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In the paper {3} J. Mather proves that a proper, infinitesimally
stable mapping of one finile dimensional € manifold into another is structu-
rally stable. The main theorems ([5], §3) only deals with manifolds without
boundary but Erik von Essen in [1] extends Mather's theorem to
2 theorem which also deals with manifolds with boundary and corners.

In the special context of the foliated manifolds without boundary,
i. A. Favaro.in [2], has presented the notion of stability in the tangential
sense of smooth mappings between foliated manifolds. Moreover, he has
presented the notion of infinitesimal stability in the tangential sense and he
has shown that the latter is the suflicient condition of the former. In [4],
$. lzumiya has shown that the converse of Favaro’s theorem is true for
foliation preserving mappings.

The purpose of this paper is to exlend Favaro-Izumiya's theorems to a
theorem which also deals with foliated manifolds with boundary. All mani-
folds, maps and foliations will be C*. Let M be a manifold with boundary
&M and j: M [0, 1] Uc M with j(z, 0) =21, Yre M, be a collar neigh-
borhood of the boundary 43f in M. To the pair (M. j) an open manifold can
he associated, namely, M;=M{1,(éM x(—1, ).

Definition 1. M has « codimension g foliation, if there exisls a collar j
and «a codimension ¢ foliation (Fi on M, The restriclion (Fy of Firto M is
called a codimension q foliation on M. A codimension ¢ foliation on M is called
tangent (o the boundary) if the leaf of (Fy through each point (x,0), x=éM,
is conlained in @M x {0} and is cafled transverse (to the boundary), if the leaf
of (Fiy through each point (x,0), x=3dd, is a immersed submanifold Iransversal
to 33 [0},

Lel S be the siratification of M defined by the int M and the boundary
23, that is Lhe set of components of {xr= A, index (x) =j}, j =0, 1. For reM,
we let str(x) denote the stratum which contains £, and let TM = |JTX, TM,.=

Xes
A A
— TMn T,M. Obviously, T)M is the set of tangent vectors ve TM, to which
there exists a C= curve c:(—g, £)—3M whose tangent vector in 0 is ».

If T'#, is the subbundle of TM with fiber T .7y, the tangent space

to the leaf of (7, at x, then, by the previous definition, we have T7f,c Ta
for tangent foliations.
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Now, let M and M’ be €7 — manifolds of dimensions m and m’ respec-
tively and (Fa, Fa be ¢+ — foliations on M and M’ of codimensions g and
q" respeclively.

The double structure (foliated and stratified) of the manifolds M and
M permits to consider the following two subsets in C7(M, M. which are
associated 1o a mapping [<C7(M, Ay

Ca(M, M5 )={g=C"(M, A, strflx) =str g(x), Yo = M}and

C:;-}(M. A ={geC?(3. ). g(a} and f(x) belong lo the same leal of 77y
for each x <M}

Obviously, il the foliations (F and (F,,. are the tangenl foliations, we have

CHWOL M )=Cs (A, A -

We denote by (,';':.'-,, (M. M y=Cs (M. A in C;—;‘»,(.U, Al fy and we
define a concept of stability for { in the sel Cig, (M AL .

Definition 2. We call the mapping f=C7(M, M’y structurally stralum
slable in the tangential senseif thereexisls neighborheod U,= Cs.qo (M, M )
of [ in the Whitney C=-lopology, such that for each g& U, there exisls € “-diffeo-
morphisms h: M— ), taking cach teaf of (F onlo ilself. and [T Y ARSI Y I
taking cach leaf of 'F,; onlo ilsclf, such that [ =N ogol.

Ty produce an infinitesimal concepl of slability we consider T Fy
(resp. TrFs). the subbundle of TM (resp. of TM') with fiber T E (T e F o)
the tangent space to the leaf of ‘Fy (resp. of (Fyp) at ¥ (resp. at a).

