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1. Introduction, Let f(z Y tpe, 3" be regular and p-valent in
¢ -

the punciured disk FE—={z: 0= 2= lf(:) is said to be p-valent meromor-
phicaily convex of order « if Re(l +:f7(2)/f(z)) < — pa for z| < 1. Let o4 (p, @)

1 =
denote Lhe class of functions of the form f(z)= - — Y. dpra?t, (a,4,20)
- n= 0

which are p-valent meromorphically convex in I

In this paper we oblain coefficient estimates, distortion and closure
theorems for the class o (p. o). We also oblain the class preserving integral
operator of lhe form

P Gl D
(1) I(.)-'-"“::;'I—S[r(i)(”, C..-p--l
. G

for the functions [ in the class a.{p, «}. Conversely, when F €o,(p, «) the disk
in which Re{l +zf"(2)/f'(z)})=—pB is oblained.

While considering the integrals we have been able to extend the resuit
of S. IX. Bajpai [1], for functions with negaiive coeflicients.

In [3] Uralegaddi and Ganigi examined the meromorphic
multivalent functions wilh positive coefficients, and in [4] they studied the
meromorphic convex lunctions with negative coefficients.

We employ technique similar to those of Silverman [2].

2. Coeflicient Ineqgualities.

r ] = -

Theorem 1. Let f(z2)- _—p—{—E @4y Pt" be regular and p-valenl in E.
& =

IfZD (p =) p At ap) @y, (L —a)pt then Re{l 4-=f{2)/f ()} < —pa forjz] <1

Proof. 1t suffices to show thal

T R A A6 ,
1 a 1-E S (=2
|( e H))/ ( e “))

=1 for |z]=<].




\\\\\

We have

1 f”( ) +p i, p -)(2p HM) Ay =2 i
“ ) T »
14 ? (()) _plt =22 ot —a) rg (p ) +2pa ) e
- n—0
< (nin(P-l““)(zﬁ +N)lfh=+n’) / (2P’(1 - %) "2“(1) A-nyn 4 2pa}| t1p+n-) :

The last expression is bounded by Uil

3 (p 20 Tyl <2p1 = ) = (P (20 Gl
n=0 =i

which is equivalent to

(2)
But (2) is true by hy

pRE La)(p 4n +ap) e € (2P
pothesis. The vesult follows.

Theorem 2. A function [(2)="15- E {pns o (X prnz ) is in o(p. o)
. W

if and only if
Z (p H)(P B L -:'5(]7)“;:4 n'---.(1 - a)!)z

nall
Proof. In view of theorem 1, it suffices Lo show the only if parl. Assume
that
Re{l ﬂ"‘:—r“(—i}-‘} -Re (pﬂ— i(p -|-Il)2ﬂp+,,':"’"""") ."; ( —p— i(p.,-n)a,,, ,,:“"f") <
(3) f’(f) g=0 ) T

px for [zl =1.

values of = on the real axis so Vhat U4 QU () 8 yeal. Upon clearing

Choose
ng -—l {hrough real values we get

the denominator in (3) and letti
Z (p )22 PP —Huz (p A1)y That is

w0 n="

Y, (p-rn)p+n tapyeyea< (2P
n=0
Corollary L. If feop ) then apap<(l —a)p2{(p 4 p aap)] with
equality for [unctions of the form

ful2)= 1, _( —a)p*[lpr )Pt ap))="t
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3. Distortion (heorem.
Theorem 3. If feop, o) then

h ,-I :_i < f)l< r‘f:{r_—E: (1= =r)
with equality  for f(z *jl-p—:—% 2P (zor, roi™) and
@) R L (S e )
Proof. Lel f(2) ;, -?i 2P (g2 0). Then it follows from theo-

