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1.Introduction. The theory of elastic materials with voids was studied in
various papers (see for example [1,2]). The origin of the modern formulation of
continuum theory of materials with voids goes back to papers of Goodman
and Cowin[3and Nunziatoand C o win [4,5]. In this theory the bulk
density is written as the product of two fields, the matrix materials density field
and the volume fraction field. The representation introduces an additional degree
of kinematic freedom. The intended applications of the theory of elastic materials
with voids are to geological materials (like rock and soils) and to manufactured
porous materials (like ceramics and pressed powders). A theory of thermoelastic
materials with voids was derived in {6] by using the Clausius-Duhem inequality. In
[7), a linear theory of thermoelastic materials with voids was derived by discussing
restrictions on constitutive equations with the help of an entropy production in-
equality proposed byGreenandLa.ws[B]andGreena.ndl..indsay
[9]. It is shown that the heat conduction tensor is symmetric and that the theory
allows for "second sound effects”.

The aim of this work is to extend some results established by 1 e s an
in [10] (for the classical dynamic theory of thermoelasticity) to the linear theory
of centrosymmetric thermoelastic materials with voids established in [4,7]. First
we establish a reciprocal theorem, avoiding the use of Laplace transform and the
introduction of the initial conditions into the equations of motion. Subsequently we
prove that this reciprocal theorem leads to reciprocity relation, uniqueness theorem
and a minimum principle.

2.Basic Equations. Through this paper we consider a body with voids that
at time t=0 occupies the bounded domain Q of R®. The motion of the body is
referred to a fixed syslem of rectangular Cartesian axes oz;i(i = 1,2,3). Vectors and
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tensors will have components denoted by Latin subscripts (ranging over (1,2,3)).
Summation over repeated subscripts is implied.Letters in boldface stand for the
tensors of an order p > | and subscripts preceded by a comma denote partial
differentiation with respect to the corresponding Cartesian coordinate. Superposed
dot denotes the material derivative with respect to time.

We consider the linear theory of thermoelasticity for the porous materials
established in {7]. The behaviour of a porous thermoelastic body is governed by
the following local balances of momentum, equilibrated force and energy.

V- T + pof = pou5,
(1) V-H+g+ X = pox,
ij:V-q+r,

where T' denotes the stress tensor, H is the equilibrated stress vector, u is the
displacement vector, g is the intrinsic equilibrated body force, q is the heat flux
vector and n is the specific entropy. Also, py 15 the mass density, f is the external
body foree, A is the extrinsic equilibrated body force, r is the extrinsic heat supply,
x is the equilibrated inertia, ¢ is the change in volume fraction with respect to
the reference one, and Ty is the absolute constant Lemperature in the reference
configuration. The constitutive relations for the homogeneous and centrosymmetric
materials with voids are

T=Ce+Mp+ A +ad), H=DVy,
(2) g=—-M:e—cp- m(ﬂ+m§).
n=a—A:e-mp+dd+hd, q=TokVd
Here ¢ = {[Vu + (Vu)T]: C is a fourth-order tensor, M, A and D are second-
order tensors (in component form we have (Ce),; = Cijeacen, (DVe); = Di;(Ve);,

M : ¢ = M;jeij,etc.). 7 is the temperature measured from the constant absolute
temperature Ty(> 0). The constitutive coefficients have the symmetry properties

(3) Cijrs = Craij = Ciirs, Aij = Aji, My = My, Kij = Ky

The second law of thermodynamics implies that [7]

(4) . ad—h > 0; K ;35 >0 for all g € R®

We assume that f,r and { are continuous in € x (0,00}, The surface traction ¢,
surface equilibrated stress H and the heat flux q at regular points of 89 x (0, 00)

are defined

(5) t=Tn, H=H n,¢=qn
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_ Let I; (i = 1,2,..,6) be subsets of dQ so that T; U i1 = 09 and
LN Ei41 = ¢. We consider the following initial conditions

(6) u=uo,u=vo,19=190, P=‘PD»¢’=‘{30. 7 = 7o,
and boundary conditions

u=u"on I x(0,0), T-n=t"onL;x(0,00),
(N @ =¢"on T3 x (0,00), H.-n=h" on Iy x (0,00),
?=19" on Ty x (0,00), q-n=g¢" on g x (0,00),

where n is the outward unit normal of 8Q and the right-hand terms denote assigned
fields. We assume that

{7 W, Vo, 7o, Yo, o and Py are continuous on N

() . u” is continuous on T; x (0, 00) and t* is

piecewise regular on L, and continuous in time ;

(i) v* is continuous on L3 x (0,00} and h* is

piecewise regular on 4 and continuous in time

(iv) J* is continuous on L5 x (0, 00) and q*

is piecewise regular on Tg and continuous in time.