‘We define the following sets:

Fopy = TMN TFy,  TaFa="T/Fx TM and
CH(TFE ) ={u s C*(TF), w(Me T(Fark
I feC"(M, M), we shall write:
CAHP A = {o e G T, WA= TA'Y
inferpreting we CH(f M) as a veclor field along [. Similarly, we shall put:
CH T F) = € CH(f 7). wdhe TF ).
Obviously, a".\[, ’?‘JI’, 'f‘(}“_‘,- and 'IA'}‘_\;- are not vector bundles, not even
manifolds. However, (.“(';'.\[) is a submodule of C(T M), C(TFy) 15 a

submodule of (."(I'}‘.U). (,"(f"l’:.ll’) s a submodule of €T and

C=(f* f(}“_,,.) is a submodule of C=(f"TM).
: The mapping If: CHTM)—=CHf TM) and of: CHTMY=CHfTM),
(1) () =[ Tfyou, {w[Hp) =vof, deline, by restriction, the mappings:

s co(Fanocep an, of : CHTM) = Co T,
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where ?f is a (71 — wmodule homomorphism and zsf is _a module homo-
morphism over the ring homomorphism f*: C{M)—C7(IM).

Définition 3. The mapping [ C (M. M) 1s infinttesimally siratum  stu-
ble in the tangential sense if. given w7 TrF ), there are we=C(TGF )
and 0 < C(T(Fa) such that

w —={) (1) o).

Remark., 1 we denote by Cg (M, M) the set of folialion preserving
mappings belween the manifolds 3 oand MO for rach [ (.'5-:,(31, My we have
G M =05 (M M) and {he notion of infinilesimal stratum stability

5 ]

i in Lhe tangenlial sense is equivalent wilh Lhe [ollowing condition :

Ar-+on(C(FF0 + € CFF) =i TF ).

o show That the infinitesimal stability is locally a condilion ol Tinite
order, we consider a local version of the concepl ol infinitesimal stratum
stabifily. We shall use the symbol ], to indicate the germ of I al p.

Definition 4. The mapping < C(M. A') 15 called locally infinilesimally
strafum stable in the fangential sense af v &M if the germ [f], is infinitesimally

dralum stable, i. e. for coery gernv of « veclor [ield we G TFy) there cxist
qerms u )y [#lpo0f veclor ficlds u s CH{TFEy), veC(TFy) so tha

(0 (), ={(TTyoul,+if vl
Our Tirst result is the Tollowing : :

Theorem F. Let (3, -,'F‘{,) be a m-dimensional compuct manifold folialed
by the g-cedimensional foliation (F ., (M (Far) be « m'-dimensional manifold
fofiated by the '-codimensional fangen! folidlion (Fi- and [e gz, ALYy
Then. the following condifions «are equinalent :

a) [ is infinilesimally stratum slable ;

by [ is locally infinitesimally siralwn Aable al x, for every x=2Al:

¢) for every x'< M’ and cach finite subsel S= [~(2") with no more lhan
(' —q +1) — points i follows {hat :

S (T TF ) s =TI FCFGE D Y AT I (T Fa) 2y

where, the linear spaces involued in the previous relation are lhe spaces of jels
of the sections which belong lo the modules from {he parantheses.
Proof. 1t is clear thal -a)=>b). So. the prool goes : hl=-c}, c)=a).
Firstly, lel r<int M be a fixed poinl so thal x'=f(x) Sint A, (U, o)
o), — U, « U= Rm—1 < R, p(x) =(x,, x2) be a foliated chart on (M, (E3)-
based at ., and (V. ), S{¥)=V, x Vo Rm=7 % RY, U2y =(x;, xy) he a fo-
lialed chart on (M, (F,.). based at f{x}--2’, so that fllyc V. We have:
(Bofor Ny, ) ={fi(Ey, o). [o( 2y, 22)), Ve =(1), T2} U, x U,
We wili compute Lhe equation (1).in Lhese coordinates.
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1L is obvious that, locally, C=(T'F,;) and C=(f' T'Fy) are finite genera-
ted modules over C*(3) and C(TEy) is a linile generaled module over

