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Q, o X. If every we A hus the reqular p-variation (in the sense of [3)) and the
sel {p{u(DY)x ; p €A} is bounded for every open sel D, then

{pwB)); w=M, BB}
is a bounded sef for every pe?.
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WEAK PSEUDOUNIFORM STRUCTURES

BY

LIVIU G FLORESCU

1. Introduction. In [6] we define Lhe weak pseudouniform  structure
on LY(X,4, ¢) and we oblain an extension of Lhe classical resull of weak com-
pactness due to Dunford and Pellis,

The purpose of this paper is Lhe sequenlial variani of this exlension. In
9 we introduce the weak pseudouniform structure on a normed linear space
and we generalize the part -weak compactness — weak sequentially

v
compactness® of Eberlein Smulian's theorem. Insection 3. weuse
this generalizalion to L(X, &, u).

2, Weak pseudonniform siructure. Lel (X, .]) beanormed linear space
and N° be the topological dual of X. For every a=1. 2'e X" and £>0, let
us denote:

te={(2, y) e X x Xe|2'(a — )| < a2’ +eb.

For every az0, §,={U%,: 2" €X', ¢=0} is a subbase for a semiuni-
formity A€, on X (see [2]). Let U —={Uza> 0}; then, for every a=0 and UeU,,
there exists V &%U,/, such that VoV U. Furthermore, a<bd implies ,= 0,
I follows Lhat 9t is a pseudouniformity on X with respect Lo the directed set
(R4, <7 (sce [6]). We remark Lhat ¢, is the weak uniformity on X and, for
every «>(, A,=90,. We say thal U is the weak pseudouniformify on X.

For every set A= X, we denole by A the closure of A in the norm to-
pology and by [A” the closure of .1 in ihe semiuniform space (X, U,).

Proposition 1. Lel A be « subspace of the normed linear space X. Then,
for everyy w0, A= A% T(A, a), where T(A, @) is the closed sphere which has
A for center and a for radius.

Proof. Obviously, AcAe. Now, if x=A*—A, then d(x, Ay=d>0.
Hence there is a point 2" €X* with a’(2) =1, 2’(y)=0, for every y=A and
[|2*(| =1/d([5, 11.3.12]). For any =0 thereis a point y € A such that]a’(z — )| <
ala’| +=. Therefore, 1 <alfd e, so that d<a. It follows that xz& (A, o).

Remark, If «=0 than A =.¢, where A° is the weak closure of 4. So,
we rediscover a classical result.

A sel A= XN is a-relatively eompact (a-relatively sequentially com-
pact) if every nel in A has a cluster point { every sequence in .\ has a convergenl
subsequence) in semiuniform space (X, ).

We remark Lhat Lhe sequence (x,) converges to x in semiuniform space

(X, At,) if and only if Tim |2*(x,—z)|<a|z’], for every 2’ = X"
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Theorem b, Let a2z and Ao Np i fatis an a-relatively compuel sel then
A is Sa-relutively soquiendially compael sel.

Proof. Lel L he an a-relatively compact sel in N, (x,),z1 be an awhitrary
sequence in .1 and r, be a cluster poinl of (T )ezt i1 (X ar,), i.e., for every
e=0. i} oo y, € X" and ne XN, theve exists kzn such that gy =Tl <
<aly)l s i=to 2 P

Let Ny=5p{ty Y1 Tny 2 Then N is @ separable subspace of X, so0
{hat the closed unit sphere Sgin Ng is a{ Nj. Xo)- separable (see |5. Theorems
V. 5.1 and V. 4.2]). Let I, be a countable dense sel in Sy 3 each elentenl of
TI, can be extended to an e Xt with (21, We denole by =31 25 .
%, ...} the set of these extensions. By a diagonal process we may extract a
subsequence (Xg,) of (x,) such that, for every p= N and i=1. 200 pe 2 -
—x,)| <R+ Now, [or every a* & [, there exists n, =N such that e
alr]. .. asy, for every nz R Hence we have |27 (¥, a) | = X 4,
for every nzn, so that, Timja’™(x,, — ) €4 lgHha o2t Tt remains o
show that: o

11 Tim | 2’ (xe, —a) | € B 27, Tor every e X
n
If this is not true. there exisls an peX', an g =0 and a subsequence
’ v

(y,) of (x) such lhat:
(2) |2ty —20)| = De|ag 4co, Tor every neN.

