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Then, considering

(13 wmatr, F, Fpy oo Toghs G =det(G;)

we obtain

(44) * ph__ﬂ"_("_, r§h=].al_".£.|,
ou’ 2 aut

and from this

: 1 &
(45) fj==— —In i-l :
e ]G
i.e. the 1-form ¢ is jusl exacte.
From the fundamental equations (31) and their integrability condi-
tions, it follows )
‘Propnsilion. 5. .An analytic manifold Sy, endowed with « complex sfruc-
fure F, a lensor field G of type (0. 2) symmetric and nondegenerale an d a lensor
fte_{d hof type (1. 2) symmetric. which satisfy the equations ( 1) . (30, 5). {33,
(35). (38), and (39). can be immersed «s a complex hypersurface in the complex
centroaffine space (Cgyye. J) such that F. G. It be. respectively. the complex
structure and the tensor ficlds of type (0.2) and (1. 2y induced be the centroaffine
normalization. The immersicn is delermined up lo a complex cenlroaffine aulo-
morphism.
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LINEAR ALGEBRA OF CURVATURE TENSORS ON
HERMITIAN MANIFOLDS
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PLOAMATAELSY a5 NG EVIG

introduction. Let V be an n-dimensicnal real veclor space with a positive
definite inner product g In {21 ] Singer and T horpe gave adecompo-
sition of the Riemanman cur alure tensor over Voointo O(n) — irreducible
componenls.

Inthe casewhen Visa2n dimensional teal veclorspace with a complex
structure, Tricernt and Vanhecke ctudied Lhis decow pesition, with
respeet Lo the action of At{ny 23]

Further on, supposing V' endow od wilh different structures 100, several
anthors considered similar problems for spaces of curvalure lensors having
special properties. This way. wany inleresting geomeliical applications have
been found (see, for example (1) 175 19 (1G], [17]. 201, [24]. [26]).

In particular. the Wevl conformal lensor ([20] {21 ) and the Bochner
tensor (|16]. [22]) have heen obtained using the decomposition theory. More-
over.in [I1]. Vanhecke and Janssens defined a Bochner curvature
tensor for a class of almosl conlact melric structures, by means of the decom-
position of the space of ,,C _curvature’ tensors under the action of Uin)x1.

Recenlly. in the Ricmannian case. N. Bokan oblained the complete
decomposition wilh respect to SO, of the veelor space &(V) given by the
tensors of Lype ) over Vow hich have Uhe sanie sym melries as the curvature
tensor of an arbitrary Hnear symirelric connection, defined on a Riemannian
manifold ([3]. [61) The purpose of Lhis papet, again in the let mitian case
is to study the decomposition for {he action of At(n) on the subspace H(V) of
&(V) which consists ol the tensors satisfying the IKihler identity. These curva-
ture lensors are slriclly related to the holomaorphically projeclive transfor-
mations (and hence to the holomorphically prejective {ensor) on a Hermitian
manifold [27]. Furthermore, the decomposition of S(V) is aiso essential to
consiruel in a different way the (.—projective curvature lensor, on normal

almost-contact manifolds (see {15]).
In the lasl seclion, we shall explain briefly {hese geometrical applications
which will be developed separalely in two forthcoming papers ({141}, [19D.

The precent paper is mostly devoled to the study of the algebraic aspects

related 1o the decomposition of (V).

“ember of GN.SAGA, C.N.IR. {Haly) and of the nationai researck group of Geo-
wretrin detle waricld differenziabili (1095 ALP.LL funds).
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1. Preliminaries, Let V' Dbe a 2n—dimensional real veclor space with a
complex sbructure J and a Hennitian product g; then, for all @, pel, we
have ‘ . ,

Jr= by glda gy =gl )
where I, is the identity lransformation of V. A lensor of type (1. 3) over V'
is a bilinear mapping )

RV V=Hom(V, V), (x, m—R(x, ).

i

R is catled a .curvature tenser- if it has the following properties :

(1.1) Rix, )y — —R{y. x)
{1.2) o R{x. 1) ==0,
ayz

where o denotes the evelic sum (this is Lhe [irst Bianchi identily).
Let &(V) be the vector space of Lhe curvature tensors over V. -&(V) is
a subspace of the tensor space of type (1, 3y over V" and has a natural inner
product induced from that of i
n

R, Fr— X glRie,. ¢)ex Rien ees),
% ipk=1
whm:e R RS&(V) and e}, i =1, 2, ..., 20005 an arbitrary orlthonermal basis
otz \ Moreover, Lhe slandard representation o of the unitary group Af(n) in
V induces a representation z of Al{nyin &K(V) by

Z: UM—GHR(V)), a—x{u)
where
a(@)(R)x, 1y, o w)=Riz(a)r, ala )y, a{u )z, i Hw)
for all &, y, 7, we=V., RE&(V), a=Un). and Rx. g, o wy=g( R(x y) z.w))

