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P ‘ (mb. when a=0
Pl : it @) 20
Alp) = T3, when =0
sp {X(p, Rod}s if @'(2)=0 {i.e.a(r)=2,)
and

J o
spl— (pih . i« #0
aspy=1 " {3.!1 }
Y , il =0 orif x=0,

We observe thal the distribution A has the maximal integral manifold pro-
perly if and only if « =0 (then it is equal with the distribution spanned by

only a vector field). ] ' .
Tndeed, if ¢ 3 0 and 2 =0, then il does nil exist a maximal inlegral manifold

which passes Lhrough p. ) . -
Now we shall verify that A has maximal inlegral manifold property if and

agr)y |
only if dX; AéAM{pNSA(X;, (p)) (see Theorem 2.4). Let pl—(—L y —2).

the integral curve which passes through p, is

xft)y=i—1,
yu)~—~“‘2’2 —a0yi+y+ . and

Fé
spe— (b, if @ #Q
28 (p) = p{ay ’ )}
0 , if =0
Let =1 and p.—=p.(1)=(0, ). It follows thal

1 ( 0 ! U
4 = : where e gA(p )} pi=
dX;.(3A(p1)) =sp Hl ) 1 ” N “ “ . “ WM P

sp {i(p!)} if aF0
2y
0 if =0

We conclude that if «'#£0, then dX; {éA(p)) ¢A{p,) and if a'-—_(J, then o
dX, (3A(py))=0<€A(p,). We can arguc in 2 similar manner for any othe

point p<sM.
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SOME 'FIIEOHE'.\IS IN THE THEORY OF NONSIMPLE
ELASTIC BODIES )

BY

). IESAN and B QUINTANILLA

1. Introduetion. Many papers have been devoted to the study of the
theory of nonsimple elastic solids. IFor typical resulls in this direclion we refer
the reader to {1]—[5]. In this paper we establish some results in the dynamic
theory. Firsl, we derive a reciprocal theorem and prove that it leads lo a uni-
queness resull of Brun type [6] and a minimwmn principle. We also obtain the
classical reciprocity relation avoiding both the use of the Laplace transform
and Lhe incorporation of the inilial conditions into the [ield equations. The
uniqueness result is established with no definiteness assumption on the consti-
tutive coefficients., Finally, we use resulls of the semigreup theory of linear
operators o obtain an exisience theorem. We also oblain a<continuous depen-
dence resnlt.

2, Basie equations, We consider a body that at time (=0 occupies the
region B of Euclidean three-dimensional space and is bounded by the piecewise
smooth surface dB. The molion of the body is referred to a fixed systeth of
rectangular Cartesian axes Ox, (i =1, 2, 3). We designate by n the ouiward
normal of #B. Letters in boldface stand for tensors of an order p=1, and if v
has the order p, we write v, {p subscripts) for the components of v in the
Carlesian coordinate frame. We shall employ the usual summation and diffe-
rentiation conventions: Latin subscripts are understood to range over lhe
integers (1, 2, 3), summation over repeated subseripts is implied and subscripts
preced by a commma denote partial differentiation with respect to the corres-
ponding Cartesian eoordinate. In all that follows, we use a superposed dot
to denote partial differentiation with respect to the time.

We consider the linear theory of nonsimple claslic bodies. Let § be an
arbitrary material volume in the continuum bounded by a surfacé A at~time
{: we suppose that V is the corresponding volwme in 1he initial undeformed
state of the continuum, bounded by a surface .1 We postulate (cf. {1]1—[3])
an energy balance for an arbitrary material valume, in the fonm

[ oods 0 )do— § Faado 4 (1, = vy e, . (21)
" i N

where u, is the displacemenl vector , v, =i, ¢ is the density in the reference
configuration. U is the internal encrgy per unil mass, F, s Lhe body force
per unit volume in the reference confisnratinn, {, is a stress vector, ujj-is:the

dipolar surface force.
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We suppose that the body has arrived at a given state al a time { throughsome
prescribed motion. Following [7]. we consider a second motion & hich differs
from the given motion only by a constant superposed rigid body (ranslational
velocity, the body occupying the same position at time [ and we assume
that U, F,, t, and p, are unaltered by such superposed rigid body velocity.
If we use equation (2.1) with v, replaced by v, +a;, where a, is an arbitrary
constant, we obtain ;

