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HUD (Y, Z)IX (D) (X D) Y (Y, Z) (Del) (X)
d( X 2 (DL (W} -PU, V) RN, Y) Z4KY, Z) X
MN, D) Y Y, 2y LX—g(X, Z) LX)
which gives by virtue of (2.7) and (2.1)
(2.18) (DyDyC) (XYY Z=B(V) (D:OH{X, V)ZHP(U, VIO(N, Y2

From (2.18) we can slale the following theorem

Theorem 1. If « Riemannian manifold (M", g) (n>3) admils « semi-
symmelric mefric connection vhose curoafure lensor is generalised  2-recurrend
tensor with respect to the Levi-Civita connection having B as ils associaled 1-form
and I? as its-lensor of recurrence, then the manifold (1", g) is yeneralised confer-
mally 2-recurrent with B as its 1-form and P as its lensor of recurrence.

If, in parlicular. B3 is zero, then the curvature fensor of [) hecomes
2-recurrent [3] with respect to the Levi-Civita conneclion and consequently
(A", ¢) becomes conformally 2-recurrent [1]. Tlence we have the following
Corollary

Corollary. If « Riemannien mani fold (M, g) (11 =3) admils a semi-sjyinme-
tric metric connection whose curvature tensor ts 2-recurrenl with respecl {o the
Levi-Cinilet connection, then {M", g} is conformally 2-recurent [4].

The case considered in Lhe above Corollary has been treated by Lhe author [5].
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PARAMETER DEPENDENT VECTOR FIELDS
BY
CATALIN TTGALRU

In [3] the notion of smooth distribution is introduced as a function
associaling to each point x& 1. the linear subspace Ay s'p{)\-.@.r). Le=AL
where [N, 2.=Al is an everywhere defined family of veclor fl(‘lfiﬁ (ie.

\J domX, = M) In [3] the maximal inlegral manifold property is also defined.

€A . PR oy
a In this paper we shall study the dependence on 2 of this distribution

and ils implications to the intgrabillity of A o . .

1. Definition (1.1). Lef M be « smooth and finile dimensional mani fold
and AS R « sel of paramelers ; ¢ map X A A— TMis a parameler dependent
vector field if: ] . :

(i) X(x, »)s T M. for any & A such thal X(x,2) is defined, und U; =

fxel; N(v.rye T M}, where 1 is fixzed, is an open sel of M.

(i) N, @ U,— TM, Xi(x)=X(x. 2y is a €7 — vector [ield.

(i) A(z) ={reA ;5 X, 2ye TM} is an open secin R
The family {X; ; 2 SA} has the following property
' U U; =0, U;.=(E()lll XNi .

LEA
Example. For M =R?, let X M % R— TM be defined by

1 d 1
X((zx, 1, A) =——— 2, ) -——,()).
(. ). 2 L—uo 8.1'.( ()\m:c
Tiere we have U;={(x, peM; v} and A(m) ={HeR; rskal,
Then X is a parameter dependent vector field. ‘ -
Il is clear that every parameler dependent vector field spans a smooth distri-
hulion in: the ahove sense
A x—A(x), Ala)=sp {Xo(21); reA{x)}
Nex! we impose that
(iv) X has conlinuous partiat derivative with respecl lo A, for every
reE M, .
I'hen there exists a parameler dependenl vector field

dX .
¢ N M A— TM given by dX(x, }) = {z, ), (x.2) & dom X.

IX
We denote by A the distribution FA(2) spk—ﬁ—}- (2. 2); lEA(:c)}.
an
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In local coordinates, these deflinitions becone :

if s v is o local basis for TAI [;, where U is a coordinate neighbour-
dat dx™
heod of a point a, then
g
(1.2) Xz, By=X{z.2) s + ... 4+ Xl d) s and
gat dx™
X X, X
1.3 —-{T, ); =5 J:, J\ +... :E, }\),
(1.3) a}.()am() +a)\(_

Proposition (1.4). The following relation holds : 6A<A.
Proof. Let ze M. reA(x) and X;(x). X;.a(2) be two veclors, such

that 2 4-A% €A{x); then X;, (%) — X;(x) belongs to A{x) andé\ (Xppm (2) —
Xi(x)), teo. Because A{x) is a closed sel. of T,M it follows that
1 aX
lim —(X; ) —X;(x)=——(x, A)} belongs to A (x).
A?.-0A7\( +an( ) — X (%)) 3?\( )} belongs 1o A (x)
Corollary (1.5). If X is k timnes differemiiable with respect lo ), then 8*Ac

S ... cJAcA.

