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() =20 Tolf —1o) -4 J‘t ({8 F(s, x, W(8), .’t,; (8}, malx Bu-1( =)
s =

max % () ds; n =1, 2, 3,...
el
such that

. .
2i(1) =25+ | F(x, 2,.1(8), T, 1(8), max 2,az), max 2, ,(x)) ds; n=1,2,3,....
fs Tel . Tel :
If in W the sequences Zx,(f) and Zx,(f) are uniformly convergent to the veclor
functions z(f) and 2'(f) respectively then the vector function [(f, T.(D), 1,(0).
max z,(7), max x,(7)) will uniformly converge in J to f(t, a(t), 2'(1), max x{<).
Tel ~el Tel
max x'(7)) since f(f, x(t), 2'({), max 2(z), max x'(7)) is continuous. Consequently
el Tel el
Azx,—Azx and Az,-» A2, i.e. the operator .1 is conlinuous in W. It is clear,
according to (29) Lhal

| AD) | < o | ARG ] <, (30)

which means that A is bounded and mapps W into itself. Also, taking L, t,eJ,
¢ =0 sufficiently small and 3(e) >0, we can have

| ACz(ty)) — Aty |, || A ) — Mz || < < if | —t] = 8
where 8 = ¢/(M | T-r|) and /M respectively.

These results aceording to Arzela theorem [1] show that the continuous
operator A converts the bounded set W into ils compact parl. So, using
Schauder’s principle (1] the operator A has al least one fixed point x{f) which
is the solution of problem (1), (2).
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EFFECTS OF DISPERSAL ON THE STABILITY OF TWO
PREDATORS AND A COMMON PREY

BY

ALAL AMMAR

Introduction, Stability of systems of interacting species has been investi-
galed by various authors, for example Goh and Agenew [7]; Kazarinoff and
Driessche [12]; El-Owaidy and Ammar |2, 3, 1. 5] Effects of dispersal on the
stabilily of theequilibriumsiate have also been investigated by various authors,
for example : Gopalsamy [8]; Hadeler et al [9]; Levin [13]; Nallaswamy and
Shukla [10.11]; El-Owaidy and Anmunar [6] In particular, Nallaswamy and
Shukla |10] investigated the effects of dispersal on the linear and nonlinear
stabilily of the equilibrium state ol a predator-prey system with functional
response.

1. Basic systems. Consider a system modeling the interactions of two
competing predator populations living exclusively on a common prey in a
linear one dimensional finite habitat (0<zs L) with intraspecific interaction
of prey and functional response. The system given by : '

AN : N N N
.:_1 "=‘\‘l [al_all"\l . (UTAY AyauNg )+ ¢ ( 1€-1_1) )

oH e,  1+aN) el o
PR, N A
(1.1.) '.=.\g(—(!z+—ae_l"'1“_—ﬂzz~\'2)+‘§' Dzof_?) !
ét 142N, At L2
0_'\ T=N, | —a 4 —(-{Qi— — Uy Ny |+ = D, . 3) ’
2t 12N, axr ox

where N,(x, f) i the population distribution of prey species; No(®, f), Ny (%, 1)
are the population distributions of predator species at time {; and D,, D,, D,
are the variable coefficients of dispersal which are pesitive. The interaction
coefficients a,. s, @, @yys Uans tys, 1z, Oy, Qay, Ay, and o are positive constants.
The factor (1 -+« N,) ¢ represents the functional response in the model, and «
determines the strength of this response. For a positive equilibrium (Nj, N,
N3 we have:

a,—a N1 2 Np) =aaN; +a, N3, (@ @ N1 +aN) =ay Ny,

1.2)
(tt, +agN)(1 2 Nj) =t Ny
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2, Stability. To investigate the stabilily of Lhe equilibrium point (N7,
N3, N3 of system (1.1) let Nyx, )= G (TR = T IR R s s | e BCTRES)
becomes :

any Ny -y

Py S oty s NG ety N3 ) —tty Sy —(1 2 N7y (apaite 4 ty312)) +
4 ¢ (]) r"nl)
=l

(2.1) ax ar)’
F h : o
—%2-‘ d;-ﬂ% [ttty —ataaSits] + 7‘6—(1)2%!"’) ,
¢ .U Ry
an, N} N
—‘—*ﬂ i“um—u,.._.,Snn]+—f- D, L)
al S ax Jx

where §=(I 4-aN)(1 +aN| Lan,).
The linearized version of system (2.1) is:

en . .
-;-—' e COTTITE PN PR Ot PR 4 ”;ﬂb ,
Cl ("‘.“ E.I‘
il o
(2.2) (_’3 Koy, — Kooty 4 _('xa (”22’2—2} 5
7 X cr
an B ) ; =
22— Ry — Kganty '—:(: Dsf,i3 ,
3[ cx EI
where,
(2.3) Kn= pht (N]— ) ; ”o—-———mal_a” )
’ Ta Ny 2uay,
and
e LR R R L _ad: o
Ll l4aNy (1 4+a N}
- -x c g Ny . .
. Kao =N =0 Ky - _1'27;5_ =) S N )
(1 4z ;' &

We shall assume Lhal o, (.