I pf);dv= j Fl'du-%‘j' [[dﬂ. (22)
3 ¥ A
From (2.2) we obtain ¥
c !,"[“.nj (23)
and
i HFo=plls (2.4)
Taking into account (2.3) and (2.4), the equation (2.1) reduces to
foUdv= [t dv+[ v, da. (2.5)
¥ ¥ 4

With an argument similar to that used in oblaining (2.3), we get
Wpili, Tl (2.0
where u,,, is the hyperstress lensor. With the help of (2.6), equation (2.5) reduces
to
o U =(t )i Fttrse Y0 Tibrsili ir- (2.7)
We introduce the motation
TU""U'HJ-H;I.J" (2.8)
Let us now consider a motion of the body which differs from the given
motion oniv by a superposed uniform rigid body angular velocity, the body
occupying the same position at time L. With an argument similar to that used
in obtaining (2.2), from (2.7) we obtain

'T“='.'“. (2.9)
The relation (2.7) can be written in the form
* 9U=lei’11+{l.'.=r?.|1rs (2.10)
where
1 3
EU_—‘,—)“h,a‘l'",l,i), Fogr=Ur ig (2.11)

We restrict our attention to the linear theory of elastic bodies where the con-
stitutive equations are
Tij=AUrsers +B£qur;(,pqn

(2.12)
Wiy =Broors +Cipxpertpar:
The coefficients in (2.12) have the following symimelries
Aee=Arsiy = jirs. Bijpgr=DBipgr=Bujgor {2.13)

Cf]"m":(:.b‘i”il =(:Jilmr‘
We assume that A, B and C are continuously differentiable on B.
On the basis of the constitulive equations, from (2.6} we obtain

i e

e R e

v T
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W=yl (2.14)
It is known [7] that the skew symmetric part ug,, makes no contribution to

the rate of work so that we take 5, =0.
With the help of (2.8), the equations {2.4} become

Ti s~ Yo HF=plh (2.15)
We assume Lhat the body occupies a bounded region B with the Lipschitz
boundary &B which consists of a finite number of smooth surfaces. Let vy,
be intersections of two adjoined smooth surfaces and €=Uy, In thelastin-
tegral of (2.1), v, , is not independent of p; on A ; only Lhe normal component
Doy =v, ,ny is independent.
Following 1], [2], the total rale of work over the boundary of the
body becomes
a£ (o, w0, Nda= [ (P, + RDoydu 4 [Quv.ds, (2.16)
o8B U
where

Po=(=y— s, )y H{Dprip) e p ettty — D (w00 )y
‘Ri=.u-rsinrnsv
Q= <yt p€rgSg >, : (2.17)
« » denotes the difference of limits from both sides of C, s; represent
the components of the unit tangent vector to v,. e, is the alternating sym-
bol and D, are Lhe components of the surface gradient.
Let us consider the subsets Z,(s=1,2,3,4) of 8B so that Z,\ JZ,| JC=
—Z,UZ,UC=0B, Z,NZ,=Z,NZ,=0. We consider the foilowing boun-
dary conditions

i, =it; on E,x1, P, P,yon Z,%I,
Du,=g, on Zyx1, R,=R, on £, xI, . {2.18)

Qi-.’('), on Cxf,

where ii,, P;, R, Q, are prescribed [unctions, and I'=[0, «0).

'The basic equations of the theory are: Lhe equations of motion (2.15),
the constitutive equations 12.12) and the geometrical equations (2.11). To the
system of field equations we adjoin the bounda.v conditions (2.18) and the
conditions

U x, 0) =a,x), (x, 0) =bix). x&B, (2.19)

where «; and b, are prescribed.