We shall consider now the subspace &(V) of R(V) given by the curva
lure tensors which satisfy the Wihler identity: then if we denote by K the
clemenlts of &{(V), we have )

(1.3) Joher, oo K, ol
or equivalentiy

K(a, g, 5, ay=h{r, o Jo Jun
where K(x, y, =, wh g, s wh

Since, for any e<=an), gwe ‘v, « yhoogl¥ i) and Jou a et lold,

we have the following

Proposition 1.1, 3(V) is an invariani sibspuee of (V) for i,

Our purpsse is to study Lhe decom position of 1) into mulually ortho-
gonal facters, invariant and irreducible with respect to the aclion of Alm).

Al [ia':;t we observe thal, being <) R, 5(@)R) =< R, >, for all « Eél‘\ul)
and R, R=&(\), the orthogonal compiement of an invariant subspace of
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&KV is also iny ariant and the slandatd represenlation of an) in K(V) is
completely reducible.

Vlorcover the properlies of K e (V) imply that Lhere exist only two
possible independenl traces associaled with i, One of Lhese, is Lhe Ricei lensor
of type (0, 2)

2n

(1.1 (M) (%, ) ;1 K(ew & 0 o) X ye v,

and the second, one y(!\'), is defined by
2n

(1.3) YK, §) = Y RK(ep. x,oe. ) ¥ 4E v
i=1

where {¢;} is an arbitrary orthenormal basis of V.

o and y are W) — concomilants  [8] Generally, they arve neither
svimelric nor antisymmetrie, bul, after some compulations, we can prove
thal we have for v:

{1.4) ~(W)x, g = y(IOWJ X Ji.

Finally. to do our decomposition, we shall need Lhe scalar curvature (i)
of K, ic.

(K~ T p(K)(en €

f==1
and also the Tunction = defined by the equation
HK)=Z p K) Jey, €.

i=1

2 [pvariant curvature (ensors. Let A =%(V) be a curvature tensor
invariant under the aclion of A(n) : thal means thatl a(a)K I for every ¢ =
=At(n). Then K determines a 1 dimensional invariant and irreducible sub-
space of  J(V})

It is known Lhat, for n=2, the invariant tensors of Lype (U, 1) on V formw
a veclor space wilh as a basis Lhe 12 tensors Fy,. delined as follows ([10], [25])

Qu (1, 100 W)
(2.1) Foa (X 4, 55 0) Q, (7, 2)Qa(y. W)

Q, (x, w) (¥ 7)
where 2. a,=0, 1 and Qur. §y=gla. 4). Q,(x, y)y =g, Ju). Imposing (hat
thesc lensors helong to S(V). we ohtain :

Theorem 2.1. The sel of (he invarianl curpature tensors of (V) forms
2 dimensional subspace of (V) which has as busis the tensors wand =, defined
by the cqualions

(2.2) mla, Y=g, )Y —gly, Dya+glTe, HJy gy, a2, gz
(2.3) w2, )z =g(J¥ Dy—glay, )T gl x, y)z—gte, DTy gty Y

Mareover, Lhe spaces Wy ~8x)) and W, —8(r,) generaled by 1: and
respeclively dre mulually orthogonal.
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Proof : The proof follows from the above resulls and from
(2.1) <K,mp 82(K), <K, =83(K). Ke&(V)

since (w0 and Z(m,)—

Sn, we obtain also

Proposition 2.2, The orthogonal complement of W@ W, i (V) consisls
of the tensurs K eX(V) such thad =(K) =%(K)y=0. We shall denole that space
with W,

Remark 2.3. A curvature tensor K =3(V) has constant holomorphic
sectional curvature de if K=cIl,. c=&, and then if KW,

Reniark 2.4, For n—1. il is weasy to sec thal dim H(V)=2 aud Lhe
orthogonal complement of W;@W, is equai lo {0 Therefore, from this poinl
on, we shall always consider nz2.

3. The complete decomposition of (V). In the present seclion we shall
define all the components of the decomposition of (V) and we shalt give the
most important theorems of our work which will he proved inihe next seclions,

Definition 3.1. f.ef ® b~ the operalor defined by

(3.1) MW, gy, o, wy—=RK{Jx, Jy, o)y Ked(\).

We easily ohlain the

Proposition 3.1, Lel K be « curvature lensor of V. Then D) = J(V)
and OA(K) =K. Moreover, © is A6(n) — concomilant and il is also an isometry
with respect lo the product of (V).

Definition 3.2, Lel &+ and & be the vector subspaces of (V) given by
{3.2) S =K eH(V)IDIK) =K}, - ={KeX(V) D)= -K1.