A

(M. Bul,over the neighborhoods UV, C(IF)=C (T Fu). C( Té?-'\,.) -
CT(TrF )y and (@::(8F '?'C?—_‘,-) C=(f* T Far)- Do, if(;—] , (—L ,
G 1, (=i} ar' Jiz mr— g1

generate locally the modules C(TFy) and  C7(TF ) respectively, the
equation (1) becomes :

(2) {w], =] Ifiou y Hloof )i

Since [f]. is infinitesimally stratum stable in the tangential sense iff: (c,-. =

a
'=pr(f'?—o__)) generate the €] (M")-module M7=C (T Far )y (via
-Il' R l_ln:‘_

fr.), where A={|Tfjou], u =C(TFy),t and pr: CHf T Fu)r—= M
we apply the considerations from 13]. Ch. 1V, Th. 3.10, lo sce that [f], is
infinitesimally stratum stable in the tangenlial sense il[ the module
M|y Ay M is generated over ¢ (31'y by the projections of (€5 Yo st fone- ?-1'
Recall that #™-¢1(}) consists of germs of functions at x whose
Taylor series starl with terms of vrder m’ —q +1 or greater. But. the last
statement is easily scen lo be equivalent to solving equation (2) to order
m —q".

Now. let reint M and r' =f(r)eédl’. Let FoEAr %[0, ) U M
be a coliar of the houndary ¢ and (F'y- be the foliation on the open manifold
M. =MD (8M x(—1.1)) the restriction of whose is (Fa. Lel (U, 9) be
a foliated chart in ¥, p(U)=U; xU,g R*77X R? and (V.{) be a foliated
chart in (x', 0y € M, Tor s (V)= V5l Vae Rro-i e R with Ve immy(e M~

(=1, 1), imm, =woiny, iN:: 2105 (o 1) — M L e =il 1)),
= MOHEM < (--1.1)—=2.

Let V'=j'(immz'(V)) which is an open subsel of M. We define: v’ =
= VL U Fy is a tangent foliation of 3’. we obtain that ¢ is a homeo-
morphism of V’ on an open subsel Vi Vg Rv=9 x 11T, ke LR Ry, &l

So, the pair (V'.¢") defines a charl in v+ & A’ which defines, by restric”
lion,Aa foliated charl in ¢M for the restriclion of r}‘,,,.' to ¢3, We have that
G F oy s= CATFae) 1 CANFE) = CHIGF . O T Fai o CA T F )
and the conclusion is the same as in the previous case.

Similar, if & &M, we obtain that {f]; is infinitesimally stratum stable
in the tangential sense iff the equation (1) can be solved to order m' —¢’ in
the case f(x) inl M’ and to order m' in the case f(x)=cM".

Now, we will peove the implication cy=1).

i) MAPPINGS BETWEEN FOLIATED MANIFOLDS WITH BOUNDARY a7

Lot S(Far Farn ) ={r =M, dim (Tof(FoFan TrnFa)<m’ —q} 1t
feCm(M, M) satisfies a), then, for each e My S(Fap Fars O has
no more than m’'—¢' points. A

In fact, we will show first that for each ' €M’y Z(F Fars i f-i(x")
has no more than m' —¢’ points. We shall argue by conlradiction. SuppAosc
§ ftys oo T g1} Of distinet  points, se $0Fu Fan DO Let Hi=
(T T Fain To/Fore We apply lemma 1.7, Ch. ¥ [3]. lo show that

{Fi,h;,,——,,,'._—q..'.‘, are in general posilion as subspaces of T A F - NOW let
[shiore—eic T ,(Fy and choose & vector field weC™(["T(Far) 50 thatl
w(x) =7 BY ¢) we must choose vector fields ue C(TFa)s pe C{TF )
so that w=Tfoutvef on a neighborhood of S. Let h, =(T,lf)(u(.1:,~)) and
s=p{r). We have w{x) =z ="+ ¥,o=1, {(m'- q"4-1). ‘Thus. m —q'z

> o =St 'Y : [ . 344t
> codim(H, 0 ... 0 Hy SR codim H,zm — ¢ +1 (the last inequality
i=0

holds since if atieﬁ(r}“”, Faro s ) codim }'I,-Zl). This contradiction shows
that ’}\.‘.(-;.‘;, Fa [N f{x") has no more than m' —gq' points.

