e
(111) 1173 SI‘J_ - Fhl‘j =4 SF1 T l’,,l’; N
gz’ G’

Remark that the conditions (35) are not complelely satisfactory since Lhey
involve the extraneous functions g;; when one would hope for a condition
on the semispray S alone. Remark that in [2] the Helntholtz conditions have
been incorporated in the problem of exislience of an almost symplectic strue
ture on TM satisfying appropriate geometric conditions.

The functions g;, in the Helmholtz conditions (55) may be thought of as
a%,/2y* where {, are the components of the M-bundle diffeomorphism @7t
given locally by (35). Then it is suggested to use an M-bundle diffeomorphism
&1 : TM— T'M to understand better the geometric contenl of the Helm-
holtz conditions. -

Proposition 12. Lef S be a semispray on TM and lel @71 : TM=TM
be an M-bundle diffcomorphism given locally by (35). Then K= O S is aveclor
field defining ¢ mechanical sltructure on T*M if and only if S and the funclions
i, =3%, /8y’ satisfy the conditions (53) (i).

Proof. Since @ is a diffeomorphisim we have detlg,)s0. Using (36) and
(18) (i) we see that K defines a mechanical structure on T*X if and only if
al ey’ =a%,/ay".

Remark. We denoted g;,=g,,007=3L,/dy’ by abuse.

e

o R it -

13 HEGULAR VICTOR FIBLDS AND CONNECTIONS ON COTANGENT BUNDLES 101

Remark, There always exist M-bundle diffeomorphisms ® 42 Td— T M
such that Lhe corresponding functions gy, satisfy the conditions (55) (i). These
A/-bundle diffeomorphisms mayv be oblained as (he Legendre transforma-
lions associaled wilh regular Lagrangian funclions on TM. ] i

Propositien 13. Lel S be a semispray on TM and let @': TM— "M
he an M-bundle diffeomorphism given locelly by (35). Then I\T=<D;“S is a semi-
Familten veclor field if and only if S and gy _ 3¢,/ 6y salisfy the conditions
(35) (i), (ity and

. 8¢, 8L, :
(H0) = —

R L, o

where 8/8x' is defured by (33}, . .
Proof. The conditions (18) (i) are fulfilted if and only if the functions
gi; satisfy (53) (i). If K _ @S Lhen (387) gives the relation between the com-
ponents o', of S and »; of K.
The condition (18) (ii) is wrilten as follows

CQu
[

- 3 <3
(57) i

dz'

l

1 =57,

i
X!

2{]1‘?:13"-

v

it follows by considering in (57) {he symunetric and skew-symmetric
parls that (37) is equivalent Lo (35) (ii). and (35). _

Remark. We may show that (56) is related to (35) ii). In facl, 1gk1ng
in (53) (i) the partial derivative wilh respect to y*, then interchanging J

and k we get
il 3% S_t_*) =
ay' \3zF ¥’

Thus (56) may be obtained from (55) (i) provided that suitable initia
condilions are imposed to 37, dx*(z, 0) and ey, ay*(z, 0).

Finally, it follows that the hnage of a given sentispray Son TM by an
Al-bundle diffeomorphism ®': TM— T*M is a Hamilton vector field on
T* 3L if and onty if the Helmhoitz conditions (55) and the condition (56) are
fulfilled.

5. Tlorizontal regular vector fields on T*M. Let K be a regular vector
fickd on T*M with the corresponding conunection ', defined by (15) and o :
"M T the M-bundle diffeomarphism defined by the associated M-
vector field £f — (we assume for convenience that @ is a global diffeomorp-
hism).

)l’rﬂpmiiion 14, The reqular veclor field K is hori zontal with respect to
the connection 1y if and only if ils local coordinale components &Y % satisfy

(58) 24157 =0
with the coeffictenis I'y; given by

= - aak k 1
(59 Ty=gus (éqj- +TH()E

where % are the conneclion coefficients of u torsion free linear connection on M.
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Proof. The condition for K 1o be horizontal with respect to I'y means
that. K is a combination of the local vector fields 8/8¢"; i =1. ... 1, defining
a local frame in HTIL Then it Tollows (38). In order to oblain informalions
aboul the connection 'y corresponding to K consider {he semispray §— @, K
which, according to theorem 7, is horizontal with respect to I’ if and 0:11\'
i it is a spray (sec [6], [2]) i. e. i

(60) ate Dl g y*

where l‘jh(m) are the connection coefficients of a torsion free linear conneclion
on M. Then, using (10) we gel the expression (39) of the coefficients of the
connection I'y.

