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CENTROAFINNE GEOMETRY OF COMPLEX HYPERSURFACES
BY

VASILE CRUGCHANL

A complex centroaffine space (¢, can he viewed as a real centroaffine

space C,, endowed with an automorphism J which satisfies the eondition J*
~ . I. Then. the group of the avtomorphisms of (0, appears as the siibgroup

of the automorphisms of Gy, which commute with .J. In addition a complex
submanifold S, in €, appears as a veal submanifold S, in Cyy whose langent
spaces at all points are invariant by J. Somelines S.,, is called an invariart

submanilold in (B

In particular, a com plex hypersurface in ¢, can he viewed as an in-
variant submanifold of codimension 2 in . Moreover, under some assumptions
{he plane spanned by Lhe vector of position r and the vector J(r) can be taken
as normal space al every point of the hypersurface. Thus, the geometry of
these hypersurfaces can be developed similarly Lo the geometry of real
hypersurfaces in real centroaffinespaces [3 6] Fowever one seems that it has
A more rich and more varied content.

In this work, our purposc is lo sketch the theory of cow plex hypersur-
faces in the complex centroaffine spaces. Further details will be given in
a forthcoming paper. \We shall use, with some exceptions. the terms and the
notations from {3].

The final version of this paper was written while Lhe author was visi-
ting T.U. Berlin and University Dortmund in July 1987 supported by DAAD.
The aulhor would like to express his sincere gratitude to Professors Udo Simon,
Rolf Waller and their colleagues from these Universities for illuminating dis
cussions and for kind hospitality.

Let Copee bea real centroaffine space endowed with the complex struc-
ture J and le! S,, be a complex hy persuiface  given locally by the equation

(1) r=r'), 4 g k=120 21).
We assume (hat the analvlje vectar funetion r aticfies the condition
(2) (7, Fo T oeen T2 37,

where #-—=J(r} and r;=dr/cn'.
Since S,, is an invariant submanifold, we have also

(3) Fp=Jiry=Ij

5 — Matematici
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from which, by applving again .J one obtains

() Fji%, = —8;.

ie. Fis the tensor field which defines the complex structure induced by J
on 52,,. Denoting by o (resp. £) Lhe covector of the tangent hyperplan which
contains Lhe tangent subspace (o S‘g,, and Lhe vector F (1esp. r), al every point
of 52,, we have

(3) or =1, g F=0, or; =0}, 2r=0, 57 =1, gr; =0, frem which it lollows
©) . [Fy Fpe een Ty PO [E P P
SN (7 7 S ' (r. Fory.ary)

Also from (3) and (3) one obtains

{(7) g=—J(g). oF:=0, pi =0
Now, from (5) it resulls
(8) o tpd =0, dpa rar =0

and {he other ones which are oblained from these by replacing r by Forp by 0.
We assume in the sequel that S., is regular ie. salisfies the condition

{9 (9, B P1v - P2} 0
By considering the centroalfine normalisalion i.c. (aking r and F=J(r)
as normals, while p and §—=—.J"(p) as conormals, we can wrife the fundamen-

tal equations

10) 3,1‘,—'[ﬁ;r,,-{—'Gﬁr—}-'HﬁF.
{ ;
dpi="Thg +"Gp+"H 3.

It comes out that ‘[ and "'I" are symmetric linear conneclions called the
conneclions of the jirst and the second kind, respeclively, while'G, ", "6, 1T
are symmetric tensor ficlds called Enlerian tensor fields, induced by the cen-

troaffine normalisation of S,,. I'rom (5). (7). (8) and (10) one oblains
’G;i=;.5_,r‘=-—-r,_,ri=3,pji"=”GU.

(11) N N
'””=53_,i"i=—pjf‘l-=3‘pjr=—-”H”,

ie. 'G="G and '[I=—"H.
Deleting the prime on G and /I we can write Lhe fundamental equations
as follows.

(12) V=G +H R Y e G — 1506,

Differentiating covarianlly with respecet to 'I' the hoth sides of the equality
(3) and taking into accounl (12} we obtain

(13) N Flml), Gu=11FL  Ly=~GuFf

.{
i
1
]
;
i

3 CENTROAFINNE GEOMETRY OF HYPERSURFACES

67

The first relation tells us that 1" is a symmetric F-connection. The last two
relations, multiplied with I give us
(14) Gy FXFi=—G,,, HyFiFj=—H,,
i.e. the quadratic forms G and H are skew-invariant with respect to F.
Form (3) and (11) ‘we obtain
(13) (8y B P1r ves Paad(Py Fy Tro ey ry,) =det(G)).
So, §,, is regular if and only if Lhe tensor field G is nondegenerate.
Putting
g;=—J (e =Afei+B
one obtains by (4) (3) and (11)
(16) = —fjei
from which, by covariant differentialion with respect to "'T" one obtains again
Lhe last two equalilies from (13) as well as

(17) "y Ff=0.