Now, we suppose that for some ' )M’ there are the distinct points
Xy oor Tiprmgil in 3.‘.(-}',;, (Far ) such that flr)=2" ‘v’isf,_(;ﬁ_’ﬁ]-'_;:l); For
each i €{l, ..., ' —¢ 11}, let {x;),>1 be the sequence of points of A(Fars
Fa ) converging to X and .
H s{ze T, (Fa 1€ lim (da, [t g €(Ty, N W Tyie, ) Fra) N T, (Fu}- 1 is

obvious that H, is a veclor subspace of T .. (F4 and, since di»m (TT‘Jf( T_r‘_lf?-"‘,)n
O Triw f Fae )< m' — ¢, there results that dim H;< m'— ¢~ Then codim H; =1
Z"- Al

mr—q+1 - )

in T, Fy and X codimH;zm —q 1. Iherefore {H}i-iqw—g 1) 4T¢ not
i= . _ N .

in general position in .. (Fy. This means Lhat there exists @y, .., @m g1 €

T, (Fu-such thal the equalions @, =Ry 4z has no solution for h;&H; and
ce T, (Fy. But this is in contradiction with the fact that [ is simulta-
neously infinitesimally stratum stable in the langential sense for all subset
S with no more than m'—¢' +1 points, Sz, 1 e M’ (this last fact 18
implied by c)).

Let now weC(f"TFy). To prove that { is infinilesimally stable we

> g

need to show that there exist vector fields ueC( TeF ) and pe C2(TF )
so that w = (If)(u) +(@(0).

We first show that this equation ean be solved on a neighborhood of

Z{(Faerr (Fagn ). For this aim we prove that there exist open sets (Udi=1T3
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in M, (Viiarp in M, (Warp in A, vecler fields (u ). .75 0on U (m) 75
on V; salislyving : -

1 (U= Ve

AT S =

A T Sl
3) f(}..( Far: (Fain f))': U W,
= |

[T S(Fare Far D= Ui
3y w —-([f)(u,-)J;—(cgf)(u,) on Uy

One needs only conslruct U,

- - . -A i T
vV, W, and o for a given ¥ =f(Z{0Fy, Fauf)
salisfying 1), 2), 4), 3). Indeed, S(F T

: g 1). 2), 4), 3). Indeed. X(Far F s £). [(2CFar, Fae [1) being the
fompncl sels. Lhe necessary p will exists. By Lhe condition ¢), which obviously
is equivalent with the fact that f is simultaneously locally infinttesimally
stralum stable in the langential sense at py, ... p, €8, we may choose open

neighborhood U of X . }:'.(-}'_u (Far- [0 [ 1x)y in M oand Vool 2" in M and
veclor fields « on L. # on V. so that 1) and 3) are satisfied. Next we choose
Wsatisfying 4). We claim thal therc exisls an open neighborhood W in M’
so that [ (W)Y n X(Fu. Fa [)= U, 11 not, there results that, for every open
neighborhood W of &', [1(W)n X, ¢ U. Se, for every W, there exists ;\ point
.r,:._ef (W)nX, &€l Let {W,}xex be a sequence of open neighborhoods of
1 af]d Xy =Ty the corresponding points; we have r, & O, a,eXs and
,l;]f.n.."(‘r“): U Singc M s compact, we may  assume thal lim x. 1 [.-3'\

xRl W
'conlinuit.y, we have f(x) ~x" and xeX(Fy. Fao f) So, x=X,.. This facl
is a contradiction since x is in M> U and (M Uy 2, = @. By strinking
x AR LR
we may assume Lhal [ (W) X(Fa. Farn )= U and el

Y 2 ' - . arbity g ’ »
Next, we choose a partition of unity {p. }i-izon W=1 W, with supp #~
= o

= W, and an_open neighborhood Z of 3:.(}"‘,.-}1'_,,.[') such that [ WO

nA=U;, ¥i=1, p. (This last Tact is possible because. olherwise, there exisls

a sequence {T)zex. lim &, = EX(Faro Farn [) wilh r, &f Wan (M- U)).
2

Since both f (W) and M — U, are closed, there results thal ref (W) and
r& U,. Conlradiction).