We can state Lhe following

Theorem 3.2. S+ and - are A(n)— invariant, orthogonal subspdaces of
(V) and N(V)—=F+PIA. .

Proof: $* and %~ are the orthogonal invariant eigenspaces correspol-
ding lo the eigenvalues + 1 and —1 of & respectively.

Hence, every K =&(V) can be decomposed uniquely and orthogonally
as follows :

|
3.3) K ---%&1<+d>(!f)) 3 (K OCR)),

where 1/2(K +O(K)) €8+ and /2K - O)=dh". To define all the cem
ponents of the decomposilion we need Lo consider some olher subspaces of
HV).

Definition 3.3.

Hp={K X (V)|p(K) =0}

H, ={KeH(V)|et K) = +{K)=0

8 ={K € W,|p(K)5=0 and p(K)(x, y)=p(KNY, )},
8 ={K @ W, p(K)s£0 and o(K){(x, ) = —a Ky, )},
s ={K SH(V)[(K)x, 9)= KXy,

5 (K <H(V) y(K)(x, )= )W, 2
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-1

Definition 3.4, We pu!

W, =K & 0 3, [N (e, i, T )= K(x, 4, w, Of
Wy =K €303, K(a, y, 7, w)—=K{x, y, w, =)
W,, =nrthogonal complement of W, W, i JHn Ky,
W, =3+n M,

W, =3+ 3,

W, =&m)h

W, —£(m),

W, —orthogonal complement of 3y in Hyn A3,

W, = orthogonal complement! of Sy in Fpn &K,

W =%"n&Ky

W, =% nH=orthogonal complement of W, in &g
W, =% n 8 =orthogonal complement of W, i 3,

'hus we obtain .
Theorem 3.3, If dimV =2n, n=3, then

(3.4) SV =W, @ .. ®Wis
if n=2, W,;=Wy,={0) and
(3.5) HO)=W, @ .. OW

These subspaces are muluwally orthogonal and ineariant under the action of

Ak . e .
Recalling that an invariant subspace is irreducible if it does not contain
a non trivial invariant subspace, we have also

Theorem 3.4. The decomposition of (V) given above is irreducible

ander fthe aclion Un). .
Remark 3.3. The decomposition (3.4) is not unigque {for another decom-

position see [19]. ) o
4. Algebraic charaeterization of the subspaces W, i=1, 2, 3. 1. Let
2
1" denote Lhe dual space of V'; for any Se®@V =V @V, wecan consider the
g 4

2
following two mappings from & Viin® V':
MSHx, y. =, w)y=S(x. gy ) — Sy, Dglx, w)+

1Sz, Nglz, wy—S(y, 2= w)
(4.2) u(S)(x. 4. = w) S(Jx, gy, w)—SJy, Hg(Jx, w)+

+ S, g (I, w) Sy, yg(Jz, w).
3 and w are Al —concomitants. L ]
It is clear that 2(S) and p(S) do not belong o H(V), but we can prove

Theorem 4.1.

a) v +ulS)yeHV) iff Stz =Sz, Ty, for al x, yEV;

by (A—p)S)=H(V) iff S(x, y)=—SJ= Jy), for all x. y=V. .

Proof. a) It is easy to prove that (% ) SHx, g, o, w) s anlisymmetric
with respect lo x, y and satisfies the first Bianchi identity :

i4.1)
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o (h (S e yoooow) =

In order 1o have (2 Fu)(S)=&K(V), we also need :
(4.3} et ) (S, Y 5 8) (A Hw)(S)x, gy, gz, C e Y,
Lel now x, 4, Jw be orthogonal unil veclors (nz2), then (i.Iir beeomes
(1.1) { S(x, 2)—=S(L a5, Sy, Wy —(S(y. ) - SCHy. Syl w) ==
we see al once that (L) is satislied il S(x, 1) =38(J 7, Sy To prove tle con-
verse, choosing in particular g —w in (1.4). we oblain S(x, s)=5(J.t; Ja) for
all x, z= V. ' '
b) can be proved in a simitar way. 2
Definition 4.1, Consider the following subspaces of @V (sce also [23])

\'r-‘-{SEé* Ser, g) =Sty ). S Jyy =Sy <(S) Ol

v, _{SEé\'* Str. pym=Siy. 0. S(fr, Jy)=— 52, n},
\';,={SEC3<)\" S(e. ) — =Sy, ). SGJx. Jy) --S(.r. i), =Sy =,
v, .-{SEC:D\"_S(I. ) =-=S(y. ¥, S{Jx, Ju) S{x,

eey

where x, y= V. ~(S)y=2#,S(e;. ). T(S) e S(Je, o) with {ef, i =1, 2.
on, an arbilrary orthonormal basts on Ve

Itis well known thal these subspaces ave nutually orlhogonal wilh respecl
. _
to Lhe inner product on @ V" given by: 5 S=2X# 18,,8,;; we shall also
4 . o v . . = b 3 . o e
prove in Section 6 thal V,i=1,23,1isan irreducible space of ® V7.