2. TFirst of all, we remind some definitions and main results ([2], [3],
[4D]- ‘

Definition. (2.1). A submanifold S M is said lo be imegral submanifold
of A if, for any x €8S, the tangent space T.S is equal with A(x).

Definition (2.2). A maximal infegral submanifold of A is « connecled

inlegral submanifold of A with the properly {hai every ocher connected inlegrai
sitbmanifold of A, which contains S, coincides with S.

Definition (2.3). A disiribution A has the maximal infegral manifold.

property if through every x =M, passes a maximal integral submanifold of A.
Hector Sussman established in [3] (theorem 4.2} a necessary
and sufficient condition for a distribution to have maximal manifold property.
Another aspects of these problems can be found in {2] and [4].
Sussman’s theorem. 4 disfribulion A has the maximal infegral manifold
property if and only if, for every vector field X = A and every pair (f, ©)€R x M
such thal the flow X,(x) is defined, the following relafion holds :

() dX(A(Z))= A X (%)),

where dX, is the differential of X, and [— X (x) is the integral curve of X through x

Using Sussman’s theorem, we give now a new condition for A to hav.
the integral manifold property.

We also assume hence forward that
{(v) A has the property that the set (M} U5 is a neighbourhood of x.

LEAlx

Theorem (2.4), The disiribution ‘A) has the maxzimal integral manifold
property if and only if, for any x <M, h=A(x), if resulls that dX, (dA(x))E
SA(X, [x)). ;

For the proof we need the lemma:

Lemma (2.5.} If X is a vector field and X, its flow, then

dX 1 Xy 7)) = X(X ().
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Proof. Lel x& M be a fixed point. and V() dX_(X{X,x))). Then
Vi) T,M and, by Lemma 6.2 from [3]. we have
v . .
‘ 2 (O =aX (X X] (X () =0,
{

Because Vi) =X(x) it resulls that V{)=X(x). Then dX,(N;.)= X(Xn)-
Proof of Theorem (2.1). Our main argument is the following : if a curve

¢ : ASR— V. where V is a linear space, has the property that its derivative

with respect to %, belongs to A, where A is a linear subspace of V, and there

is a point %, such that ¢(,)=A then c(A)=A.

For each 2=A(7) and [ &{—¢, ¢}, we defline Lhe curve

e Az~ T, oM, e(w) —dX, (X, ().
We shall prove thal the image of this curve is entirely contained in A{X; ().
It follows that

{_IE (u) = lim A [dX5 ( Xrau(Z)) —dX; (X (2N] =

du. Ap—0 Ay

£y ]
=dX; ((—65 (r, w)EAX; 1(55))) (from hypolesis)

and forp =2 we [ind dX; (X;(z)) Nl Xy (x))=A(X; ,(2), by Lemma (2.5).
de .

Consequently, Lhe curve ¢ satisfies the properlies . = A(XN; d=z)) and there
du.

is n.=A{2), such that ¢(R)=A(X; ().