. &) < —-ﬂ'_m
rem 2 (hat, ¥ @,4,< . lience
p) 1 Lo

1 1=
)r( ) = ;p Z of J+n il < = +r_|: &
and g L
f(:)Bl Za+: _ ! 12
P pre e =1 E ”]l‘l'n/ —-J"D 1_‘3.‘ A
+
Thus (4) follows. Again from theorem 2it follows that i {(p )Y prn < M
—p r baed A
since {'(2) =i PN g
[ =P+l HEU(D +H)ﬂ'h+n,,p 1, we have r( )I ,D-{—l +__1 +1Prﬁ 1

pEE

Al l—a p=1 T -
so (['(2)|z— r-}-—a pre7is Thus (3) follows,

. . .
l. '.l{)\. nee I]l('l""lll. I”. ll" b(‘(‘ll()ll we -SI ¢ S o s
o 1(.1“ Sh()\\' t,h il. tll(.‘, (11 155 Cp 2, O
I LlUbC(l ll!ld&'l convex I]neal Colll])]llcllloll-" (I )

Theofem A, Lel {(z}—= — and
=P

(I (g
22 (pAmp+n tap)

P for ne=l), 1, 2, ..

Then fea;(p.a) if and onlyif f d
' it Yyeant beex il .
ffz) e expressed in the form f(2) _,,_E_l aful2)

where 3,20 and E hy—1
1

n =
Proof. Suppose

Z )nfn()—) lfl()T Z)nrﬂ(v)—

n—r-
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o - 1 (1 ‘_‘l)f}- _p}-n]
== bt ’[*‘ Grpap a1

55, 20 O . S (oo
e W . o A
- “"'5-‘ o 2(.(,;441)(}1 --n Fap)”

3 el ~

=37 & (pAnip dap) T
Then

T n - F] N _ ~ "
), Aty ((P-}“)(P-}”j = N el s <1,
L rmpan e\ (- 0
By theorem 2, i follows Lhal f€ai{p. ). Conversely. let f€o6:(p.2):
Since from coroltary 1,
@,y S (1o} H{p -F)(p 0 Lapy]. We may set.

(pin)&n-!!;n—%«_ap_}! TNl (b, 2 awd 2o I E Frait

(1 —a)p? ot

Then {(z)= i ‘ Nl

SR

5. Entegral operators.

] ’
Theorem 5. [f [()=2— ¥ it (ot 2 0) s in e (p.a) thett
= n.-._n

- c—p N L 1

! 1
17z )__F___P_—‘_..R[r](l)dl— Y, o +n—3r—1 N e
w0 "1"

0

also belongs (o 6y (Ltﬁj—r-) -
1 4ap+e

Then L (p)(p N -LJ[))(I.,,J,,,<1' —a PR

=l

Pranf. Suppuse [(y=o,(p. %)
In view of theorem 2. we shall Find the fargest 3 for w hich
= {p L(p A A2 (_r=ptl ]u sl

IR TR ep i ]

1t suffices to find the range of values of 8 for which

{(c—p +Dp 1 Fapy (1 - e)le-kp 4 EnN(p

==t

2 Y} —) for ecaclh

From Lhe above inedqui alily we obtain

B [n n(3p ot 2y 2plp e Fa) I ngh 2p-ap ) 2 Ly

ey |
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Thal s
gl +1( —a)(p—c¢ a2 |/ E A R 2p fap o) F2p(1 Lap +0) )
e>p—1.

.H'Iinc(- I(p = 1y +2p) |/ In? 4nll H2p fup o) 2p(l pap te)] is an increa-
sing Tunction of n. B<{p fac - 2)/(1 ap --¢). Thus (he resull follows.

The result is sharp for the Tunelion (Y= — : X,

L O S

: . U o :

Corolary 2. If f(z) = —— E dyrw s (41,2 0) s peqular and p-valent
11)

in U =] =1 and saisfy Ho—( 4 J”( )) P then F(: -———(. P Fal I
p o) T &} [(!)tH

1)

for e=p—1 s p-oufenl conect.
Putling ¢—=1 and p—=11in “]L Corollary 2 we obtain

Corollary 3, [f [(z) = Z 02", a2 is regular and univalend and

el

1| e

sufisfics
Re(l 42" <1[2 ther F(9) —S iyt belongs to oy

L1
_ ‘l'ho above Corollary 2 is comparable lo the following result ol S.x.
Bajpai [!] for wider class ol functions. ‘

) 1= .
Ij(5)=-+Y, ,=" is convex Lhen so is F(z)=z "Sl f(tydl.