We assume that R

{i) n and b are continuous on B ;

tii) ii is continuons on X, - [I;

{iii} P is piecewise regular on I, x I and eonlinuous in time, §is piecewise
regular on X, x I and continuous in time R is piccewise regular on Z, <7 and
continuous in time, Q is piecewise regular on <[/ and continuous in time;

{iv) g is continuous on B;

(v} F is continuous on B[
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3. Reciprocity and uniqueness. Consider two external data sysltem
L = {F@, g, g, PR R, Q9 4, Bl g ==1. 2). Let A =@, o2,
zi@ 2@yl he a solution corresponing to L, :

Theorem 3.1, Assume that A, B and € salisfy the relations (2.13). Lo

Eap, g)= § [PEu@ )R Da i) de § QF(phuPa)ds +
4B Al

O do— [ si i pde. @)
B i - °

for all p, g€ 1. Then
Eaalp, uy=Fatq. p), (3.2}
for afl p, q=1. T

Proof. Iel ;
Lglp, 1) == (p)ufqy +oipYBia). Rt

It follows from (2.12) and (3.3) that

IGBU)-‘ ”) ; Aijrs”f'?sl{‘.!))“i%)(q) +H .:TUIH(7.::]‘“(!))“{5%}(”) ’I‘

3 (D) FCogxrnZa D7) (3.4)
Thus we conclude from (2.13} and (3.4) that
Lealps 0 =Ta:l0, P). (3.5)

On the other hand, in view of {(2.11) and (3.3)
Lg(p, ) = [=2(mu® () +uigi Py, - =<2 () —

(PP D) o Fe Py (g)-
If we inlegrate this relation over I3, then we oblain, with the aid ol the diver-
gence theorem, thal

[ Lalp, aydo= [ [U(p)ai®(u) -+ul (p)uffe lde +
il ] B . )
+ [ [FE Py — e (p)u® () Jde. (3.6)
¥

From (2.16), (3.5) and (3.6) we oblain the desired rcs'uit.—l'—:'_
Let i and ¢ be sealar fields on B x I that are conlinuous in itiine. We
denote by uxp the convolution of u and v, P

¢ T
[us oz, Y= ulx. I—2)o(z. ~)ds.
Y »

We introduece Lhe function
v~ =L ‘ (3.7)
An immediaie consequence of Theorem 3.1 is the following resuit.
Covollary 3.1. Assume thal A, B and C salisfy the symmelry relalions
(2.13). Lel A® be a solulion corresponding lo the cxlernal dala system 1!
(a=1, 2). Then
C§ e (P FRP e DUy - {opa O w P 4§ [ 0¥ dn =
g - ST

UB

(3.8)

= § oy (PP u FRE « DuMyda -+ |y« QF :e«'n:”’ (]\~+| TR iV,
an C - -~ B
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where [l = 1% e(IhP -y,
Proof- I we lake in (3.2), p—71 and ¢ —¢ — < and integrale with respec!
e = Feom O le £, we arrive at
§ (P 4 RY « Du®)da -+ [ Q7 « ufids 4 [ Fi Wy —
s i B

i eil)" » uPduo (P % D BE 5 DuPydea - § QP+ uiNds 4 9
S BT : ¢ (3.9)

4 [ FF s ade — § i s .
B I

Clearly, :
o G =uP —®P (e, N —uP(x, V). (3.10)

‘Taking (he convolution of the relation (3.4) with v, we conclude with
the aid of (3.10) that (3.8) holds.

The proofs of the reciprocal theorems in linear dynamic-theories of con-
tinuum mechanies are based on the use of the Laplace transform or on a cha-
raclerization of he boundary-initial-value problem in which the initial con-
ditions are incorporaled inlo the field equations (see [S]. {4]). The proof of
Coroltary 3.1 offers a new method to oblain reciprocity relalions.

Corollary 3.2, :Assume that A, B and C salisfy the symmelry relalions
(2. 13). Lel

Gip, ) T 1Pdx. prudx. gy +R{x pyDuds, g) Jda +
uB
4 T Qux, s, @)ds + (s, pudx, gqpdo, (3.11)
[ B

Cfor all p,og=l Then

(-{ §putdo= [ |Gu—s, ! —i;.s-) — ({1 -5, !—s).]rls-l—.[ ol {20 (0)+
ch d e (3.12)
a0y (20)) do.
Prool, By Thegrem 3.1,
¢ :
§ Il s, 1 —s)ds = | Eyy(t =5, ¢ +s)ds. (3.13)
¢

