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ON A TYPE OF SEMI—SYMMETRIC METRIC CONNECTION ON A
RIEMANNIAN MANIFOLD
By

L IRP D ) 1

Introduetion. The present paper deals with a type of semi-symmelric
wetric connection D [1] on a Riemannian manifold (M, ¢y (n=>3) such
thal the curvature tensor R of I satisfies the relation
(1) (DyDy R (X, YYZ=DB(V) (DR (X, Y)Y Z4P(U, V)R(X, Y)Z,
where B is a i-form, P is a (0,2) tensor and D denoles the Levi-Civita connec-
lion. It is shown that if (1) is satisfied i.c., il the curvature lensor R of D) is
generalised 2-recurrent | 2], then the manifold (M7, g} is generalised conformally
2-recurrent |2].

1. Preliminaries. Let (M", ¢) be an n-dimensional {(n_-3) Riemannian
manifold with Levi-Civita connection D. A linear connection I on (" g)
is said to be semi-symmetric if its torsion {enser T satisfies Lhe refation

(1.1) T(X, Y)=o(Y)X—a(X) Y

where @ is a 1-form.
It is known [1] that if D is a semi-symmelric metric conneclion, then

(1.2) Dy Y =DyY (V)X —g(X, Y)p
where
(1.3) 9(X, p) = o(X)

for every veclor field X. Further, it is also known [1] that if 2and K denote

the curvalure tensor of D and D respectively, then
(1.4) R(X, YZ=K(X. V)&—a(Y, Z)X +a(N, Z)Y — (Y, AX 44X, Z)AY

where o is a tensor field of type (0,2) defined by

(1.5) X, ¥) =(Dyw) (¥)—a(X)a(Y) --ialp) g (X, ¥)
and A4 is a lensor field of lype {1, 1) defined by
(1.6) gAX, V)=a(X, Y)

for any vector fields X, Y.
We shall use the above results in the next section.
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2. A special type of semi-symmetrie eonnection. In this seclion we con-

sider a semi-symnetric melric connection /3 on (", g) whose curvature fensor

saltisfies the condition
(2.1 (DyDyRY (X, VZ=B(VY (D RV (X, Z4+D(U, VIR(X, Y) 2
where B is a 1-form and I? is a (0,2) tensor. From (1.1) we gel
(2.2) (i_)l-?um (X. Y)Z (DD K) SXLY)Z—[(I"),—I')U:J (Y, Zy)X
D Dya) (X, Z)]Y — g(Y, Z) (Dp Dy ) (X) 4 g(X, Z) (DD A) (V)
In virtue of (2.1) we can express (2.2) as follows
(DyDyKY (X, YZ—B(V) (D:K) (X, Y)Z—P(U, V)K(X, Y'Z] -
—[(DyDyay (Y, Z) — B(VY(Dya) (Y, Z)—P(U, V)a(Y, Z)]N+
(2.3) +[(DpDyx) (X, Z)—B{(V)Y (Do) (X, Z)—P(U, VIa(X. Z)}Y
—g(Y, Z) [(DyDyt) (X)—B(V) (DyA) 1 X)—P(U, VYA(X) ]+
(X, Z) (DyDy YY) —B(V) (Dyd) (Yy—P(U, V)AY)] =0
Let C denote Weyl's conformal curvature tensor of (1", g3, Then
(2.4)  C(X, VNZ=K(X, V)ZH+NY, Z)X-MX, 2)Y +9(Y, Z)LX —¢(X, Z)LY
where

- 1 r
2, MY, Z)=— — SV, 2)+ —————g(Y, 2
(2.3) (Y, 2) e ( )+2(n_1)(n_2)9( )

and L is a (1. 1) tensor field such that
(2.5) (LY, Zy=MY. Z),

S and r being the Ricci tensor and the scalar curvalure of (3" g) respec-
tively. From (2.4) we get

(DyDyC) (X, Y)Z=(DyDyK) (X, Y)Z4((DyDe2) (V. 2)]X
WDy D) (X, £)]Y +¢(Y, Z) (DeDyL) (X) — (X, Z) (DDl (Y)