Definition 4.1. We can define now the projections P from @\V"in 'V,
taml, 203,01

2
1)1:® V*"")' \"1.
. 1.
PusSya. y) - ;){5(5)(-1‘, 9 +8(SHJa, I — )1 {(S)g(r. y):
- =it
2

PreVi— V.

PAS)x, y)= }){5(5)(-1& ) —8(S1x, Ty)s

2
. P,@ V=V,

1
PS)(x, y) .Ea{(s)(‘r, y) +ASHJx . St :-;—'-T(S)g(.].r, 9);
It

2
PiV'=V,
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PASHE o) ‘—)f.l(.S)(.r. ) — AS)( e, Ty
where
(] 5) { 5;@_\"_>@h;\‘* { 61:-®\"——a-(§—<)\"
N S(r. p—HS(x W L8y, xn LS N—HS(e.y) —S(y. 2))

Theorem %.2. We have:
=) V) s W = a} Ve iy Wi=0 V)
iy W= =)V,
Moreover the subspdces Wi are mulually orthogonal and invarient with
respect o the aclion of Uy 4]
The prool of Lhis theorem partially derives from the following
Lemma %
&y If K ={x+u)(S) with Se vy, e have ()= —2n +1)(S), (K)=
98, A(Ky==(K)=0;
b If K=(h—u)(5) with SeV,. we have g(K)y=—2(n DHS) () =0,
(K)y—==(K)=0;
Y If K (L -Fu)(S) with Se& V.. we have oK)= —2{(n F1)(S). (IO =
—28, (K)y==(K)=0;
&) If K=0—p)S) with S& 1, we have o(K)=—2(n +1)(8), (Y=,
()Y ==(K) 0.
Proof. From a straightforward com putation.
Proof of Theorem #.2. The definitions of %, w and Vi, i=1. 2.3, 4, and
Lemma L3 imply that (% F (V=8 &G On the other hand, it is easy 1o
see Lhal for K& and S< V', we have

<, (F)(S)> =0

i KeEX N3 so, bheing a0 =(3+n Sn@(hn aigy (from Theorem 3.2), we
obtain 1. In the same way, we cal prove i), iii), iv). The proof of the ortho-

gonality ol W, can be found by a straightforward computation (see also 4.
2

Finally W, are invariant as images of invariant subspaces of &V by A{n) —
conconritants,

Remark %.4. We have: = =( +udy and  m=(h 4u)Q).  where
Oz, yy=yltr. Y.

Furthernnore

a(m) = —2(n 14 p(7] — = 2(n +DQ. y{m) =2(n +1)g. y(m) =—2(n +1) Q,
(ry = —dn(n 1), wm)=0. Fm)=0, Fm)=An(r D).
5. The decomposition of Ay
Definition .1.]4. Lel S€ é) V' Then we define fhe UnN)— eoncomifan!

A
9 from @V* in @V* given by :
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HSHx, y. =, W)= S(x, w)gly. =) -S(y. wyglx. ) +S(x, Jungly, J2)
— S(y, Juyg (® J)—28(, Jwg(x, Jy)

for all = y, 7, we V.
It holds the
Propositon 3.1, H(S) €& (V) iff S(Jr, Jy)=S{x, y) for all z, yeV.
2

If we shall call v and ¥ the mappings from ® V" in (V) defined by the
equations

(5.1) o(S) = (A +)(S) +n +1)8(S),
(5.2) LS = O +R)(S) —(n +)H(S)

for all SeV,.or SV, we obtain

Theorem 5.2. W,=u(Vy), W,={(V.) and they are mutually erthogonal,
Al(n)-invariant subspaces of ;H V).

To prove this theorem, we need the following

Lemma 5.3. a) If K=p(8S) with SeV,, we have

ol K) =0, y(K)=—2n(n+2)S, <(K) F(K) =0 ;
b) if K=Y5) with $€V, we have
o(K)=0, y(K)=2n(n+2)S, s(K)=7(K)=0.