Now we apply the relation (3.13) lo Lhe process \=(U; €5 Liskr Tip wije). It
follows from (3.1) and (3.11) that .
t ! ; )
{EL(E s, t—s)ds = GU+s, [—s)ds— [ { pti;{t —|—.s')u,-(l—s)r1”sdu. (3.14)
L L] 0 0
Similarly.
! ! I
[EnU—s. t4s)ds= [ Glr—s. tfs)ds— [ | ptt (1 —s)ult +s)dsdo. (3.15)
0 0 bou

If we use the relalions

n'_f fit £5)h(t —s)ds =f(20h(0) — FHYR(1) -_rf h(t—s)f (1 +5)ds,
i (1 —$)f( +)ds =R(Df(1) —h(0)f(20) [ h(t—s) (L +5)ds.
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then (3.13), (3.14) anj (3.15) imply {3.12).

An immediale consequence of Corollary 3.2 is the following uniqueness
result of Brun type [6].

Corollary 3.3, Assume that
(1} p is sirietly posilive ;
{iiy \. B and C salisfy the symumetry relations (2, 13).

Then the boundary —initial —value problem of dynamic theory has al
most one solution.

Proof. Suppose that there are two solutions. Then their differcnce
(ud, el w8 Ve ulx) corresponds te null dala. Thus, we conclude from
(3.12) that

ﬁf pudufdn =0,

50 that uw'=0 on Bxl

4. A minimum prineiple. In this section we extend the result from [10]
in order to establish a minimum principle in the dynamic theory of nonsimple
elastic bodies. Our method to take into account the initial data is different
from the one given in [10] .

We say that ¢ is bounded at infinity if lim,. ., &(v, 1) exists for each x
in the domain of definition of ¢. Let X be the set of all functions & on B
with the following properties :
(i} ¢ is of class C** on B (0, o0) and of class (*" on B[ ;
() & b b &by b and 4y, are bounded at infinity.

Following {10], we introduce the set ' of admissible weight functions.
We say that g I"if g is a function on I with the following propertics

I.fwgtk](! +s¥dtds exists for k>0, (x)
00

90 = § G(pyedp, t=1, ' (3)

where g¥= G¥g/&t* and G is continous and positive on [ and has a {inite limit
al infinity. An example of weighl function is g(f) =( ~@)™. n =2, ¢ =0 with
G(t) =[t"texp(—at) |/{n —1)!{see[10]).

Let Y be the sct of all continous functions on 3 [ that arc bounded
al infinity. Let u, v= Y. We inlroduce the notation

[u, v],= F _fmj ol s)ulr, Hho(z, sididsdo, (-1.1)
00 R )

where ¢ is any fixed {function of I'. We note that
\ .
(e, o], =10, u], 11.2)

Let A be a linear operator from X into Y. We denote by D, the domain
of definition of the operator .1. We say that the operator .1 is g-symmetric if

fla o), =[u, Av},, 4.3)
for any u, r=D . A g-symmetric operator .1 is called g-positive if
[Au, u}=0, (h4)

D s e

s

P
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for any u=D,. We consider the equation
Au=F, (4.3)
where ¥, Let A, be the functional on D, defined by
Afub=1Au, u),—2[u, F|;

for every us D We have the [ollowing well-known result
Lemma 4.1 Lel A be a g-pesifive operator and let A, be the fu.nctiorm[
on D, defined by (4.6). Further, lef u be « solution of the equation (4.5) Then

Adul< Agfut,
for every u"=1),. R .
In what follows we denole hy & the Laplace transform with respecl to
time of the function ¢. By (8) and (4.1),

lu. r),= f‘ J Gis)ya(x, s)yo(x, s)dsdx, {4.7)
0B

for any mor=X. . ‘
We now consider the equalions of the theory of nonsimple elastic bodies.
To the field equations we adjoin the initial conditions (2.19) and the boundary

conditions !
;=0 on Z,x/, Du;=0 on Xy,

P,=0 on Z,xI, R;=0 on X, =1,
Q.~0 on Cx I (4.8)

Following [8]. [11]. we have

Lemma 4.2. The functions uy, =;, and py;, satisfy the equalions of motion
{2.14) on B x (0, 0) and the initial conditions (2.19), if and only if

¥ % (%ji— s} Hfi=pu; on BxI, (4.9)

fi=+y = F; +plld; +a)).