82incc Dg =0 we have (D,Dyg) (LY, Z)=0, {rom which we get, in virtue of
(2.6,

(2.7)

(2.8) (DD (Y, Zy=g[(DDyl) (Y). Z]

Again, since (DD g) tAY, Z)=0 from this we get by using (1.6)
29 (DyDy) (Y, 2)=gl(DyDud) (¥), Z]

Now from (2.1) we get

(2.10) (ByD,SY(Y, Z)=BiV)1D,S) (Y, Z) +P(U, V) S'(Y, Z)

and

(2.11) DyDyr’ =B(V)Dyr' +P(U, V)’

3 A SEMI-SYMMETRIC METRIC CONNECTION 107

where S’ and ¢ are Lhe Ricei lensor and the scalar curvature of ) respectively,
Again, from (1.4) it follows that

(2.12) SU(Y, Z)=8(Y, Z)—(n—2)a(Y, Z)—ag(Y, Z)
and
(2.13) r=r—2n--1}a

where « is the trace of .. From (2.12) we oblain
@10 (DyDyS) (Y, 2) =-=(D1-Db;5)f)’, Z)—(n—2) (DyDya) (Y, Z)—
—(DyDyty g (Y, Z).
Again, from (2.13) we have

D, Dyr' =Dy Dyr—2 (n—1) Dy Dy
which gives, in virtue of (2.11) and (2.13),

- 3 . 1
2.15) DyDya—B(V)Dya— P(U, ")ﬂzz—(;:T)— 1Dy Dyr — B( V)Dyr —

—P{U, V)r]
Using (2.10) we can express (2.14) as
B(V)(DySH{Y, Zy+P(U, V)§'(Y, Z)f(D;,DuS) (Y, Z)—
—(n—2) (DyDya) (Y. Z)—(DyDya) g (Y. Z)
which gives in virtue of (2.12) and (2.15) '
(n—2) [(By D) (Y, Z)— B(Y) (Dye) (Y, Z)— P(U, V)oY, Z)]=
=[(DyDyS) (Y, Z)— B(V) (DyS) (Y, Z)—PU, Y) S(Y, Z)]--
1
a 2n—1)
Now using (2.5) we oblain
(2.16) (D,-D,ioc)_( Y, Z)— B(V) (Dua)_(Y, Zy—P(U, V) a (Y, Z)’=
— (DD (Y, Z)+B(V) (D) (Y, Z) +P(U, VMY, Z)
In virtue of (2.9), (2.16), (2.8) and (2.6) we obtain
(DyDypd) (Y)—B(Y) (DyaA) (Y)—-P(U, VIAY =—(DyDyL) (Y) +
+ B(V) (DyL) (Y)Y +P(U, VLY
Using (2.16) and (2.17) we can express {2.3) as follows
(DyDoK) (X, V)Z (D Dyh) (Y, 21X —[(DyDyWX. 2)]Y +
L (Y, Z) (DyDyL) (X)— X, Z)(DyDyL)Y) = B(V) {DuK) (X, Y)Z +

g (Y, Z) [DyDyr— B(V)Dyr— P(U. V) r]

(2.17)
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(D) (Y, Z) IX—[tDy0) (X, ZY|Y 4y(Y, Z) (Dyl)y (X)—
— (X, Z2) (D L) (V) A-PLU, VY [R(X Y) Z41Y, Z) XN—
WX, 2 Y+ Y, Z4) LX~¢(XN, Z) LX]
which gives by virtue of (2.7} and (2.4)
(2.18) (DyDyCy (XL Y)Y Z=B(V) (D:CY(X, V)Z4HP(U, V)O(N, V)4

FFrom (2.18) we can slale the following theorem

Theorem 1. If « Riemannian manifold (M", g) (n>3) admils ¢ semi-
symmelric mefric connection vhose curvafure lensor is generalised  2-recurrent
tensor with respect to the Levi-Civila conneclion having I3 as ils associaded 1-form
and I? as ils-lensor of recurrence, ther the manifold (17, ) is yeneralised confor-
mally 2-recurrent with B as its 1-form and P as ils lensor of recurrence.