But A is a-relatively compact. hence we oblain a point € X such Lhat
every neighborhood of 7, in (X, AU contains al least one U,. Therefore y, =
X3 and from Proposition 1, g = T(Xo @)= T(N,, ¢). Lence. there exists a point
z,€ XN, such that:

|ys—2ol|<a. Let =2y | [|ag]. Jusl as above, we may extracl

3
@) a subsequence (i, of (y,) such Lhat:
1) m]:v'(ykn—y.,)lsu-!m*[|, for every a' =M ={g. ¥\, . L

"

Now, for every 2'=H andnsXN we have |"(xo—#o)| < 2y, —To)| +
+| 2" (g, —Yo}|, SO that:

(5) |2 (R0 o) | <TER [ (g, — o) | T |2 (g, — o) 1€ 2027} < 2¢
N " "

Because H, is a{ X}, X,) —densein S and g5l X, = 8. Torevery {), Lhere
exists a"€H such that |x*x,- zo0)— Fol@o— 2o} << = {wy— 0= Xy). Then,
from (3) and (3} we obtain: |7a(2xe—20)] s',y{,(zu——:u)—m'(:co-—:(,)ll-!,-_.1"(.1'0
—z)i<e+|2"(x, g Hla (go—zu) | S e +2a Hix | Nga—zoll€ 3t - [Hence we
have:

(6) lys(xe—20)| S 3. Now, from (2) we have:

St s | 24 <\ Yol Ui, — 20} < 1HolYx, — o) +lye (s —Tall:

¥ & = : T —— =
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for every n €N, llence, from (1) and (6) we have: Ja+s, eyl < a —}-|1,v‘(~ —
* =) 1 yuf e —2d | = a4 lya—z,). But this fact contradicls (:33[}1011(:;30(%2 is
true, so Lhal (a3 converges (o, in the semiunniform space (X, Afs). It
follows {hal .1 s a da—relatively sequentially compacl sel, ;) - |
' We remark Chat asel .4 is 0 relatively compact {0 relatively sequen-
Lially compact) is and only il . Uis velalively weakly compact (relatively \\‘((I*al Iv
wqum(ﬂial]l:l\' (:unll[:nc‘l). ITence, from Theovem 1, we obfain for W=t =
wrollary 1. Foery relatively weakdy [ sel s i el
L ] ly wealkly compael sel is redatively weakly se-
3. Weak preudonniformity on L (N, &, 't N be '
a—algebra of .slllhsel.s of X and u ])e1 a 'm(s‘i\t,i\cz‘ i“;rzlil.l"l(tw);}l:t]‘n. '1 SEL" 'a "
. a of dy a pos . ; ably additive mea-
sure on . We remark that, in this case. the tepological dual of L' is L?
Therefore, for every «z 0, hel and =0 we ha\'; J i

Ui . ={f. pelix L) (f—9) -hdu|<a|h], gl
X -

It 8,—{Uy . : heL= <=0} then the weak pseadouniformity on L is U —={U,:
u% U}. where, for every az6, 2,15 a subbase for the semiunifm'mil\'l’tﬂ.
We say (hat the sequence (f,)= L' is ¢-convergent Lo f il (f,) converges to [l 1;1
the semiuniform space (L, 40,). Therelore, {f,) is « convergent to 7 iff

TilTl]_f(f,, [)-gdujsua-lyg)., Tor every g=L”
X -

Proposition 2. .4 sel IS Lt is « norn i

sition 2. .4 sel e L v bounded sel if and only if the sel
{{fdu: [ H} is ¢ bounded set, for cvery A=sd. l A ‘
A ‘

Proof. 11 HZ L' is a norm bounded sel Lhen Ff is weakly bounded set ;
henee, for every e L7, {A|f “hdy 2 [ 11} is a bounded sel. Parlicularly, for

every A =d, {él,'[d’g: {eH} is a bounded scl. Now, suppose Lhab, for every
Aed, i_f[d;ut: [=H) is a bounded set. Let v @ d— R, v, (1) [fdo. Then, for
- '

each Aed, sup v feH}< oo, From Nikody m-Grolhen
dieck 1)011[1(10(111(:55 theorem (sce [ pp. SOT), sup { g () fell, A=d}=
IM<+00. ‘1401‘ every f€ll, let us denote by Pif)={reXN: f(2)z0} and
N()={reX: N2y <O Then Ifly=§iflda= [ fdw I das by (PUD1 4+
i Xl

i T . . o G — H i
, lv,(;\‘(_[))lg.lM, f0‘1 every fe 11, so that I1 is a nosin bounded sef.
(ﬁlrullury 2, Kvery a-conpergend sequence of L' i «norm bowrded sequence
Proof. l.et v S e which converges i Then.
f. Let (f,) be a sequence which converges 1o f in (L', U,). Then,

for every A=d, lim |!j (f,—[dul< e so that {§ f.du: ne N} is ‘a bounded
n A -

set, for every A=d.
Lel (@) be theset of allsi jons, i.c. the set of i
) (d) simple functions, i.c. the set of the funclions f=
= X apy, wher ] g isjoi
2 #a; Where ap, ..., @, are scalars and A, ..., A, are disjoinl memnbers
of @ (xy is the characleristic funclion of A).
) . - n -
2 .l roposition 3. The sequence (f,) is a—convergeat lo {if and onlv il
im | § (fa—Pygdgl< gil- Tor every ged(an L7
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Proof. The necessity of 1his condition is clear. IFor every =4, :,E

- fim | § = Then {1(f.— 1 neE N} is

e 8(ayn L, so thal lim ',A_\ (fa— Ddp | = @ Lhen 13\ (fu— du: neE ! }
Qion 2 it follows that sup {If, i