Proof. The lemma is obtained from a direct computation.
Proof of Theorem 5.2. From the previous lemma we have: w{V))=

I yn HE Now, suppose & = 9(4n A orthogonal lo K =v(S) with S = V. It follows
0 =<K, K>=—8(n+1) T y(K) S
ik
which implies Y(I'(')-_—O {(from {1.6). Then each tensor i e ¥, n K3 orthogonal
to K must belong also to &, and [rom Definition 3.4, we see thal W, = (V).
In a similar way we can prove that W, ={(V,), while the orthogonality of W,
and W, derives from a straightforward computation. Finally, W, and W, are

jnvariant, as v, & are (n) concomitants,
In order to complete our work, we have still to decompose the space

31, ={K =H(V)|p(K) =v(K) =0}
With that aim in mind, we remark first of all that
Ho =(3+n Joh (3N o)
(Theorem 3.2); then we define in %+ 05, the following endomorphism [6]:
1
(53) 7(K)(’U, I = w)=Z{I((x7 iz 'U) +K(y: T, i, 2)+

+K(z, w, z, y)+Kw, 2. 7, )}
Proposition 5.4, For all K, Ke%+n X, we have:

%y y(Kye K+ Kyi.e.:
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7KW, g = w)= (RO g% g 2 10},
2(KY(x, y, 0.} (K. g, Tz, Jw) —(K)(Ja, Jy, o).
9‘_‘/_(1\’)(.’1‘, iy ooy =0, e{y(K)) =0, y(K)) =03

(2) S(KYx, g, 7 wy= 7(K)}x. p w. 5);
F)i ey ;
4) 7 commules will the action of A{ny;
5) «p(K). K> =<K, HK)>

and 5+ 8, = Tmy@&Ker y.
In order Lo decompose Ker y. we introduce in thal subspace Lhe endomor-
phism & given by

T ©

WKz, y, = w) ]—{K(a:. ¥,z wy HK(x oy, w, 2) —

(3.4.) 1
— K(Jz, w, Jx, gy +K{Jz w, Jy, )t
From that formula, we can directly prove the following
Propesition 5.5. Let K. K=RKer y. Then
1) J(K)=NKer .
2) G{R)(x, g 7, wy=p(K)(x, 4, w0,
HyShE==d,
[) b commules with the aclion of at(n),
5) «<(K). K>—{K, O(K)>
and. as a consequence, Ker y=Imd@Ker o.
Finally, let’s remark that H 31 Ry. RE+0, cannot satisfv neither

of the following properlies

Kixr. y, =, my=K(x, y. w, 2, K, y. 7, w)— —K(x. y, w, ).

Thus, if we put Wy=TImy, W, Tmd, W,,=Kerdy and Wo.=3"n &y, we
can conclude
Theorem 5.6, If dimV=2n, n =2 [hen

Hy—=W.D...0W,,
and, if n=2
f_"l{'H:W?@_,,@“'m_

These subspuces wre mulually orthogonal and invarian! u nder the aclion of
AU

Proof,: The theorem follows from the previous resulls of this seclion.
For 2, the proof shall be completed in Section 7.

6. Quadratic invariants and iredueibility of the decomposition, It is

r
kuown thal an invarianl subspace of ®V* is irreducible for the action of
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at.n) iff the space of ils quadratic invariants is 1-dimensional 12]. [9D. All
r
the quadratic invariaunls of a subsace of ® V° are restrictions of the quadralic
r
invariants of ® V°, which are given by

(6.1) P.N)=EN(eq, o € )N L) YD Eigs e Bl Chp s e;)

v 2r
where N =® V* and p is an invariant lensor of @ V". Iwahori’s results in [10]
2r
allows us 1o compute the invarianl tensors p &= ® V', We already saw in Sect.
4

2 thal every invariant tensor pe®V" is alinear combination of the elements
F, ., defined by 2.1 Tt is easy o see, alter a direct computation, that the
2

restrictions of Lhe quadralic invarianls of @ V' lo Vi i=1, 2.8, i, always are
scalar multiples of St =%, ;560 25)-

Lemma 6.1. 7he subspaces Viof ® V* are irreducible (see [23)).

Proof. This follows frow the above slalemenls, laking into account that
the dimensions of V, are always different frem zero for n= 2, In fact we have

3

(6.2) dimV,;=n*—1 dim Vy,=n.n 1), dim V,=n2—1, dimV,=

=n n—1).

Since the spaces W,;;=1,2, 3, 1, 7, 8 are images of the spaces Vi, by
qi(n) —concomitants, the foliowing result holds

Corollary 6.2, The subspaces W, i=l, .8, i#5, 6 of R(V) are irre-
ducible.

Proof. Tt is known that, if § is a group which acts on two vector spaces
% and % every §—concomitanl between the two spaces lakes irreducible
subspaces of ¥ into irreducible subspaces of %. Moreover, in that case, Lhe
restriction of the §— concomilant to these subspaces is an isoworphism (8]
[25].

