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1. Introduction. One basic theory for the linear periodic svstem
(1.1) d=A{Hx, —o0o <l <0,

is, of course, that of Floquet which says that the solution of the system (1.1)
wilh (! +-0) =A() in the form of the fundamental matrix ®(f) can be expres-

sed as
®(f) =p(lyexp(tR), p(f +w)=p(0)

Cand I is a constant matrix. We shall use the following definition introduced

in [1] -

Definition L. If [ denoles a funclion on some interval I inlo ifself il will
be convenient to denole by [, for every non-negative integer n, the funclions
defined inductively by floify =t und founy =t o) for n=0 and l=1.

Definition 2. If [ denoles a function on I inlo itself then any function
(or matrix funetion) P is f-periodic in I if P(f)y=P(l) for all tin I.

Definition-3: The syslem (1.1} is ¢ Generalized Floguel syslem with respect
o [ {or GFS-f) if [is an absolulely continuous funclion on (e, ), az — 0, steeh
that

(1.2) [OA(f) =AD),
for almost all 1z a and
(1.3} fit) =,

for all { o,

Clearly the case A periodic with period o is given by (1.2) with f{{}=
={ 4. In what follows it will be assumed without loss of generality that o
is negative, o

2. Main Resulis, Lel X be the principal matrix solution of a GFS-f
(1.1). It is a well known result of a generalized Floquet theory ([1], p. 18%)
that (1.2) implies e

(2.1) T X(fADYy=XWVE
forevery e, V is a constant nonsingular matrix, V =X(f(0)). and if 1, =0)
then V=X(I), f.f, =1

L}
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Theorem 2.1. Assume thal the system (1.1) is GFS-f and the following

conditions are salisfied :
(i) There exists « malriz B which is given a.e (almost everywhere) on an

interval I by
(2.2) O07 HGAG)O =B, i=1.2,

where @, and ©, are nonsingular-malrices, f, and f. are realvalued funclions
on the interval T info {«, o), the entries of @, and the functions f; being absolulely
continuous on I and the primes denole derivalives.

(iiy There exisls poinls 1, and 1, in I such tha

(2.3) fity =fmd(fity).  i=1,2 i#j
@where m, =0 and my=41, and
{2.4) O, (f) =c@q(ly), 1=1,2

where ¢ is a scalar constand.
Then every solulion of (1.1) is f-periodic on (e, 00).

Corollary 2.1. If the system (1.1} is @ GFS-f and there exist absolutely
continuous functions f; and f, on some interval T into (a,00), a3 —co such that

(2.2)° [A(R) =fA(f) ae in

and if there exis! poinis l, and ty in I a! which (2.3) holds then every solution of
(1.1) is f-periodic on (&, ).

Proof.

The result follows by taking ®; =®,=U (the unit matrix).

Proof of Theorem 2.1.

Let Y, =0 X(f), i=1, 2 where X is a fundamental matrix solution of
(1.1) as in [6], Y, and Y, are nonsingular since ®; and X are nonsingular,
so that Y, and Y, are fundamental solution matrices of

(2.5) V' =B()Y.

Consider Y,(;) =®f) X{(f(h)) =RLL) X[ (1))
by using (2.3). Hence by using (2.1) we have

Yo =0,(1)yPFHL)Y (L) V™.

so that for m, =0 we have

Yy(t) =0,(1h) 07 1) Yalh)-
Thus by using (24) we have

Y, () =c@(1) 07 () Vi) =cYqh).
Similarly
Yy(ta) =Parla) D7) Yilla) V7.

Hence by using (2.4) we have

Yi(ts) =(1/e) Yy (ta) Y™
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We note that the piccewise continuity of A and absolute continuity of @,
and f; are sufficient conditions for the uniqueness of solulions of (2.9), and

i

hence
Y, =cY, and Y;=(1/0)Y, V" everywhere in 1.

Thus Yy==Y,;V* and V™ =U since Y. is nonsingular and since m;=+1,
then V =U and by using (2.1) il follows that

X(f1 (1) = X(t)

for every {>«, and inleger n. This completes the prool.