Because the familly {X (2); w=A} spans A(x), il follows that

dX; (AL(D)) € A(X; (3)).
Conversely, if A satisfies (*), then dASA implies Lhal
dX; \A(X)SA(X; (x)), for any LeA(x).
Example (2.3). Let M=R2, p-—(z. y) and
Xip, 2 —i(p) +1'fq)\)—a— (p), where asCY{R).
£ : du

The integral curve of X; through p is

)=z -+
PD=%dP)=) gy ‘a\;\)h' Hapyz+y . "

the flow is X, ,: M— M, X (p)=pul). and the differential dX, ¢: T ,M—

Al becames
| 1 0
| fa(x) 1 “

e
— ]X}._J gt

We conclude that
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e N |f ff’(}\)%”
T oM, when x==0

sp {X(p, 2o}

d '
spd—(mt., il &« #0
Ay =1 "' {aym}
0 , il a'=0 oril x=0,

sp{-ﬁi (p)}, when =0
Al p)
il @'(3) =0 {i.e.a(r)=2,)
and

We observe thal the distribution A has Lhe maximal integral manifold pro-
perty if and only if @’'=0 (then it is equal with the distribution spanned by
only a vector field). ‘ ‘ ‘
Indeed, if ¢ # 0 and x=0, then il does nol exist a maximal inlegral manifold
which passes through p. _ .
Now we shall verify that A has maximal integral manifold property if and

a(r)y |
only if dX; A AX(pHESA(XN; (p)) (see Theorem 2.4). Let oy =('"1, e “‘2"‘) ;

the integral curve which passes through py is

() =(—1,
)2 Py
si= "B a0y -4y + D, ana

d
spd—(p)l, il ’£0
28 (py) = p{ay ! )}
0 , il a'=0
Let =1 and py=p,(1)=(0, y). It follows thatl

1 offo} 0
. - : where € dAlp )} P
dx\.v.l(aA(pl)) 5p {“ “0‘) 1 ” o “ ” &% “ : :

sp {—a(pg)} if a0
oy
0 if =0

We conciude that if «'#0, then dX; 1(dA(p)) #A(p,) and if ¢’ =0, then ‘
dX, (FA(py))y=0<€A(p,). We can argue in a similar manner for any other

point pEM.
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SOME THEOREMS IN THE THEORY OF NONSIMPLE
ELASTIC BODIES '

BY

1. TESAN and R, QUINTANILLA

1. Introduetion. Many papers have been devoted to the study of the
theory of nonsimple elastic solids. For typical results in this direction we refer
the reader to {1]—[5]. In this paper we establish some results in the dynamic
theory. Firsl, we derive a reciprocal theorem and prove Lhat it leads to a uni-
queness result of Brun type [6] and a minimum principle. We aiso obtain the
classical reciprocity relation avoiding both the use of the Laplace transform
and the incorperation of the initial conditions into the field equations. The
uniqueness result is established with no definileness assumption on the consti-
{utive coefficients. Finally, we nse resulls of the semigroup theory of linear
operalors to oblain an existence theorem. We also obtain a*conlinuous depeii-
dence resull.

2, Basi¢ equations, We consider a body thal al time =0 occupies the
region B of Euclidean three-dimensional space and is bounded by the piecewise
smooth surface dB. The moticn of the body is referred to a fixed systeih of
rectangular Cartesian axes Ox, (i=1, 2, 3). We designate by n the outward
normal of ¢B. Letters in boldface stand for lensors of an order pz1, and il v
has Lhe order p, we wrile v, (p subscripts) for the components of v in the
(artesian coordinate frame. We shall employ the usual summalion and difle-
rentiation conventions : Latin subscripts are understood Lo range oier Lhe
integers (1, 2, 3), summation over repeated subscripts is implied and subscripts
preced by a comma denote partiat differentiation with respect to the corres-
ponding Cartesian coordinate. In all that follows, we use a superposed dot
to denote partial differentiation with respect to the lime.

We consider the linear theory of nonsimple elastic bodies. Let & be an
arbitrary material volume in the conlinuum bounded by-a surface A at”lime
{; we suppose that V is the corresponding volume in-the inilial undeformed
state of the continuum, bounded by a surface 4. We postulate (ef. [1]—[3])
an energy balance for an arbitrary material voiume, in the fonm

ooy gydo= § Fadv 4§ (Lo .—|—. uy yda, S (2.1
¥V 13 A

where u, is the displacement vector . v, =i, ¢ is the density in the reference
configuration, U is the internal energy per unit mass. {7, is the body force
per unit volume in the reference confignration, {; is a.stress veelor, uy; is:tlie
dipolar surface force. =
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