Choose also a bump function g=C=(M, R}, with supp =7 and o =1

. A I P
on a neighborhood of E(Fy. (Farf). Let w=2 plp;of} - ;. 0+ %o This o
Pl o=l

is well-defined on M because supp g.{prof)=f '(Won Z= Uy and ¢ & C"('JT;Z.\:)'
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The veelor fields u and » salisfy the condition w () L(o:f)(ll) ona
neighborhood of E((Far. Fars ).
I m—g=m —q then fl(}?_u.C}"\_. )= M and lhe proof s finished.

If m—yzn'—yg, we consider Lhe opensubsetof A My=A=— ‘:l((?-”_\,, Fars )
and lel fi=f/M,. w, =W M, We prove {hal Uhere exists a veclor ficld
on M, so thal (?f,)(u,) w,. Yor any xsM,, T.f: Tl Far— (T2l T Fa)n
TyoriFa=Trn (F e is onto. S0, moreover, T T = Ty (Far is onto.
So. Wer T,f/ T Fy has constant dimension and forms a subbundle

Hy of TiFy. Let H, be a subbundle complementary to IHyin TrFs Clearly,
‘TAE (H),— Tpn(Fus 15 an isomorphisin and thus induces an isoworphisin
on sections. Moreover, by hypotheses, Lhe restriction of this isomorphism to

A .
the submodule C2{ T(F ) defines an isomorphisin on the submodule C(f" T(F )

A

Thus Uhere exisls a veclor field @, on M, so Uhat (1)) = w,. Choose
a smooth function g M . R which is zero on X((F . Fars f)and 1 off a neigh-

borhood U of EE(CF_U, Fars [). Then guy is globally defined on M and (?f)(pu,) =
w since. by Uhe first part of the proof, we may assuinc that suppwe M—U.

Our next objective is to esiablish a relation belween {he infinitesimal
stratum stability of a mapping f and the stralum stahility of [ (both in the
tangential sense).

The natural objects for which we attack this objective are the foliation
preserving mappings. )

Theorem 2. Let (M. (Fy) be ¢ compacl foliated manifold of dimenston m,
(M, Far) be a folialed ¢ -codimensional manifold of dimenston m' with (Far.
« fangen! foliction and ff—(T (M. M) be asmoolh foliation preserving mapping.
Then, if ['is infinilesimally stratum stable in langential sense, [ is stratum stuble
in the fangenlial sense.

Preof. In view of lhe Remark which follows the Definition 3 and by
using the algebraic machinery froin [5]. the assum ption is equivalent wilh
the following : the mixed homomorphism

3 —(oft . €T FEw ) €T Far) €U TFD

over [ CH(AM)—+C(M), ["(Hy=heof. is a surjective one. Throughout the re-
mainder of Lhis paper. we will use the following notalions. We let T denole
the unit interval [0. 1] For any manifold X, we let my denote the projection
of X » I on X and w, Lhe projection on [.

If h maps X%/ into Y and f={. we let h denole the mapping of X
into Y defined hy Ii,{x) =h{x. ). We let #h/él denole the mapping of X!
into TY which sends (x,{) into the tangent vector at s=0 to the curve s=
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—h(x, [ +s). We let Th:ayTN: TX5 I— TY be the unique mapping such
that (T'h)y, — Th, Vi<l Wedeline !’ B CHry TX)y—=C(RTY), 0l C(=:TY) —
= GANTY) by () = (TRt (@) polhmp) (hm): Xx I—
Y, (hy w)(x, O =, 1), ¥(1), e X«