‘The equations (4.9), (2.12) and (2.11) combine to yield the basic equa-
lions expressed in terms of the displacement field

Y * ['ll'.'rs”r,s‘!‘Bij,-wr”r.m_(B--nr.li”m.u } (:r;lpur”s.m).r]- .'+f! =
—ou; on BXI (4.10)

Clearly. if u satisfies the equations (4.10) then the initial conditions (2.19)
are satislied. .

We say Lhat u is an admissible displacement field if u, < X. By a solution
of the problem we mean an admissible displacement field that satisfies the
equations {4.10) and the boundary conditions (4.8).

Let D be the set of all admissible displacement fields that satisfy the
conditions {4.8). We introduce the operators L, on D defined by

where

Lin= U, — * [A ijratlr s +B.‘,lmur,;uq_(anr}iun:,n ‘i'(:r;-’pq.sux.pq),r],j (41 1)
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If we introduce the nolations

i Lu={ln, L, L), i=(f1 [-. [3), {1.12)
then the equation (L.10) can be wrillen in the form of one veclor equation
Lu=f on BxT {1L13)

Let u and v be \cclm'_ficlds on B! such thal u,, ;=Y. We introduce
the notation

|u, \‘],:3_] lig, o], (1.11)

The elastic potential is defined by

, 1 1 i
1" - ;-h]rd’-fjﬂra-i- B”),?rf!”xr_!r—!— 5 ('l‘.HﬁorZijﬁY.;mr- (1'1‘))

Theorem 4.1, Assume tha

(i) the density field o is strieily positive;

(i) A, B, and C saisfy the symmetry relaions (2.13);

(iii) the elastic polential W ois a positive semi-definite quadratic form.
Ther (he operalor L is g-positive.

Proof. Consider two external data syslems L™ with null beundary
data. Let u and v be lhe displacement fields corresponding to L' and Li#,
respectively. Then

Lu=it". Lv=f", : (1.16)
where f®'=(f® [, fi), (x=1, 2). It follows from (3.8) thal

M= vdo= [ {7 *0,do.
i B P

If we take Lhe Laplace transforin of this reflation we obtain wilh the help of
(4.7); the- relation - y
i ey v, =[u. Ly, (4.17)
for any w, veD. :
From (3.4) and (3.6) we oblain

,[ [Al {Jr -'ur,s(p)”i,j(q) +;Br'jrmn(“n.mr(p)”i,}(q) +un.mr(q)ui‘j(!})) +

= . 44.18)
Coitomntie, = (3 et ) Jdo §Faphapgyde — § gitapiugide.

5 B

Now we take in (1.18), p 7 and ¢y ={ —~ and integrale wilh respect to ~ from
0 to {. Then, we take Lhe convolulion of the resulling refation with v. We obtain

‘ ['_i"a'""”"u‘ * uf.f+2]3Urmnuu,mr * ui,j‘l‘
ri

: . (1.149
T a2 1y e Yl o [ i ido — [ oy e wudy, )
. I B
If we take Lhe Laplace transform of this relation we get ~
.[ fi li;ﬂ't?=:._f ['Pa[[}i B A0 FTI) ) Fp +2Bijrmndn,mri}i,1 + 420
i B (4.20)

+ ("f.f'-"?‘mﬂ i k, ?.fdn. rm) ]d“-

e e e T

2 ) - .)
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Clearly, 5; (s) == 2 By (1.20),(1.7) and (L1} we oblain
[Lu, uj,— _|'.r [ :(;(Y)lJ,j,n"li,'ji.S)l},,,',,ls) 21 rmatla w8 [AS)
]

+(‘ --"rmnlh':lj('g)ﬁ.n,rm(-“) +932ﬁi(s)ﬁ (‘) ld"'d“ ( 12”

E [ | f](f 4 S)l-lj,-mnﬂf, -('r) i al5) ’+2B-.I.—'mnaf,,‘(f)ﬁn,mr("') 13
0 B

0
‘l"’Cijﬁ‘nmiﬂi',l‘j”)ﬂr;.rm(-\‘) %‘F‘ut(l)”:(-\')]f“l'l-ﬁ'fh’,
where we have used the nolalion r
B(x, ) =§ M, s)ds.
0