So, using 0.1 and Lhe results of [10], from the symmetries of the tensors
of §(V) we obtain the [ollowing

Theorem 6.3. The veclor space of all quadralic invariants of ReR(V)is
spanned by the following 20 invarianis :

Rz ZR(e. &5 €1 e)K(Je Jey eq e,), LK(e, e ex e)K{e, e 1, £4)s
TK(e, €5, ers ) K{en ¢p €00 Jey), SK(ew € ea ) Klews € 0o ey, la(K)%
TKie;, e, ex ) Klen ey €50 e). ZK(ej, ¢ e4s e)Rien ex Jeg, e)), SK(e;. € €3 e
Ke,. Jey, Jey, &), ZK(ew € ¢ e)K(e, Jey, Jey, e), K2 ZRie, ey o e
Kie,, ¢ir 21, €5)s ZRUCs, Cas 00y e Kley. €5, er Tes), ¥ Kiei, ¢ 01 €0) Klen €. €0 erhs
SKiey, e €5, ) K(en €1 0 e)), DK(en €5 € e)Kle;, Jey, e ey), Z K(es, 05 0o e;)
Kle, Jeg o e;), (1K) (T(K)3, «(K)z(K).

The last theorem implies
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Covollary 6.4. 1) Wy, W, are irreducible, 2) Wy, and Wy, are irreducible
whenever n=2 and Wiyy= W, ={0} for n=2.

Pn?uf‘: From Uhe properties which characlerize Uhe spaces W, 190, .12
l_he restrictions of all quadratic invariants to Lhese subspaces are scalar mul:
thlcs of |K|?; this proves the corollary for n=2. We shall prove thal W, =
Wi _-{0} when n —92 in the next section computing their dimensions.

7. Dimensions of the factors

Theoremn 7.1. The dimensions of the factors W, i =1, 2, .., 12 are given
by the following table.

dim Vo 4 2n=6

W, 3 nt—1

W, 6 (i +1)

W, 3 n:—1

W, 2 n{n—1)

W, =&(m,) 1 1

W, =8&(x.)) i 1

1V, 3 n:—1

W 3 nt—I1

W, 5 (1/4)n®n~—1).n --3)
Wi 5 {1/ (n—1)n +3)
Wi 0 (1/2),n —1) 0 +1)n 200 +2)
Wie 0 (2/3)n%n —2)(n --2)

In pariicular,

nin -4-1){Hn—2)

—— g

Fron} the (}efinilion of W, i=1,...,8, i#0,06, Lhe dimensions of Lthese spaces are
oblained directly from the dimensions of V', (see Lemma 0.1 and Corollary 6.2).

dim3{{({ V)=

In order to compute Lhe dimensions of the remaining spaces we need some further

lemnas (see also [22]), {25]. Lel VC = V@C; let us still denote as J the exten-
sion ol the endomorphism J of V to V¢; and as V+and V= the two eigenspaces
which correspond to the eigenvalues i and —i respectively. Given K ed(V),
let K€ be the extension of K toV¢. Kis a C— linear map in all its arguments
and is also real: ‘
RO, T, % 0) =K%z, ¥, =, w).
Then we have:

- Lemmn‘7.2. H- is isomorphic to the space of the C—multilinear mappings
F:Vtw Vex Vi x Vs C which satisfy the following relalions
(7.1} Flx, y, z, 0) =—F(y, x, z, W},
(7.2 sF(x, y, 2z, 1)=0 2, 1, 1, we V',

ave

Promf. From the definition of the spaces Si{V) and W, RS, gz, wy="0if
xe Ve and ye V- (or vice-versa) and if z and bolh belong to V* {or to V7).

6 — Matematicd
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On the other hand. from Lhe symmetry propertivs of K =3(V), which hold also
for K€, we obtain as only nonvanishing lerms, those of type N, gz w)y and
Lhe ones oblained from these conjugation, The restriction of KC lo Viax Vi
» V4% V- finally gives the required isomorphism,

Lemma 7.3. The subspaces of &

Am{KeIH K gy, 2, w)=—K{x, J. w, )}, B={K ¥+ K(x, .z, w)
.I\"{ .. w: )
are both isomorphic Lo the space o the C—mullilinear maps :
F:Vrx Vo Vix Voall
sueh tha
(7.3) Flx, §, 7, w)y=F(z, 7. r, w),
(7.4) Fle, g, -, w)y=F(x, w. . ¥

Proof. The isomorphisin belween .1 and the space of the maps J* on V7=«
V=3 Ve Vo osatisfying (7.3) and (7.1) was construcled by Sitaramayya in
[22]. On the other hand, the mapping
M:ASRB, K(x, y, = wd— MK, y. = wy=RKx, y. J=, 1)
is an isemorphisin belween .1 and B.
Proof of Theorem 7.1. Since W,, consists of the tensors K of for which
¢(KN)=0, Lemma 7.2 implies

2
(7.5) dimW,, = 5 ni(n—2){n -1-2)
Infact there are exaclly n*(¥)C —multilinear mappings which salisfy (7.1); the

Bianchi identity and the condilion s(#) 0 give instead n(}) and n? indepen-
denl relations respeclively. In particular we have

{7.6) dim & —2[712(2) n (2)] = e — Py 41).