Theorem 2.2. .Assume thal there exisls « conlinuous or piecerise conlinunus
mealrixz B such that the {ollowing condilions are sdisfied -

(i A is given a e on lwo indervals J, and Jy (J,=(a,0), 2> -—00,
i=1,2), by

(2.6) Gyt hgl Blgydit =4, i=1,2

where &, and ¢, are non-singular malrices, g, and g, are real-valued functions
on J, and J, respeclively, the enlries of Y, und g, being wbsolulely conlinuous
on J.

(ii) There is a poini ~ in J; such tha [ro{z)=J;

(27) gt =g fi(e)), i=1,2, iz
where n, =0 and ny=+1;
(2.8) G(fUd(z)) =kdol=),  i==1,2

where k is a scalar constant.

1f the system (1.1} is GFS-f then every solution of it is f-periodic on (o, ).

The case J; =P, == U (the unit matrix) may be stated as the following
corollary

Corollary 2.2. If the system (1.1) is GFS-{ and there is a piecewise conli-
nuous matriz B and absolulely conlinuous funclions ¢ and g, on inlervals J,
and J, respeclively where Ji=(a, 00), o> —o0, i =1, 2, sueh that

7:B(g)=A, ae in Ji. i=1,2

and if (2.7) holds al points < in J,, then every solution of (I1.1) is f-periodic
on (x, ).

Proof of theorem 2.2. Let Y be a fundamental solution matrix of (2.5)
and let X, =%,Y(g), then as in the proof of therem 2.1, one {inds thal X,
and X, are fundamental solution matrices of (1.1) on J. and J, respectively.
Consider

Xz =y d=)Yig(=).

Then by using (2.7) we have

Xo{m) =) Vg (=)) =dulzody 1 G Xfri=0),
Hence by using (2.1) it follows thal
Xi(r)y =du=)d ()N ATV,

4 ~ Matematich
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so that for n, =0 X,(5)) = (s Wz =) Xo(=)
by using (2.8). Also, we have

Xo(72) =bal 22T (=) Xl =) V0 =1 R ([ (T (7)) N (22) Ve
(1/k) Xa(=a) V.

kol w0087 1 (71) X)) =k Xl 7).

by using (2.8). : e e

Thus as in the proof of theorem 2.1, V= U, and X is f-periodic on («, 00).
This compleles the proof, '

Remark 1. In the case thatl cither fy and [, or g, and g. are monolonic,
Theorems 2.1 and 2.2 arve stalemenis of the same resulls, in Lhis case also
corollaries 2.1 and 2.2are equivalent. For example, if f; and . are monolonic
we will show that the conditions (2.2), (2.3) and (2.1) of Theorems 2,1, may he
writlen in the form of (2,6}, (2.7) and (2.8} of Theorem 2.2, :'(‘spe('ti\'tal\_".

Let J,—=f,(I) and defline g, ~f;' (the inverse function of f;) and b, —
=®7(g;), (®; ! is the multiplicative inverse of @). Then as in [3]. equalion
(2.2) may be written in Lhe form of (2.6) If we take v, =f,(,) then (2.3) becomes

= A=) i [7(fimmA=)) =gz,

where fi=™1 is the inverse of fi™/ and this exists for the sequence [ is
increasing sequence from (1.3). Thus

U= =g (=), me=—m,

which is (2.7). Also (2.4} becomes

(B3t =D (1) (10D 1{1) =07 () 1/)D5 (gl =) =D Hg=)). 11,2,

For i =1, we have ‘
(@ (g (=) =0T (glm)) (Hehy (gl 50)) =pal=1)

by using (2.7) for n;=0. Hence (ll,’crﬁ-yg(:,) = ().
Thus

(2.9) B () =kl ),
For i =2, we have ) f
(1/)5 H(gal 7)) =07 (ga( 2. (1e)galme) =OT@{f"4(=2))
by using (2.7). Hence
(2.10) Eo(s) =di{fe'(=2))-
From (2.9) and (2.10). we have
Pl (=)) =kpal=i)s

k=l]e.

i—=l1,2

which is (2.8). .

Remark 2. The result of [6] is oblained by taking f(f) =l +a.