This tells us thal “T" is also an F-connection,

The equalities G = —p,ri and I7; —3,r, lead to
8,6 5i—'T )Gy — TG =0,
Ug) al‘ll_ui"'ll-‘i-’f'ffkj .Ilr‘r'?}'[jk_”‘

Therefore we have oblained
Proposition 1. The pair of connections ('T, "'T) is conjugute [3] with

respect o each of the lensor fields G and I1. _ Al
The integrability conditions of the fundamental equations (12) give us:

'RE,, =G 3 —G S, +H uF} — H L,

19 ] :

( ) JV*G;;='VJGI“‘, V;_Ilj‘: VJIIM,
”Rﬂjt=G}:£8}t—_GJi8#+H.HF}' I-I}iFit’

(20)

”Vij[=”VjG,\-[, ”V"-H”'—”VJII}_.‘-

Therefore 'R —""R and the tensor fields "VG. '§H, VG v H are complelely

symrmetric. -~ ‘
* Taking k=h in (18,) and (20,) one obtains for the Ricei tensors of ‘I and

“T* the expression

(21) ‘Ryp=""Ry=—2(n—1)G .
Whese equalities and (13) lead to.

1 1

22 SRS
= G a(na=1) 2n—1)

’R_-F?,
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rf]'1

which say that G and H are determined by I and the connection "I’ or

As G is symmetric, il follows that the Ricci tensors ‘R, and " H; are siymme-

tric, hence the bolh connections " and 17 are equiaffine,
By using (22) and (19, ;) one obtains

1
"R}, —_— UR, 3 —'R: 84+ RinFI'F}—='Ry, PR
(23) kit 9(n —1) J19%k k% kmd i 4y dmt ke
VR, VSR

For any symmelric F-connection on a complex manifold of real dimen-
sion 2n, Lhe tensor field P of H-projective curvature is deflined by
(24) Pn{:'j'iﬁR’i'N+3ﬁpﬂ_afilpki_(ij""pjk)S?+F}:'Q}i_I“}QM_(QA';—'QH:)F?‘
where

1

h 2tn +1)

1 y
= [R;i + ; Of':‘(Rnx‘%‘ Rr.-n)]-
(25) N

o1 : =
O = 2(8}'3? ‘F}'Ff')- Q= P,m]'{'-

When the connection is equiaffine, we have

(26) P”_— 1 I{‘:(.
; 2(n—1)
Hence
1
(27) PJI:JI'_Rkjf 2( })(SkRﬁ_ 8:,: R.ll "'R;mF‘;"F',j I'{lmF:»F}'.")-
n— .

The F-connection I' is H-projectively flat (n>2) il and only if Lhe lensor lield
P vanishes [2].

From (19), (22) and (23) it’ resulls

Proposition 2. The connections of first and second kind, induced by the
centroaffine nermalisalion on u« complex hypersurjace, are H-projectively flal,
equiaffine and symmelric F-connections.

The fundamental equations (12), the inlegrability conditions (19) or (20)
and the formulae (22) imply the following

Proposition 3. An analylic manifold 52,., endowed with « complex stritc+
ture F and an F-connection ‘T (resp. ') which is symmelric, equiaffine and
H-projectively [lat, can be immersed as « complex hypersurfuce in « complex
centroaffine space (Capio, J) such that I' becomes the complex structure induced
by J and ‘T (resp. "'T") be the induced linear connection of first kind (resp. second
kind). The immersion is delerminted up to a complex centroaffine aulomorphism.

Introducing the mean connection I' and the deformation tensor f, for
the pair of connections ('I', "T") as follows

D B o 4 bt
(28) T‘j.l_-_é( [Jki"- ]-‘jhi)’ hj:: E( rfl_ ]—‘JR‘)
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we can wonle

(24 T =

1l ~k k
H G, Pho=1"%—h

s R
From (13) and (17} il follows
(3) O VLEISe VLG, =0, Vi, 0.