S0, we may associale to Lhe mixed homommplnsm %, the mixed homo-
morphism : :

w =(a, B, C{mpy TFa), Co(wy TFw), C{{foma) TiFw)) over
A
(f <id)": CHAM < D= CHM X D, witha —a'(f = 7)) CH{=y TTF )
B=L'{fory) " (ry T F )

From [5], we have an homomorphism of CHTFEy) = C(M < I} wilh
C*(my- 1T7F ). By restriclion, we get a bijection of CH{TF, )@C=(M' = 1)
with C=(x3 TrFy) which is also ap isomorphism. So. if we consider the
natural transformation ¢: C*—€'* defined by w=rny: C(N)>CH{N=<I)
for any manifold N, where Lhe associated mixed homomorphism

v ={{of)@(f <idy)", {(f)®id,. € TE)Y@C{M = 1),
CHTFWRCHM D). CH([ T"'Fu-)®(3’(31 < 1))
{5 isomorphic to the mixed homomorphism .1.

To make lhe parameter space, we consider the topological space :

X Sge CH(M <1 M), go={r gl = D=str(f(z)), g(z = I) belongs of same
leal as f(z), Vo= M},

with base pomt X =[omy and let f*—(“( M I, M) denote the germ of the

inclusion of X into € (M =1, M) We lel ("(-r\,, TrFy, ) denole the follo-
wing sel :

A A

C¥(myy 'l'?\,)—- it is the germ at x, of a mapping X—C7(M =1, TF4.4),
Ty (1)— =y-0f(r), for all @ near xp, ®y. and i bmnﬁ the suitable representa-
lives of the gerins m,. and u respectively and my,- Lhe projection TiF, — \[1

(Here =y €Co(M' I, M') is idenlified wilh the constanl mapping of b
in C=(M'x I, MY).

Similarly, we define (- A(‘.,,’?‘}",) and let:
(‘"'(f F‘f-" )_1w w is the germ al @, of a mapping 1 X—C=(M <1, TF Far) 50
that f{ X) =Ty ow(l) for all x near ay, fancl iv being the suitable represen-
tatives of the gerins fand w}.

We define ] : (,"("c,!’l(}",)ﬁ("(f T Fahy
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cof s TFEa)—CX T F ),

as follows,

For a given L= "(r,, F(}‘.,,‘l let (!f)(?') be the germ at x, of the mapping
g—('p). V9= N, where £ is a ieplesentatne of L.

For any rjl—(“f’(rcu T(F.,), let (mf)(r) be the germ at x,of the mapping
g—tw'g)(7(g)). % being a representative of .

From the Proposition 1, §2 {3}, it follows that (mf)(r) (lf)(c) are the
germs of the contmuous mappmgs Also, using Lhe defm:lmn of X it follows
divectly lhatftf)(?’) (mf( el "(f T Fuh VCE(X(T'M (Fards -qE(X(nM S TF are)-
Now, let <f, 7, be denoled the germ al x,, ol the mapping of X into C(M x
w I, Al' Xl) which takes g to (g, =), |

(X(<f ) cXar \I)—>(“’(H « I} the ring homomorphism defined

: for all ¢ g reCYHM X n, ("(<f 7;>)(g’) be the germ at x, of the mapping
ft—»g(r,)c<f =, ={x), where with .~* we designe the representatlve of the
corresponding germs. Here, as in {53], [or a mami‘old N, (X(x\) denote the

ring of germs at x, of continuous mappings of X into C=(N).
We have a mixed homomorphism :

(of 1], CXmye, TFw). CEms TS, CHF TFar)

A sl ~ ~ A
over ("‘(<f %1 ~) and an isomorphism of ev v with u'. Now, i surjective
implies Lhat p. is a surjective mixed humommphlsm so thal, via the isomor-
phism ol u with u, “e obtain Lhat u is a surjective mixed homomorphism

over {f«<id)". So, ev Vis a surjective mixed homomorphism. Hence, it follows
from Prop. 1, §6 [5] and from the fact thal the modules involved are finitely

generated that Kerev vis surjective. (Fere ev: Cx—->6” is the natural tran-
sformatmn given by the evaluation at :ru)