If, in parlicular. B is zero, then the curvature {ensor of I} hecomes
2recurrenl [3] with respect to the Levi-Civita conneclion and consequently
(M*, ¢) becomes conformally 2-recurrent {4]. Tlence we have the following
Corollary

Corollary. {f « Riemannian munifold (M, g) (1>3) admils a SeINi-s finne-
trie melric conneclion whose curvature tensor is 2-recurren! with respeel o lhe
Levi-Civilet conneclion, then (M*, gy is conformally 2-recurent [4].

The case considered in the above Corollary has been (reated by Lhe author [3].

Acknowledgemen!, In conclusion, the author acknowledges his grateful
thanks 1o Prof. M.C. Chaki. for his helpful guidance in the preparalion of
Lhis paper. s

REFERENCES

1. Yano, K. — On semi-symmetric melric conneetion. Rev. HRount. Math. Pures et. Appl. 15
(19701, 1570 —1 581,
. Boay ALK — On generalised 2-recttrrent fenisors i Riemaiin fun spaces Bull, Acad, Roy. Belg.
Gl Se. » Ser. Tom 58, 19722, 220228,
3. Thompsaon A HL— On Riemunnien spaces on secottd-order recurrent curpaiurs, id. 138,
1069, 335—310. .
LChakidM G.andRRay Chowdhury N No— On eonformally recurrent spuces of secotud
order, Journ. Australian Malh. Sec. Vol. X Parts 1, 2, 135 —161. 1068.
5. D¢ U. Goow On a type of semi-sgmuelric conacelion on « Ricmunnian muriifold (Lo appeari.

Received 5 1 1990

[ =]

Departiment of Mathemalics
Uninersily of Kalpani
Kalyani — 741233
West Bengad, Indid

e

ANALELE STIINTIFICE ALE UNIVERSITATIT LAL. 1. CUZA"
Tomul XXXVII, s 1 a. Matemalica, 1991, f. 1.

PARAMETER DEPENDENT VECTOR FIELDS
BY
CATALIN TTGARRU

In [3] the notion of smooth distribution is introduced ra% a _funcl‘iop
associaling to each point x& 1. the linear subspace Ax) 51)1)\;.@.1!_:. LEAL
where ' X.. 1.=Al is an everywhére defined family of vector fields (i.e.

\J domX; — M. Tn [3] the maximal inlegral manifold property is alse defined.

EA . o .
; In this paper we shall study he dependence on 2. of this distribulion

and ils implications to the intgrabillity of A. o . .

i, Definition (1.1). Lef M be « smooth and finile dimensional mani fold
and A= R « sel of paramelers ; «map X Mo A—TMis a parameler dependent
vector field if: ] — . ;

(i) X(x, 2= T M. for any e such thad X(x, 2} is d_cfmcd, und U; =
={zelM; X(z. 2y T M}, where . is fixed, is an open set of M.

(iy N, : U,— T () =X(x. ) is @ €7 — wc.fm‘ field.

(iiy Alz) ={r<A; X(, 2)e T M} is an open sec in R.

The family {X; ; L SA} has the foltowing property
FH U U;_—JI, U —dom X; .

LEN
Example. For M =R2, lel X M x R— T3 be defined by
1 & 1
(. g), 1) = —— — (T, ) -——,()).
K. 9. %) — E}.t‘.( (lmm

Tlere we have U;={(x, yyeM; v} and {\(.’U):‘?.ER s W= ol
Then X is a parameter dependent vector field. " —
ILis clear that every parameler dependent veclor field spans a sinooth distri-

bulion in. the above sense
A a—AR), AR)=sp {Xo(2); reA()}
Nexi we impose that

(ivy X has conlinuous partial derivative with respect to 3, for every

e
“I'hen there exists a parameler dependent vector field

dxX .
¢N - M xA— TM given by aX(z, k) = 5 (z, ), (x.2)€ dom X,

IX
We denote by A the distribution BA(x)=sp {—a—"- {®. 1) lEA(a:)}.