Thus we have

Proposition % The pdirs of lensors (I, G) and (F, H) delermine on «

complex hypersurface. complex melric stractures [1].
By means of Lthe mean connection and of the deforination lensor,
fundamenlal equalions bhecome

(31) Vel G r FH i F Vs Wox+Gup—Hup
The integrability condilions of these give us:

(32) Ry, oV ke — Vb e — I+ G183 —G 58} +H y F5 —H i F

(33) PGy — 155G g =0, NH o — B H e =0,

(34) RE =V, —V b g, -G 8 =Gy £ L H . FY—1Fy
Pulting

(35) Ny =h0G

from (33,) onc obhlains

{36) Iy =heep

which savs that the tenser field h is completely symmeltric.
Then, from (33,) il resulls

(37) Ry w2 by

By subsiracling and adding the equations (32) and (34) one obtains,

respeclively,

(3%) Vb5, =9 Rt
(39 Ry =l —1ohe,, 4G 18 —G i85 4G i — Gy WFEEE,
Putting
(10} { 1 e,
2n

we obtains from (38)

which savs that Lhe 1-form
(42) { ot du’

15 closed.
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Then, considering
(13) I

we obtain

(r, Fy Fpvoces Tonhs G =det((5;))

(1) o din o S, ST il
au’ 2 aut
and from this
” 1
(42) fo=— Ly

r

onéa’ |G

i.e. the 1-form { is just exacte.
From the fundamental equations (31) and their integrability condi-
tions, it follows ‘
Propoesition 5. .\n analylic manifold 32,,- endowed with « complex strue-
ture I, a tensor field G of type (0. 2) symmetric and nondegenerale and a {ensor
field h of type {1. 2 symmetric, which satisfy the equations ( I14,) . (30, ar (3300
(35). (38), and (39). can be immersed as @ complex hypersurface in the complex

cenfroaffine space (Copsa J) such tha F. G. h be, respectively. the complex
struclure and the tensor fields of type (0, 2) and (1. 2) induced be the cenlroaffine

normn{i:alion. The immersicn is defermined up to « complex centroaffine aule-
morphisnt.
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LINEAR ALGEBRA OF CURVATURE TENSORS ON
HERMITIAN MANIFOLDS
BY

POMATALLY and 5, NI CEVIG

iutroduction. Let V' be an n-dimensional real veclor spacc wilh a positive
definite inner product g In [21 ] singer and Thorpe gave adecompo-
sition of the Riemannian curvature tensor over YV ointo O() irreducible
components.

In Lhe casewhen Visa2n d imensional real vectorspacew ith a complex
steuclure. Tricerri and Van heeke studied this decomw pesition, with
respect to the action of Aty 1251

Further on, supposing V' endow ed wilh different structures 100, several
authors considered similar problems for spaces of curvalure lensors having
spevial properties. This way. mnany inleresting geomeliical applications have
heen [ound (see, Tor exampie (1) {7h 1) (1] (171 [20], [24]). [26]).

In particular. the Wevl conformal lensor (|20}, {21 ) and the Bochner
tensor ([16], [22]) have heen oblained using the decomposition theory. More-
over.in [11]. Vanhecke and Janssens defined a Bochner curvature
tensor Tor a class of almost contacl melric structures, by means of the decom-
position of the space of ,,C curvature’' tensors under the action of Ui} 1.

Recently. in the Ricmannian casc. N. B ok an oblained the complete
decomposition wilh respect to SChnj, of the vector space &(V) given by the
tensors of type (0,1) over V' which have the same sym melries as Lhe curvature
tensor of an arbitrary linear symirelric conneclion, defined on a Riemannian
manifoid ({53]. [8].). The purpose ol Lhis paper, again in the lletmitian case
is Lo study the decomposition for the actton of af(n) on the subspace (V) of
A( V) which consists of the tensors salisfying Uhe Iihler identity. These curva-
ture lensors are strictly related o the holomorphically projeclive transfor-
mations (and hence to the holomorphically prejective {ensor) on a Hermitian
manifold [27 . Furthermore, the decom position of (1) is also essential to

construct in a differenl way the € —projective eurvature lensor, on normal
almost-contact manifolds (see 115,

In the last section, we shall explain hriefly these geometrical applications
which will be developed separalely in Lwo forthecoming papers ({141, (19]).

The present paper is mosily devoted to the study of the algebraic aspects

velated lo Lhe decomposition of JN).

»lember of (LNS.AGAL CNIR. [Italy} and of the national researck group of Geo-
metria delle varicld differenziabiti {10% AM.P.1. funds).