Using Lemma 7.3, we obtain directly [22]

]

)

{77.) dim W, =dim W, -Il-n?(n —Din +3).

Sitaramayya also proved that lo every /€3t coresponds a tensor K¢ of
type Ké(x, §, 2. o), x, z V4, P, we V- or KCE(x, y. 7, w) (which is oblained by
conjugation from the first one) such that

(7.8) K€(x, 7, =, ) =N®(z, §, x, ).

S0, we have

(7.9 dim I 2“2(:1-;—1) ni(n +1),

- o 2 B -onfn S41)5n—2

(7.1 dimR(V)= ‘-{n?(n Dy 1) - n?(n —1,—1)=———j_%—-—)

(S

B

22 i a0 APl mE by
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Since in %+ Lhere are nn +1)—2n2—2(n? +1} lensors such that s(h)=
v(K) =0, we finatly have

(7.11) dimn W, = %(n—l)ln L1)in —2)(n +2).

#. Projections,

Theorem 8.3, Given K eH(V) and dim V=06, Il us denole as Q; the
projections o] K on the irreducible spaces Wi i =1, 2, ., 11,12, Then Q, are
described by the jollowing equations

] , . g 1 - g
QuK)= o _]_1)(7-'1';1)”)1(.«(1\)), Q.(K) o _])(f- uI(Pae K}),
RS A Py et KD, e oy q
0 R) SiEh) UREUENE RS 2 -1'—1)(, I Pie(K0),

U e LR L

dngre 4-1) " dnn{ +1) o

1
AK)=— ———— v P ((K — Pyo(ENY,
Q.(K) e +2)V{ (y( \))+”+1 (9(1\))}
| Lyl
AR)= ———— LI Pyy(K)— — P, 1
Q) 2n(n +2) | (r(K)) nktl - {P”\))[

Qu) = £ 7ol +D)(K), Q) = - Yoll = 7)ol +O)(Ko),

Qu(K) = L1 T—holT =)ol L0, QulF) - U —B)(K),

where I is the idenlity transjormation on K(V) and Ko=K X3 ,Q{K)
Proof. We shall compute, for example Q4(K), Qi(/)} and @;(K). Suppo
sing K= W,@W.,®W., from the definition of these spaces we have:

0uE)=cry, QuUE) =0 1)($).0:(K) =S

where e R, S, SV, and ~(Q,(FK)) ==(Q.(K)) =0 {see Thearem L
Lemma 4.3 and Lemma 5.3). Then

() =¢x(m,) = —dnln +-1ye
which implies

. (K
O Hy i ~Iee
dn(n +1)
Now, using also Remark 4.4 and Definition 4.2, we have
. : o] W L) R
(8.1) oKy =p(Qs(K)) +olQu(K)) = — == g — =i IS
2n
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and
L pusti))
2(n 4-1)
(8.2) A KY = Qs K)) +y(Qu{K)) +iQ:(K)) =
_ W U bk —2n(n 428
2n n-+1
and
‘ L [Pyl —— Po()
e ~( Iy _ st KL
2n(n +2){ ol n+1 l'{ }

Thus, from (8.1} and (8.2) we oblain

0.1 K) () P s,

ST

1 1
(K) = — — WP ()Y 4 —— Pula(KD}-
Q) = — g +2)v{ ) = Pie x))}

The other projections have been obtained in a similar way.

9. Some applications to differential geometry. Let A be a 2n—dimen-
sional C® differential manifold with an ahnost complex slruclure Jand a Ier-
mitian inner product g. Then, for all X, Y eXN(A), the Lie algebra of €=
vector fields on A, we have

PX =X, gJX. JY) =g(X, Y)

It is known that ({27]) the existence on M of an arbitrary linear symmetric
connection ¥ s.t. V.J =0 is equivalenl to the vanishing of the Nijenhuis tensor
N, defined by

NX, Y)m[JX, JY|=JIX. Y]=JIX, JY]-[N. Y] X, YEX@D).

For every me<f, the tangent space T,.M has a Iennitian structure given
by (Jm Gim)- Now let (M) be the vector bundle on M wilh fibre &(T,M);
the decomposition of (T,M) gives rise Lo a decomposition of J(M) into-
ortogonal subbundles with respecl to the fibre melric induced by g on 3((M).
We shall still denote the components of this decomposition by W i=1, 2,05
If V is an arbitrary linear torsion-free connection, the corresponding curvature
tensor is a section of the vector bundle H(M)and it is nol difficult to check that
its K, —component in each poinl m& M gives the well-known holomorphical
projective curvature tensor associated with V (see [27], [4]); as a consequence,
every subspace W, i =7.8, ... 12, of the decom position is projectively inva-
viant, This problem will be studied by 5. Niktevic logether with some olher
applications of the above decomposition on llermitian manifolds [19].