- n=0n
0

Theorem 6. Lel F(2) = 5— 2 a2, (a2 0) be in ox(p.2) attiel

Fz j (= &
[1(3) A +1>f(‘)]_ Sl g i H i s
c—p+1 BRI —p -
then Re(l 4zf"()ff (2)) = —pB. VSp=1, for 0<|2|<rla. 8. p), where
r{z. @, py=Inl [ (e=p 401 —BNp 1 Fp) ]z,h%n, =", 12 e
v Lle +p+r DA —a)p 4n+Bp)

The resudl is sharp for F(2) = bhen (0 )3
g A 2P (p ) (p 4 rap)

Proof. 1L suflices to show that

‘(1+f[(()) )/[ 4/’_(()_) p(1—2 @H<1[mu | <riz, B, p)

f(zy= p—1

cPHE for some =
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We have
14 4@ L, 3 ayen LI iy (2p e
/') r ie " c—pl '

i _fELL:_) —p(1=28) 2p2(1 —8)— i e ¢ +p+n 1 (p n)n +28p)|z /2Pt
n=U

f'(z) c—p+1
The lasl expression is bounded by 1 if

o

: 1 .
ST E——‘c_%_li—— 1(p -+ (2p A1) H(p +)e + 28p) 12| < 2p3(1 — B)-

n=0

That is Y, ﬂ,,+n(#-)—_—£%—f—l'[(p n)(2p 20 -28p) ]|z jEr g 2pH(1 - B),
=0 ]
which is equivalenl lo
. . (c4p 4n+Dp AP A1 4BP) | apin
(%) D ks (= R

From Lheorent 2 we have

. {(p +m){p A1 +2p)
,.;o o (1 —a)p? <1

Hence (6) is satisfied if

(c 4-p i +1)(p +r +Bp)/ e —p +D{1 =) =2 (p n 4ap)/(1 %)

Solving for [z| we obtain
1

Iz <[_£j_‘”+1)(1_3)(p+" +2p) ]m n=0,1, 2.
(e +p +n 4+ —2)(p +1 4 8p)
The resull follows.
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A STUDY FOR A UNITQUE SOLUTION FOR A VECTOR DIFFERENTIAL
EQUATION WITI MAXIMUM

BY

AL AL SOBEIFD ad 12, AL ALY

I. Introduction. The differential equations with maximums are widely
appeared in automalic conlrol and eleclric engineering. In 1971, A. R. Ma-
somedov studied in (2] a first order scalar differential equation with
maximum. Then in 1972, he continued in [2] his researches on the quantita-
{ive behaviour of the solution. Other differenl extensions and generaliza-
lions were carried oul in several researches such as [3--5,7]. Our presenl work
deals with the question of Lhe existence and the uniqueness of the solution
of the second order n-veclor differential equalion with maximum by using
some famous 1ypes of approximations and also by using Schauder’s and contrac-

tion mapping principles. Find the solution for the equalion

(Y = F(, x({t), x'(f), max x(<), max d(z); et = |FETi? (1

TELfe 1} T €l 1)

which satisfies the condilions

20 (lg) = P (i =0, 1), (2)
where = and F are n-vector functions in Banach space E. = = 0 is a scalar and
se]: = {lht]).Lh, T are positive numbers. (i = 0.1y are constant

n-veclors. Let €2 [J; E] be the set of all {wice differentiable conlinuous n-
vector function x(f); { € J whose values belong to . And let G be Lhe lopo-
logical space in E for the vector function a(l) i.e. G = (C*(J ; E); E) and take
in G lhe set

W:m{z() €G: || 3() — 0l =4 () — x| < b; a, b consis.}.
Thus, the solution of (1) —(2) will be the vector function a(t) which belongs
to G and salisiies conditions (2).

1I. Some hasie concepts 1. Letl F(L. 1y, tro, Uy, u,) be defined, continuous
in the region

R={le/,|2() — %] s a2 — x|l € b, @, b consts.} (3
and satisfy the following conditions
{0 I F(t, 1y, ., 1) || < M M positive number. (4)

(ii) ! F(l; Uy, Uy, Uy, u{) P‘([, ﬁly iy, its, ﬁi) ! = (D(!, | iy — I_il {ls |I iy - ﬁz I|l

oy — @, (] we — @all)s (5)