Let X : X0CHMx1, TFw), A(g)— —!, so that Alg) € C(g" TFx)
14
and it depends wntmuoush on g¢.
Hence the germ A of A at x, is in (‘“’(f TcF ) and, clearly, A(sru)—

Hence A eKer ev Gl (f T(Fy) where by evy,, we denote the mapping
evy .y G 0 N—C" (MxI) given by the evaluation at x,. 3o, there exists

-tEIier e‘«'_\r:-e;CX(TEM F(}‘_‘,),nelxer evy < CX (-n:M, T(F ) such that A= (tf)(() +

+{f)n).
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T.el E \'—+(J‘(~.r§,€"(’f‘\,),%: Ve (71 ?!'(}'_\,.) be ihe continuous re-
presentalive of 2 and Ar, where V is a suilable neighborhood of @ in 5

We shall use the following result :

Lemuma V. Lel (M. (Fy) be a foliated manifold with boundary so that
(Far-is « tangent foliation. Then M’ has a family of geodesics (U. v) with the
-fallowing properly © when (X vy el and xy, x, belong lo. the swme leaf {hen
wilx,. 1)) 1) belong {o the same leaf.

Proof. Since Lhis lemma is an extension of the Lemma 3 from §2 of {3],
it is easily seen Lhat, if the charts (V,. ;) used in the proof of this lemma are
ihe foliated charts of M, Lhe Tamily of geodesics constructed as in the proof
of this lemma fulfils the claim of the lemma 1. ;

Now, let (U, v) be a family of geodesics of Lhe foliated manifold (M’ (Fy)
as in the previous lemma. This family permits to construet a neighbor-
hood @ of fin g s(3L, A, fy=Cq (AL AL, ) such that (f, g A)= U, vgei.
We define :,,, S U CT(A I, MY by (:a,,(g))(:, 0y =v(f(2), g(z). f). Note that
5(@)e % 1= Str f(2). Moreover, vy(ghiz x ) the leal of (Fy. through [(2),
Vgedl and -€)L '

1t is easy Lo see Lhat 3,, is a continuous mapping and that vA*(f) =(fomy) =
— 2, So we may choose 4 so that :*(’IL)C V. Then E(;‘*(g)) and ‘;:( 3*(9)) are

defined for all g=aL.

To finish the prool we will need the following lemma.
Lemma 2. Lel (M, (Fa) be « [olialed manifold with boundary. Then there

exisls a neighberhood 6_-,, of O in C*(n},’l\‘jf?,,) such that for each TE0y there
exists I(:)(K_)EC“"(MXI, M) such that for each {1 O(T), is « diffeomorphism

of M laking each leaf of (Fur ento ilself, @)(C).,=id_“ and—‘@é—‘(;h— c:u(':)(f,'),‘1 =y

Proof. Let {(U,. 9.)}xez be a family of charts of M such that {U rer
is a locally finite cover. Choose K, =1,c U, such that K, and I, are compact
{Ka}ze;‘CO\'el: Mand I is a neighborhood of K,, Va eI, Lel 69; be an open
set in JR™ such that ¢, (Us) L}an R® and a compact sel I;-: (?, such that
oK) int ﬁa and %(La)=£aﬂ R". For each «a =1, let <, denote the distance
from g (K,) to f)’aw—ia. Then z, >0 for each x €1 We define ©,, to be the
set of all {eC={r}y TF) such that for each « <7, the principal part I, of the
vector field {m, xidp) (51U €C Pl (Uy) % 1) =(94{ Ug) X I) = Rm+Y), sati-
sfies the condition: [z, D] <s, for all reg (L) and ail {el. We write
6‘\,=O_un (*(n)y "I\Y‘?_\,). For each x € Il and each L0y, there exists a unique
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dval2ad2).)

curve v {m,(x).) [0, s)—»lta such that v (o (1), ¥) =2, (r) and
i ' al

SACRCTCONING

If Z=0, we can obviously choose ¢=1 and define

O(ENz. [y = vylo (D 0 ¥z yeR, <L
Thal Uhis definition has Uhe properties stales in the lemma Lhere resulls” in
the same way as in Leinma 2, §7 [5]. by using the fact that the flow generaled
by a vector lield [rom (.‘"('IA‘(:F_\,) is a<diffeomorphism of M taking each leaf
of 7y, onto ilsell.