By the hypotheses (i), (iii) and the relations (1.17) and (1.21) we obtain the

lesired resull. ‘ |
( Lel ®, be the functional on D defined by

M ful =Ly, uj—2tu, i},
By 14.21) we ablain’

Byl = 1 £ A+ mall 0l a(3) F2Brmn @ Olnmrl) £y o
4 Ciypr i) Ty, rn(5) oty (s) = 2fi)uds) |didsduo. |
i J Theor ‘¢ are led to the following result

In view of Lemma 4.1 and Theorem 1.1 we are led o] ‘
Tll]u:(:fem 4.2, Suppose that the density field is strictly _pn:,-aiwr und _!hal
W is a positive semi-definile quadratic form. Let ®, be the funcli onal o 1) defined
by (4 22y, Further, let wueD be « sofution of the bnunr[afy-rmlam'-:m[m_* I_)_mblml

@11, (2.12), (2.15), (£.8) and (2.19). Then

® fut< & {u’},
for cvery w0,

5. Existence and continous dependenee results. Throughout this seclion

we assume thal: o
the density p is strictly positive; ' . i
E:l)) A, Band C aprc of class C* on B and salisfy the symmelry relations (2.13);
(iii)-t'he elastic polential is a positive definite quadratic form (see [4]),

ic. there exisls a positive constant such that )
y h faji (L5 i 51
‘lijr.sge'}ir.s +-)‘Bijrmnaij7?rmu +(‘ijkpqr"]ijf."]mrs((arjvt}+f]ljl.f]¢,ll)v ( )

g z 0 suc Eo="F . and wie ="

tor all £,; and #;;, such that =25, ¢ gk = . 3
) ]rrltjhis section we use resulls of the semigroups theory of lincar ()]_JCE‘llUIb

{o obtain an existence theorem. To Lhe system of field equations we adjoin the

initial conditions (2.19) and the boundary conditions

u, =0, Du;=0 on éBXR% (5.2)
We assume that 4B is smooth. Let
Z—{w-=(n, v}; ueWg¥B), veL¥B)}, (5.3)
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where W22%(B) is the familiar Sobolev space (sec c.g. [12]) and Wi DB)=
[Wes(B) I
Let M, be the operator on W*(B) defined by

1
""Iiu: ;[*"jirsur,s "Bjimrur,m_'(anr.u“m_n ‘.'erlpqmum pq) r],}- (54)

We introduce the nolalions
Mu —(Mu), I —the idenlily operator.
Consider now Lhe malrix operator i on Z defined by

01
A= , 5.5
(M 0) . (5.9)

with the domain D(cf)= (WB) n W(B))* x (Wi*(B))*. Clearly IXcd) is
dense in Z.

. ‘The boundary-initial-value problem (2.11), (2.12), (2.15), (2.19} and
{5.2) can be transformed into the following abstract equation in the space Z

dw(t) .
e =cAw(l) +-F!),
o w(l) +Fi)

w(0) =1w,, (5.6)

where

Fe (0, F), w,—=(a, b). (5.7}

T |-

Let w=(u, v) and &=({, V¥
defined by

—

We introduce the inner product in Z

(H.’, ITJ) x = _[ [9”1’55 +"1Ur.'iu-:r.*:lﬁ(l',j) + Bij_pqr(u(f,j)ﬁr.pq +
2 (5.8)
ft i, v, pa) +Coskparti, ot i 13140,

where 1, denoles the symmelric part of u; . By the hypothesis (5.1) and the
fl_rst I}Om inequality we conclude that the norm induced by the inner product
(5.8) is equivalent to the usual norm in Z.