Furthermore . Matzeu and V. Oproiu introduced in [15] a projective
curvature tensor in nermal almost contacl manifolds. We recall that a (2n+1) —
dimensional C* differentiable manifold M has an almost contacl structure if
a tensor field of type (1, 1,)o, a vector field £ and a 1-form 4 such that
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oles—f +E@n 7(E)=1, pE=0, wop=0
exist on M. Then it is always possible |3] to consider on M a Riemannian metric
g compaltible with the structure, i.e.

GoX. 2Y) -GN V) (X V)

tor all X, Y= N(M). the € Lic algebra of vector field on M. The structure
1@, & 1) is normal il the tensor N of (ype (1. 2)

NN, 0@
where N, is the Nijenhuis tensor of =, vanishes on AP, Matzeu proved in [13] that
the normality of (o, E, %) can be characlerized by the existence on AT of special

symmetri¢ connection V, the .adapled conneclions, satisfying the following
equations :

= & L B e = R 1 B — o
(Vie) Y = Y)hX +— drlp X, Y)s. (Vep)(Y) =S dqlY X), Vie=gi,

where i =~ and X, ¥ = ¥(JM). Using this result, a curvature lensor W,
invariant for € - projective transformation in M, has been associated to v
[15]. In line with ihe already mentioned recearches and taking into account
the properties of W. considering a (2n +1) dimensional real vector space
V endowed will an almost contacl metric structure (9, &, %, ), the first author
intends 1o study the () =1 — decomposilion of the space of the tensors K
over V" which salisiy the following relations :

K(x, y. 2. w0y = —K(y, x.zow), o K(x gz, w) 0,  K(zx,y, oz )
xys

=Kz, y, =, w),
which implies
K(x, y, 2. w)y=0 and K(z, y, z, 2)=0

for all @, y, o, we V., Since forevery vV, we have x —hz (D) withhx el =
=Nery. considering the Hermitian structure (g . g ) of I, the decomposition
studicd in Lhis paper plays also an imporlanl role in the almost contact case
[7}. A detailed study of this last problem with some applications to normal
almost contact manifolds will be found in [14].
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REGULAR VECTOR FIELDS AND CONNECTIONS ON COTANGENT
BUNDLES
BY

Vo OPROIY

The langent and colangent bundles of a smooth manifold are isomorphic
vector bundles when they are studied Irom the differential topological point
of view. However, there are some casential differences when one considers
their differenlial  geometry. The tangent bundle has a nalurally defined
integrable almost tangent structure and one can defline the notion of a semi-
spray (sccond order differential equaticn vector ficld) on it. IFrom a semispray
on the tangent bundle one can derive easily a (nonlinear) conneclion on this
bundle. On the conlrary. the cotangent bundle has a naturally defined
svimplectic structure bul one cannat define naturatly something simitar to
the notions of almopst tangenl structure and semispray.

In this paper we study some geomelric properties of the colangent
bundle T*M of the simoolh manifold 3, related to the notions of adapted
atmost tangent steucture and regular vector fields. An adapted almost tan-
genl structure on T4 is essentialy determined by a nondegenerate M-tensor
lield of type (0, 2) (see [9] for the definition of Al-tensor fields). From the
integrability condition for an adapled aimosl langent stracture on T*M we
gel a regwlar M-veetor Tield on 773 This M-vector field defines naturally
an M-bundle (focal) diffeomorphism) @ from 7731 to the langenl bundle
T of 3. Using this M-bundle diffeamorphism it is possible to transfer many
cesults from the differential geometry of the fangent bundie to that of the
colangent bundie. A semispray on T'M is translormed into a regular vector
field on 1" with the associated M-vector field defined by The components
of the M-bundte dilfeomorphism . The naiural almost tangent structure of
TAL is transformed inlo an integrable adapted almost langent struclure on
T The connection derived from a semispray on TM is transformed into
a eonneclion on 7°3M wilh many inleresting georetric properlies. In the case
where the M-bundle diffcomorphism @ js obtained as the {inverse of the)
Legendre (ranstormation defineil by a regular Hamiltonian on THM i e,
a smooth function on T°M with nondegenerale Hessian with respect to the
cotangential coordinales) the regular vector field on T°AI corresponding
to a seiwispray on T defines a mechanical structure on T*M. In this case
there are another two syiumelric connections on T°3{. I[ the regular vector
Tield on T* 11 is semi-1lamiltonian these three connections do coincide. Hence-
forth there are studied some geomelric problems related to the connections
defined on T*3. It is shown thal the Ielmholtz conditions from the jnverse