It is clear thal, K,,=0 for Niza, and K, <0 for 0= N7 <d,.
Systems (2.1) and (2.2) ave associated wilh the [ollowing boundary
conditions [14}:
(i) Flux condilions .
: ong N, .
(2.13) L0, )= 2L, 1) =0, =1, 2,5,
cx ox

These conditions imply that there is no migration of the species across
the boundary of the habitale,
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(ii} Reservoir condilions
(2.1i1) 0 D=ndL, H=D =1, 2, 3,

These condilions suggeslt Lhal Lhe species populations remain at equ
librinm level on the boundary of the habitat. We have the following theorems:

Theorem 2.1, (a) [ Nyza,. the cquilibriwm point (N7, N3 ND) of system
(1.1) is linear asymplotically stablein the enlire positive octand (with el nithout
dispersal).

b If Nj < the equilibrivun poind 1o is not finear asymplofically stable
without dispersal, hul with eonslant dispersal, s stable under the condilion:

2ray Lt Nl ND)

bitd 1 -1 :(A\'?;

D=
«  Proof. (a) To study the linear stability of Lhe equilibrium state in the
absence of dispersal. consider Lhe positive definile function :
[ = 40 Scqnty 40ing),

where ¢.. ¢, are positive conslants to be chosen appropriately. Then using {(2.2)
we have:

P 2 S - . : . .
= Knd oW oaltd -l Hleal gy — Kyghte (0K Ky,
dl
chosing.
(2.3) Ca=K oKy and ¢3=Ksf R
Lhen
, df . KyKa o KR
(2.6) LY N S L L T
di Ky I

11 is clear that dIE/dl =0 for Ky =0, thal is
(2.7) Niza,

and dE/d 0 only when n, =ng=n,=0.

Thus lhe equilibrium slale is asymptotically slable provided
that (2.7) holds.

To sce the effects of dispersal on the linear stabilily of the equilibrium
slate, consider Lhe following positive definite function :

1.
E=1} J(')(n‘{ Feat3 Jondde,

where ¢, and ¢, are given by (2.5), then using (2.2) we have

I L L
11 ” K.l R K, K o
£ - K,,Sn;d.v — al‘u'—i-Sn;d.tw——\‘i\—”-Sngda:J;—
dt ; ) Kg

] L
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!
5 ; a . >
—}-S [n, - (JT)1 1’] Al — (Dg a’—t’) }-calts 1 (Dﬂ ﬁ)]dr.
A cr éx ix cr cx or

0

Integrating and using the boundary conditions {2.4) we have:
[} L

t;

dr . L [y ;-

—_— e — ]\“g ”?d.l‘ ~ _!.}_w_hi. g H?;_d.t = -M\_'l_z S "'gdr
al q Kq; IR

[}]

I
wg[n, (ai‘) -}—03!)2(1'2)- reDy [ s
. ox dx cr

L

(2.8)

we sec l_,hat, (2.7) is the sufficienl condition for asymptotic stability of Lhe
equilibrium state. ) .

‘ (h) ?f‘ Nt <, ie. if Ky, <0, wecan find certain conditions for asymp-
totic stability under conditions (2.4ii) provided 1,, D, and D, are posilive
constants. In such a case using Poincare’s inequalily {1}in (2.8) we have

i !
1 AR (e Dem?
ALY s (I\'“ :-E)Srl?dr (—h—”ﬁ | KiDem? Snf—id.r :
df 12 Kn KoLt ))
(2.9) ! ; i
KKy, Ky,D. n?
( 1.5 B B “r)Sngd.r.
K, K, L*
0
It is clear that dE/df <0 if Ay - iy =0
or
(2.10) pioh2atilt | Nildh)s

T 14 NT
and dE | dt '0 only when 1, =n,=n,0. lence stability of the equilibrium
stale, showing that dispersal has a stabilizing effect.

] ht‘oron} 2o, (_u) If Ny=2a,, the equiltbrium poinl  E(N7. N3 N§) of
syslem ( 1.1} is nonlinear asymplolically stable ( with and without dispersal) in
the enlire positive ocland.