Proposition 15. Lel K be a semi-Hamilton veclor field on T°M. Assume
lthallI{ ;:S‘ ;‘ron:oniul with respect to Ty and denole by T () the connection coeffi-
cienls of the lorsion free lincar conneetion on M, delermining by (35

_ M, y (39} the conne
tion T'p. Then A i

AT,

(61) (0 7h+11?f.) £h =0,
ap

(62) iji"' =2544)

ufhcr-r ayy are independent of p. Morcover, the 2-form on M defined by the coeffi-
cienls ay; is closed. '
Proof. If K is a semi-Hamillon vector ficld on 7°3 (he conditions
(18) (1), (ii) are fulfilled. From {38) we get by using (18) (ii) and {he property
g51=g:; that .
§&F  ar,,

(63) Lt 3
3¢t ép;
Next use (59) to get (61}, Using (63) and (28) we have
e
(64) Ry R (nen
Rij {-_- JJ.-_ Ir-J(q)s

. i . \ i
where R;;;(z) are the local coordinate components of the curvature tensor

field of the connection V. Using (61) and (28) we have
{63) & (ﬁg'{-f?fff =0.
EPy
From (61}, (63} it follows &/ép,(R,;;5") =0 1 e. Ry, 20 is ind
Finally, from (62) we gof P Rais") e Rzl is independent of p.
Gy B bl
axt 3¢t T gt
from which we obtain, by using (63) and (28)

(‘;‘IU 31}-;‘- 31“

0.

ax¥  gxt gt

Remark. From the relalion (61) we get by differentiating with respect |

te p;
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2 .
(“.)) ~ ! L :lah U.
apipx
6. Sections in the eotangent hundle tangent to regular veetor fields.
Let a be a I-form en the wmanifold M, thought of as a section = : M—
— T M in lhe colangeni buudle. Then (M) is an n-dimensional smooth
submanifold in T*M and we should be inlerested in finding the conditions
under which a given reguiar vector field K on T*3M is {angent to the sub-
manifold 2(3N)< T*AL in the points of «(3). The langent space to «(M) in a
poinl «(x) is spanned by
. . ae o
2, —i =-;+f-i“ (—-; f=1,...n
ax'})  eq' ezt ap,
where o—adx' is the local coordinate expression of 2. The condition for
K{2(x)) Lo be tangent to z(}M} in 2y ¥} is obtained by expressing it as a combi-

nation of a,(d/éx):
%, oy
Ll A

(66 v R
) ax!

where the local coordinale expression ol K is (13). Remark that the same
condition is obtained from

' © (K. %y ( 3)) .
¢

Proposition 16, Consider the ordinary differential system

- dxt dx* de, da,
{67) —— = == o e
Flx, &) N, w)  wg(X, w@) (T, &)

and et C,. ..., C, be prime integrals such that

NGy . ) £0.
D(m!. iaay a")

Then there exisls a local seclion = in T*M such thal K is tangenl lo a(M) in the
points of (A,

Proof. Think of (66) as a partial differcntial system whose characteristic
system is jusl (67). Then the local solulion of (66) is oblained from the
prime integrals €, ..., C, by using the Linplicite Tunction Theorem.
Remark, Tt should be important to get closed 1-forms « which ave solu-

linns of (66).
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ON A TYPE OF SEMI--SYMMETRIC METRIC CONNECTION ON A
RIEMANNIAN MANIFOLD

BY

Introduction. The present paper deals with a type of semi-symmelric
melrie connection 12 [1] on a Riemannian manifold (A", ¢) (n>3) such
thal the curvature tensor R of I salisfies the relation
(1) (D Dy RY (X, YIZ =B(V) (DR (X, Y)Y Z4P(U, V)R(X, Y)Z,
where B is a i-form, P is a (0,2) {ensor and 1) denotes the Levi-Civita connec-
lion. It is shown that if (1) is satisfied i.e., if the curvature lensor R of I is
generalised 2-recurrent |2], then the manifold (M7, gy is generalised conformally
2-recurrent |2].

1. Preliminaries. Let ()", ¢) be an a-dimensional {n-3) Riemannian
manifold with Levi-Civita connection D. A linear conneclion D on (M", g)
is said to be semi-symmetric if its torsion tensor T satisfies Lhe relation

(1.1) T(X, Y)=e(Y)X—a(X)Y

where w is a 1-form.
It is known [1] that if D is a semi-symmelric metric conneclion, then

(1.2) DyY =Dy Y +o(Y)X —g(X, Y)p
where
(1.3) WX, o) = o(X)

for every vecior field X. Further, it is also known [1] that if Rand K denole

the curvalure tensor of D and D respectively, then
(1.1) RIX, YZ=K(X. V)4—alY, Z)X +a(X, Z)Y — (Y, DAX 44X, Z)AY

where « is a tensor field of type (0,2) deflined by

(1.5) (X, ¥) =(Dxw) (V) —o(X)o( Y} +1olp) g (X, ¥)
and A is a lensor field of Lype (1, 1) defined by
(1.6) gAX, V)=u(X, Y)

for any vector fields X, Y.
We shall use the above results in the next section.