Remark 3. The result in [4] (Theorem 2, pp. 691) is obtained by corol-
tary 2.1 with f(1) =t +o. [i{f) =1 ff) =L 1, =0 and {;= —w[2. so thal m =
=0, m,= +1. -
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By the generalized Floquet theory [1}, if X, is any continuous nonsin-
gular matrix on (0.oc) such that X(0) —U and satisfying (2.1), then there

! exisls a conlinuous nonsingular matrix P which is f-periodic on {«, ) such
that P(0y=U and
(2.11) X(1) = POX) -

and (as in [5], pp. 19—20), theve is at least one solution x(fyof (1.1) such that
(1:12) xif(hyy =rall)

for all £, where 2#0 is a constant (real or complex). In fact if z(f) is a solution
of {1.1), Lhen Lhere exists a constant veclor r, such that

(213) () =X(t)x, =Py Xo(t)ao
by using (2.9). If a(t) is to satisiy (2.10). then

PN Xo{f(F)) g =2 PUOYXo(1) 2o, P Xo(t) V2o =2 P(H X1}z,
by using {2.1). Hence

P(OXN(HV -2 D)z, =0.
Since P and X, are nonsingular then
(2.14) (V—=1.U)a, =0,

Consequently if % is an eigenvalue of V and T, is a corresponding eigenvector,
then the solution x(f) defined by (2.13) has the desired property. Thus we
have

Theorem 2.3. Ifthe system(1.1) is GFS-f, then it hasa [-periodic solution
if and only if there exists an eigenvalue of V which is equal to 1. Also if there is
an eigenvalue of V which is equal to 1, then the system (1.1) has a ["?-periodic
solution,

Proof. Since

w(f19(0)) =2 (1)) = —2(f(1) ==()

then the vesult follows by using (2.10) with % = —1.
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SMOOTH MAPPINGS BETWEEN FOLIATED MANIFOLDS WITH
BOUNDARY

BY

LILIANS  MANIM BAILEANU

In the paper [5] J. Mather proves that a proper, infinitesimally
stable mapping of one finite dimensional ¢~ manifold into another is structu-
rally slable. The main theorems ([5]. §3) only deals with manifolds without
boundary but Erik von Essen in [1] extends Mather's Lheorem to
2 theovem which also deals with manifoids with boundary and corners.

In the special context of the foliated manifolds without boundary,
1. A. Favaro. in [2]. has presented Lhe notion of stability in the tangential
sense of smooth mappings between foliated manifolds. Moreover, he has
presented the nolion of infinitesimal stability in the tangential sense and he
has shown that the latter is the sufficient condition of the former. In [4],
. ITzumiya has shown thal the converse of Favaro's theorem is true for
foliation preserving mappings.

The purpose of this paper is to extend Favaro-lzumiya's theorems to a
theorem which also deals with foliated manifolds with boundary. All mani-
folds, maps and foliations will be C". Let M be a manifold with boundary
&M and j: oM x[0,1}>Uc M with j(z, 0) =1, vze M, be a collar neigh-
horhood of the boundary 43 in M. To the pair (M.j) an open manifold can
bhe associated, namely, M, =Ml (GM «(-1,1}).

Definition 1. M has « codimension q foliation, if there cxists a collar j
and « codimension g foliation (Fy on M. The restriction (Fy of (Figto M is
called a codimension q foliation on M. A codimension ¢ foliation on M is called
tangenl (fo the boundary) if the leaf of 7, through each point (x, 0), redM,
is confained in ¢M x{0}. and is called transverse (to the boundary), if the leaf
of (Fiy through each point (x,0), x=2l, is a immersed submanifold transversal
1o 3 {07,

Let S be the stratification of M defined by the int M and Lhe boundary
83, that is the sel of components of {x& M, index () =}, j =0, 1. For xeM,

we let str(x) denole the stratum which contains x, and let TM=J TX, f‘Mz——
7 Xes
A A
— TMr T,M. Obviously, TM is the set of tangent vectors v& TA, to which
there exists a C= curve c:(—¢, £)—M whose tangent vector in 0 is 2.
If T, is the subbundle of TAf with fiber T,Fy, the tangent space

to the leaf of (¥, at z, then, by the previous definition, we have TrF < Th
for tangent [oliations.