§1)] _If. ty< N <= 201y, the equilibriwm poinl F is nolincar asymplofically
stuble (with and without dispersal) in the region :

A={N. Naw /No)t N2 20, —N), Na>ih N> 0L
c).If N =, the equilibrium poind I is nol nonfincar asymplolically
stable without dispersal, bul. with constant dispersal, it is stable in the region :
_ B={(N,, Ns Np:0=N,<2¢,~-NJ. 0N, D< Ny}
under the condilion :
ady Lt (2a,— NJP
m N0 +aND

1

e
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Proaf.
To study the nonlinear stability of the equilibrium state in the absence

of dispersal, consider the following positive definite function :

EE=ni=div, ln(l -—-I{—’) +Cz[“::— Niin (1 —'1\:)] :""5{"3' N3 [”(1 "‘"\z)] :
ivy L] =3

where ¢, and ¢, are posilive constants to be chosen suitably. Then using (2.1)
we have

GE ~xdyy (1 42 NTHNe — N1 '-li O allggts — Clllt3 | Catia —ayq{a 4
(2.11) '
e ND I (g — (1 FRND IR

where ’ !
(2.12) No=2ar=Ni

Choosing,
(2.13) o1 1a Ny and 6= (1 +aND,

Iy 1

from (2.11), we have the following two cases:

(i) 1F N,<0, ie.

(2.14) Niz2a,;

then dE/df<0 in the positive octant p {(Ny, Ngo N3ENi=0, i=1, 2,3}
and the equilibrium state is nonlinear asymptotically stable in the entire
positive octant p provided (2.14) is satisfied.

(i) 1If N,=0, ie

(2.15) 0= N7 =24a,

Consider the subregion A ={(Ny, Na NN 2 No, Na=0, N, 0} of the posi-
{ive octant. Then dE/df <0 in 4, which includes the equilibrium state provided

(2.7) is satisfied.
From {2.7) and (2.15) we conclude that the criteria for asymplolic sta-

bility of the equilibrium state can be writlen as
{2.16) d,< Nj =24,

since (2.7) is the condition for lincar stability it is concluded that if the equi-
librium state is linearly stable, it is nonlinearly siable in the region A under

(2.16).
To study the effects of dispersal on Lhe nonlinear stability of the equi-

librium state, we consider the positive definite function :
’ \ . n . i In,
L=S{n1—,\lin(1 ~'-:——_)+(,,[n, Azln(l—]-——]-l-
N} N3

(G [n3 —Ni in (1 +-n—-“)]} dx.
N3
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_‘Then using (2.1) and (2.13), we have

1. T
di . _ Lo fl) 3 flag
g | +1.\1)S(_\n S ) Lt = 12 g N\ ndda
di i A 5 ity 3
1t ; o
I 11
€l 501 " a : i
- 227 (1 -!,-oc.\l)s ngu’.lz-l—g LNy 1’)1‘3‘—”1 drx -+
Uy . J Ni4n, dx Jx
§ 1
& L :
1y i, ¢
+CZS —-‘—'-—— _3 (1)2-(—'1]—2)(1.1: +C“S mlies e U:,dL)n dr.
. Ny 4n, dr dx Ny, dx o
0

Integrating and using (2.4) we have

L

dE 2 :
a1 +a.-\';'>S (No— N g D2t () 4y .\':)Snf::d.v -
J 5 sy |
I i
(2.17) M g _|_1:\';)Sr‘1§d.v -\[__")1_'\1_ gy
iy . JL(N: —ny* \ 6x
4]

(N} +n,)\ Gx {N; 4,0 \ 6

oX
From (2_.1_7)‘the following cases are noled regarding the nonlinear stability of
the equilibrium state of system (1.1.): "

N (i.) If No<0, e, (2.14) is satisfied, the equilibrium stale (N7, N3 N3
which is asymptotically stable in the entire positive oclant p remains so wilh
dispersal also,

. '(ii) 1f A\’n/'(), N> Ny, i.e. (2.16) is salisfied, Lhe equilibrium slate (N7, N3,
_-\'.‘,) is asymptotically stable in the subregion - of the positive octanl with
dispersal as well.

fjii) IfN, =0, N{ <Ny, i.c. (2.16) does nol hold; in the region f3, since
N; =N, then

L L
dE i T 7
— gady,(} +o¢.~\'1)§ (Nog—N)) Gl tr—I-l—’fgz'(l La NP\ nidye —
di d s y -
0
z q " L D L I
s a 5 * " LE ] 5
(2.18) 1aany +m\"{)s.n§d$— 1f1 S(%]‘da‘ g[ C.D,N; fdn, L
gy N§ dx JL(N; +ng)2\ 3%
¢ 0 G
(N; tno)? \ax