Now. we complete Lhe proof of Theorem 2.

Since :Z and ?«, are conlinuous and i(.r(,) -0, 'A;;(.ro) 0. we mayv choose

A 5o Uhal  — Ho(@0)= 0y and 1(os UNSOup. Then B Houa))  and

("-)(72(3*(;,))) are defined for all gl Let I1(g) =6 é—(\:\*(g)))l, Hy(g) =
O vlg)r.

I'rom the previous lemma, it follows that I () eDiif (M} and Llakes
each leaf of (F, onto itsell, ()= Difl (M) and takes each leal of (Fy

T o= 1,

onlo ilself, Tor all g=7. Since E(C*(f)) ’?\;(.r.,) 0 and

ol

1. LCTeN ’
is cquivalent wilh ‘ (l )(_-l?. [ =2O(O(x, .0, vreM. Viel, we oblain
[
:6(0) ‘ A Zoa
that (r.0)=0 YrelM, vlel. So, we have O —Liva(fn = H () =

éil
: {E}I._ -f_( \:Ef)))c —idy;. Similarly, we have I{f)=ids.
For any g=7/{ we have y-_::(g)F V" and the wappings fi= @( 2(‘:*(91))),

h' = @frive (g})) which salisfy Lhe hypothesis of Lemma 1, §7 [D], so that we
oblain :

y(m) = hyof ohy 1 (m), Yme M, viel.

Substituting /=1, in the previous formula and since ;*(g)l =g, we obtain:
g—H(gyofol,(g) Tor all gedL. Clearly. this result implies Theorem 2.
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CENTROAFINNE GEOMETRY OF COMPLEX HYPLERSURFACES
BY

VASILE CRUCEANU

A complex centroalfine space €, can he viewed as a real centroaffine

space C,, endowed with an autonorphism J which satisfies Lhe condition J*=
_ 1. Then, the group of the automorphisms of (2, appears as the subgroup

of Lhe automorphisms of Cay which commute with .J. In addition a complex
submanifold §,, in , appears as a real submanifold S,, in €, whose langent
spaces al all poinls are invariant by J. Sometimes S., is called an invariatil

submanifold in (85

In particular, a com plex hypersurface in ¢, can be viewed as an in-
variant submanifold of codimension 2 in Cy,. Moreover, under some assumplions
the plane spanned by the vector of position r and the vector J(r) can be taken
as normal space at every point of Lhe hypersurface. Thus, the geometry of
these hypersurfaces can be developed similarly to the geometry of real
hy persurfaces in veal centroaffingspaces [3—-6]. [{owever one seems that it has
o more rich and more varied content,

In this work, our purpose is to sketch the theory of con plex hypersur-
faces in the complex centroaffine spaces. Further details will be given in
a forthcoming paper. We shall use, with some exceptions, the terms and the
notations from [3].

The final version of this paper was writien while the author was visi-
ting T.U. Berlin and University Dortmund in July 1987 supported by DAAD.
The aulhor would like Lo express his sincere gratitude to Professors Udo Simon,
Roli Walter and their colleagues from these Universities for ittuminating dis
cussions and for kind hospitahity.

Let C,u+e bea real centroaffine space endowed with the complex strue-
fure J and let S,, be a complex hy perstirface given locally by the equation

(H r=rh, (i, J, k=1, 2. .. 2.

We assume that the analviie vector funetion r atisfies Lhe condition
(2) (r, Fo e ooy T2 0,

where 7 =J(r) and r;=cr/du.

Since S,, is an invariant cybmanifold, we have alse
(3) pp=Jirp =

5 — Matematica