" d
- every .1=4Q. From Proposi _ )
2(::?’:1}621—’ "li}”< f\:—\ool) For every g=L” and z>=0, Lhere 18 g, =8(@)n 1" such

that || g—gell <e/M 4 Therefore, lim | § ([H—[)gdg'slimy fo—f1 g 9.0 dx

w X u )
T 1§ (el T [l g — 8 ot N G loS M el 0
La 1 '3 al is «— convergenl to f.
e/} wall) = | gli, +e 1t follows that (f,) is d :
i Il‘—t:p_gsigl!i](yn)o’;. a) If (fu) is a-convergent to [ then we have:
Sy Tm | J (fua—f) du| S for every A€ a.
a t

’ i 4 v n i >
b) If the condition (-+) is salisfied then (f,) ts 2({-{0{1::..@(11! {o . ..
Proof. The part a). is a consequence of the definilion of «-convergence.

b) Forevery ge8(d)nL" g= 5.1(!,-*/._.1‘.. et F {4 I={10 2., pit. Obvi-
i ) il

i =¥ . :
i 'y Cevery s an npEN
ously, & is a [linite subclass of 4. From (%), for every ¢>0 there is an g

such that, for every n>n, and A eF we have:

(1) |§ (fa—Ddp | <a-¢f2] gl
' A ;

8o » =
Now, liE([,,——!)gdyL | = lil ﬂs,i\‘(f"—[)d:ax | é;zll,i\ (fu—p)du| - max{ |a|ti=

1

] . .
=1,2 pt= i | § (fa—Pd! - 4]l There is a partition {Iy, T of {1, 2, .., }
PRCaBREES] 5 ;i‘.

such lhatj {fa—[)duz 0, for every il and;}" (o Ddu<h, Tor every i.EIg.
Threretore, ' § (fu— N | <0 2, § Ya=Dip = § (=) Wal =[]y
Dae |1 gle 4+ 1§ (o= ] - l1g]l. where B=U{d;: i€n} Be=U{tie
' 3

i=l,<%. Hence, Trom n, | (f,,—-—f)d‘u.l<(f+s/2- | gliw k=1, 2, so thal,
Bk

\J (fa—Pgdul <(2a + ¢/ 1 112) - gl =2~ Jg]. +-=. 1t follows that I e

—[)gdu| < 2a)g| .. Tor every ged(@)n L= From Proposition 3, (f,) is 2«
convergent to . ) .
1?1 Lhe cage a—0 we obtain the following classical result, o
CoroMary 3. The scquence (.) in L' converges weakly fo | in LU if and
only if | fdw = lim f f.du, for each A=d.
A oA

The notion of uniform integrability index was introduced by J. Appell
and E.DePascale in (i, 3.1] So, forevery H= 1 we denoie by c{H) =
inf 511]:) fsup 1 f]dw: A€d, u(d)= ¢t. We remark that «(H)=0 il and only
it re lf iv integrable subset of L
if f1 is an uniformiy integrable sU 18 oo
] In [6, Theorem 1) we prov ed that every bounded sel JI= L' is ¢ Hyrela-
tively compact. Then, from Theorem 1. it 101_10\:-'3: ' .

}Corol{ur\- 4. Every bounded set H=L' 1s 5c(11) —relatively sequenlialy
compact sel. ‘ =

}I)_.et g(H)=inf{a=0: H is @ relatively sequenlially compacl sel in L'}
Then, from Corollary 4 and [6, Theorem 2] we obtain:

T
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Corollary 5. For epery bounded sel He LT we have
18- ¢f(H) = q(H)Y<5 - (1),

From Corollary 5, we obtain:

Corollary 6. (Dunflord - Petlis Theorem) A bounded subsel
H< LY is relatively weakly sequentially compact if and only if H is uniformly
inlegrable. .

Using Ebervlein—-Smulian’s theorem, we can give an impro-
vement of the right hand inequality of Corollary. 5. For every nonvoid boun-
ded subsel H of a Banach space E, 7. 8. De Blasi has introduced the
weak measure of noncompaciness of 11 : (i) = inf{{ == 0: there exists C—
weakly compact subsel of E such that e C +{B}. where B—{z<E: [2]<1}
{see [3]). In the aforementioned paper{1]. J.A ppell and E. De Pascale
have proved that, for every bounded subset e L!, ¢(Hl) —w(H).

Proposition 5. For every bounded sel H= L', we have q(H)< c(H).

Proof. For every a=c(H)=w(H) there exist a number ¢ wilth O<l<a
and an weakly compacl set €< L such that H=C+! -B. For every sequence
{f)= H there exist (§,)= C and {(h,)= B such that {,=g,+! -h, From EDer-

lein -Smulian’s theorem, C is weakly sequentially compact, hence there
exisls a subsequence (g, ) of (g,) which is weak convergent to a function f=L?,

Hence, for every u=smL=, lim | _[(/',,-—-f)u(ly_}.gﬁ (o [uduw| +
X
Tim| § L.hy, - wdu! < Tim] [yl ] e Julle <alul,. so that (fy) is a-conver-
o

gont' to f. Therefore H is an «-relatively sequentially compact set. Hence, for
every «:=c(H) we have g(H)< «, so that ¢(H)}<e(H).
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