TR —
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Using Poincare’s inequality. we have :
L

b .
% 2
% <ady(l '—m.\';)‘(N,, -7 dipp plieleag) +a..‘\';)g nidx —
A b .
0

Iy
L]
L I I L a
2,19 y . =2, N 0N n.\?
(219) g ,-3\,‘)Sri§d.1' -:—;-'-m—‘Sn?d.r g[__— ( ) +
gy ] I2NG J (N; Hig)® \ 6x
0

(N; +”3)2 Jx

Then we can show that dE/df <0 if
ady 12 (20, — NP
NI e

(2.20) Dz

showing the asymplotic stability of the equilibrium slale in the region B pro-
vided (2.20) holds. Thus il is concluded that dispersal has stabilizing effect
even on Lhe nonlinear stability of the equilibrium siale of syslem (i.n.

3. Examples. We introduce two examples for two predators Na, N
and a commeon prey N, where the first example has an equilibrium poini
which is linear (and nonlinear) asymptotically stabie without dispersal and
this stability remains so with dispersal ; the second example has an equi-
librium point which is not linear asymptolically stable without dispersalbut
with dispersal it becomes asymptotically stable under the condition (3.5),
also this equilibrium point is not nonlinear asymptotically stable without dis-
persal, but with dispersal this equilibrium becomes nonlinear asymptotically
stable in region B under the condition (3.6)

Erample (1) '

N - A 3N ’ N
Dl [10;31\'1— 3N, 8N, ]+i (Dla_l_') ,
gt - 142N, 142N, Jox éx
N . ON g &N,
{3.1) -3'—2=—1\2 “‘1“"—)—1\-}‘— “‘-\Yz)"l"j'd“‘ ngl—'z) ,
¢l 142N, ox éx
\l’ '1-'\T p J
a—‘J=Af3(“‘+—9‘—‘- ~x )+ 2 Dsiia)'
&t 142N, ax\  éx

This system has Uhe equilibrium point (N3, Ni, Npy=(1, 1, 4). Also we
can show that

(3'2':I ao=_..,-:'U.
4

Since @, < N}. the equilibrium point (1,1, 4) is linear asymptotically stable

(in the positive octant ) without dispersal and this stability remains so with

dispersal. Also, since @, <N} <2d,, the equilibrium point (1, 1, 4) is nonlinearly
stable, without dispersal, in the region
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A =[Ny, No N i Nj2 12, No=0,:8, >0},

and this stabilily remains so with dispersal.
Ezxample (2).

AT \!’ 2: i - -
N, BN (5 = NG N, +_('3 D, oN, ’
at 142N, 142N,/ ex\ ' ax
dN ; 3 AN 155 7} NG -
(3.3) -- 2"'_"'\2( _+—.l.‘——~\=) +=(D.—)
l 1 142N, 4 A T

ox 2 12N, 2 dx ex

where O<x< L.

This system has the equilibrium point (N}, N3. N3) =(2, 5, 5). And we
can show Lhat
(3.4) fty =%/d
since N? = d,, the equilibrium point (2, 5, 5) is not linear asymptotically stable
without dispersal, but from (2.10) it is become linear asymptolically stable
wilh dispersal provided that !
(3.5) D222 %t

since Ny =2=9/4 —d,, i,¢., then the equilibrium point (2, 5, 5) nol nonlinearty
staple without dispersal, but from (2.20) it become nonlinearly stable in the
region '

dN g ; ON N
) .\.-.( .j_]__.____.l Iy _ll\'z)+_£)_(])3a\“),

: y B (:\-13 Ny Nyt 0Ny = %, 0._-__1\-3,0’-13\'3}
provided ' that : 3
(3.6) D, > 125L2/8n2.

4% Conclusion. Effects of dispersal on the linear and nonlinear stability
of the equilibrium slate for system of Lwo predators and a common prey have
been investigated by using Liapunov's direct method. We have the following
conclusions :

(1) Linearly or nonlinearly stable equilibrium stale remains so with
dispersal.

{(2) The dispersal has a stabilizing effecl on bolh linear and nonlinear
stability of the equilibriumn state.

(3) If the equilibrium state is linearly stable, then a region can he found
where il is nonlinearly stable with or without dispersal provided (2.16) holds.

(4) Even if (2.16) is nol hold, Lhere is anolher region where the equi-
librium state is asymptotically nonlinearly stable provided (2.20) holds.
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