Lemma 5.1. The operator A salisfies the equality (Aw, w), =0, for cvery
we DAY,

Prof. By (3.5), (5.6) and (5.8),

(Aw, W)y 'lj;{UF[TI!(“)_:J'r:'i.r(“)].!+"1Urs“(r,*}”(-.52- -

T+ Biyperltyi, iV, pg H, ple pg) Ciskparity, pgl e, i51d0-

U.si‘ng the divergence theorem, (2.3), (2.8), (2.14), {2.16) and the boundary con-
ditions (5.2) we obtaine the desired result. ’
Lemma 5.2. The operalor of satisfies the range condifion

Rang{—ct)=Z. : (5.9)
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Proof. Let w={f, gy=Z. Wec musl prove (hat the egqualion
ctw o, (5.10)
has a solution w=(u, v) in 'Il.)(of)‘ From (5.10) we oblain
Mu g, —v=L
To studv the first equation, we consider the [ollowing bilinear form in wi
Bu. w*) = —<u, Mu*>pp)

We nole thal in the static case, Theorem 3.1 implies that the operalor M is
symmetric. Moreover, we have

=<, M gz .'l [-L;m“xi..‘:u-.r.ﬂ +Q'Bi:'r"m”f.i.-"-"n,fm +Ci.imr"5',‘fur.1"1]dv'
B

By using the hy pothesis (5.1) we conclude that the bilinear form ‘B is coercive.
It foliows from Lax-Milgram (heorem [13, p. 83] the existence of n<= W
such that Mu=g.

Theorem 5.k, The aperador ot generddes a contractive semigroup in Z.

Proof. The proof [ollows [rom the Lemmas 5.7, 5.2 and the Lummer-
Philips corollary to the Hille-Yosida theorem [14, p. 340].

The next theorem is an immediale consequence of Theorem 5.1.

fTheorem 5.2. Assume that F,eCI(R*; Ly(B)) n "R W2 (B)) and
w, € D(ct). .

Then there exists @ uniqire solution we C{R+, Z) with values in D(<t)
to the boundary inifial-value problem (2.11), (2.12), (2.15), (2.19) and (5.2).

Remark 5.1. Since the sémigroup defined by the operator of is
contractive, we have .Lhe following estimate

i
lw]|z<{|wo| 2 -}-J |F(s)| Laymyds)-

This inequality gives a result ol conlinous dependence upon the initial
data and body forees. Thus under the hypotheses (i)~ (iii), the problem is
well posed.

Remark 5.2. I Cis conlinous on B and Lhere exisls a posilive conslant
ey such that

Cipipar5i18:Ep8a0r2 co &l (5.11)

for all . = R® then by using Lhe Garding inequality” (see e.g. [13. p. 135])
we are Jed to a quasi-conlraclive semigroup.

Remark 5.3. By hypothesis (5.11) we may conclude the existence of a
positive constant & such that:

lnlezs < k(| Mu|2s—¢ 4 u’ ),
whenever s<4 and neW?4, Then we see that
D(M"e Wave (!
whenever I < 4r —n/2, because the Sobolev imbedding (see e.g. [12, p. a7].
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Using the basic properlies of the symigroups theory wemay  conclude
¢ - regularity  of the solutions if Uhe inilial dala (uy, v,) salisfies the con-
dilions

Wy Vo & 11y (MY,

..ll\'.':rm’lrd.._ emeris. :“l(‘ results deseribee] here wore oblained while (he Tirsd author was
wvsiling professor al Gentre «de Keeerea Matematica of Barcelona, The ssupporl from

o o €55 -
stilnl o' Estudis Cataluns are gratefully achnowledged.

REFERENCES

Lo Ko N Toupin — Theories of elusticily i g i i
: 3 y with couple sfress, Arch. 14 al Meeh Analb 17
ARG i N5 oltdicnal Meeh Anal 17
L L B 131] d l_;n. Mierostructure in {iticar ¢lasticity, Avch. Ratienal Meele Anal 16 (196 1)
Hl=78.
. R DM indlin .:m‘t[ NN Eshel, — On fiest stramn-gradient Heories in lincar clusticily.
Int. 1. Solids and Stractures | (1968). 75 95, ‘
LEilavac v k .nml AR .” I avacek — On the existence and iigtieness of sofution und some
varialional prineiples in linear theories  of clasticityy with cougle-stress, Aplikace Ma
temaliky 14 (L969), 011 — 126,
do 1l Bogula — Some busic solitions in strain grodi it : ]
L SiC A : grodienl clusticity theor bilreery order
. Arch, Meelr, 25 (1993} A S8, i wip of arbitrary order,
. 1. Bru n,].-;- J.;t;;l)rm[rs ciergeligues dans {es syslemes epolunf finewres, J. Mecantigue 8 (1909)
2h— 142,
7oA HEoGreenand B S, Rivlin Sim ] { : i
EE . 5. ; Simple forces and stress mudtipoles, Arch, Raticnad
o Mech. Anall 16 (1961), 325 - 353, ! {
AL E.Gurtin — The Linear Theary of Elasticily. Berlin— New York : of Flugge's Hand
‘ bueh der Physik (Ediled by G, Truesdell). . 3 3
o D.lesun — Surda thearic de la termoaclasticite nmerapolaire conplee, Co IR Acad. Sei. IParis
256 A (1067) 2712375,
:‘11- i IN:‘ iss Minimam principles for linear elostodynomics, .Ibl':]".slicil-‘\' B(U7R) 35 L,
S tdnaczak = A completenness problem for the stress eguation of motion {n the lineur theery
R of elasticity, Areh. Mech, Stosow 15 (1963), 22 - 23, )
1_‘. 1. \ \ f[ am s, Sebolen Spaces, Academic Press New York (1975)
L Gilharg un(‘f NeSSFrudin ger—Euiptic Partial Differential fgtiations of Sceond
. orde-, Berlin ; (Secand  1Fdition)
JoE AMarsden illh:i T. ). B Tlu gues— Maflematical Fovndalions of Elasticity, Prenlice-
) . ITall Inc. Englewood Glilfs, New Jersey (1983), - )
15, L. A Go l)(l sle i Semigroups of Lincar Operalors and Applications, Oxferd Universily
Press. New York (1683 ‘

i

8

Recewsed 20, X, 1989 Department  of Mathematics Uni

vernily of tasi, 6600 Tasi, Romania
Department Malemalice Aplicada
1. Universidad  Paliteenea de
Culalunya, Ap. U8, Terrassa,
Spuin

e e r.-..—hm.:-mn._—..: e

R

Assistant Professor Dr. | VASILE POPESCU |

It was completely unexpected that one of
the most talented and intellectually endowed
mathematicians of lasi, the assistant professor
Vasile Popescu passed away on the 21-st of March
1990. leaving an impressive gap behind him for
the Faculty of Mathematics of the “Al L Cuza™
University of Iasi.

Born on the 11-th of March 1946, in Arma-
soaia, the comity of Vaslui, in a family of modest
and hard-working householders, he, as well as
his brothers and sisters, he received a sound
instruction in the spirit of honesty and work ;
he attended the primary school in his native village, and then went
to Pungesti where he attended school between 1957—1860. In 1960 he
became, by competitive examination, a student of the Pedagogical High-
school affiliated with the School Group in the district of Birlad which
he attended for two years. As he distinguished himself there due to
his remarkable intellectual abilities and a keen desire of through and
deep-going knowledge, his teachers, urged him and finally convinced
him to go for a theoretical highschool within the same school Group,
Cemplex- He successfully graduated highschool in 1964. During the
highschool period, he took part in highschool level contests obtaining
guite remarkable results, among which we may mention the third prize
at the national contest in physics when he was. a third year highschool
student.

Going his own way and iollowing his in most intellectual propenst-
ties, he was admitted, again by competitive examination, as a tirst year
undergraduate of the Faculty of Mathematics & Physics of the "Al L
Cuza™ University of Iasi which he graduated in 1969 with an honour's
diploma. Due to his excellent results as an undergaduate, he was ap-
pointed, by ministerial decision, assistant lecturer with the Department
of differential equations and numerical analysis where he worked
until September 1971, Afterwards he did his military duty and he came
back to work in 1972, As lecturer assistant, he held brilliant seminars
on different subjects such as : ordinary differential equations. partially
differential equations, integral equations, potential theory. special mathe-
matics with the Physies & Chemistry faculties, numerical andlysis, func-
tional analysis, the optimal control theory and special chapters on
differential equations. In 1977. he was promoted, by competitive exami-
nation. assistant professor at the same department. In this capacity he
celivered courses of lectures and seminars in various subjects such as :
Dilferential equations and integral equations. the Equations of mathe-
matica] physics, Bases of Informatics. Informatics Systems, Numerical
‘Solving of partially differential equations, optimal control, Special me-

‘thods of numerical analysis, Mathematics for Economists, Logic and

mass. theory and numerical theory.
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