. 3.Reciprocity Theorems. Let w; and w, be scalar fields on § x (0, ),
continuous with respect to time. We denote with w, * w, the convolution in time
of wy and wy , defined by

t
(8) ; (w1 *wa)(x, t) = / wi(x,t — 1) wa(x,7) dr,
0
We introduce the following functions
(9 L{t) = 1;s(t)y = L(t) « L(t) = ¢.

Let F be a continuous function on Q x (0,00). We denote by F the function on
{2 x (0, 00) defined by

(10) F(x,t) = (L+F)(x,t) = /‘F(x,r)df.
1]
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Furthermore, we define
(11) 154 ’—'?-I-To(ﬂo-—ﬂ).

We say that f(x, t) is of class CMN on O x(0,00) (with M and N non-negative
integers) if f is continuous on Q x (0,00) and the functions

a2 (a"-f) {ng € {0,1,...M};m € {0,1,... N}
3.‘:.—335...3.’:; otm n+nz < max{M, ¥}

exist and are continuous on £ x (0, 00).

Through (11) we have

Theorem 1. The funciions n € ! and ¢; € CV° satisfy the relation (1)a
and the initial conditions, if and enly if

(12) Tg(ﬂ-ﬂ):V-E+Woan(0,oo)

The proof is an immediate consequence of the relations (10) and (11). Let Fbea
function of class C%* on £ x (0, 00). We introduce the operators
(13) PF=F+aF, PF=LsF+eaF.

Consider nov'v‘ two different sets of e)gtemal data DU = {f(‘),r(i). AW, ), 920,
@), q*®), ), 2P, ul?, v, oS, @ 4o, h*()} with the corresponding solutions |

r® = {u(‘),:9("),‘1‘(‘),17("),q(‘),H(‘),g(‘),tp(‘)}, We introduce the following rela-
tions ’

(15) w® = #) 4 To(nl) - a).

Theorem 2. Let a thermoelastic body subjected to external data D) and
D@ and let T and T2 be the corresponding solutions.
Let

(16) 1py = j [t(‘p)(x,n) M (x, ) — qu(‘“)(x, )P (x, 72} +
an 1]

+ AP (x, m)pM(x, rz)] do + / [f("’(x, n)-u(x, ) -
a

— -;—W(P)(x,fl)Plﬁ(ﬂ(x,fg) + X(P)(x,fl)t,o(")(x,fg)]dv -
0
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- f o [PoaS‘“’(x, ) -uM(x, 72) + pox# P (x, 1) (x, 72) -
- adﬂ(P)(x, ! )!?’(7)(1, 72) - h’j(P)(x: n )19(1)(": 72)] av +

1
+ f a P (x, 1) - PV x, )dV.
o/ 0

for all 7,72 € (0,00). Then

an Ipy (11, 72) = Lyp(T2, 1),
for all 7,13 € (0,00).
Proof. Let
(18) Spy(m1,72) = TP ry) : P () + HP) () - Ve (r2) -

— ¢P ()M (r2) — (1PN (m1) — Al PLIT(r2).

It follows from constitutive equations and the relation (18) that
(19) Syl ) = Ce®(m) 1 eW(r3) + M : [y e (r2) +
+ s(k)(fl)qo(y)(,,—z)] + DV (7)) - V() +
+ A: [e(k)(n)Plﬂ(”)(rg) + E(y)(Tz)Plls(k)(Tl)] +
+ mlp® () Pro®(my) + W) () Py ()] +
+ c‘p(k)(rl),P(y)(fz) - d,y(k)(ﬁ)g(y)(fz) - dag(k)(rl),ﬁ(v)(fz) -
— R®N ()99 (r3) — had®(r,)9W)(72)

We now introduce the notation

(20} Sre(mi, 1) = See(m, 72) + da?®) ()98 () + R (1) )9O (7y).
From (19), (20) and (3) we obtain
(21) Sie(m1,12) = Ser(m, 72)-

In view of the equations of motion, from (12} and (18), we have

(22) Spy{ri, ) =V - [T(P)(rl)u("’)(rg) + HPYm)eM(r3) —
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1,
_ ﬁqw)(ﬂ) p“p('r)(rz)] +EP) ) - u ()
- TLW(P)(TI)Pl’a(T)(T2)] —poaP(r1) - 0PN (m) -
]

) 1.
= pox¢ P ) (72) - ﬁq(P’(TI) - PV9(r) +

+ AE) () (7).

From (20), (21), (22) and the divergence theorem , we get

(23) -/‘:!SP'V(TI;TZ)dV = Ipy{11, T2).

From Theorermn 2 we obtain

 Theorem 3. Let T'9) be o solution corresponding to erternal data system
DO(i = 1,2,3). Then

(24) / s* [t&l) * u,(-z) Y 0 A lq(l) * Pzﬂ(z)]da +
a To
+ ] [f}” v ul® = L0 g® = LL 9P P2W“)]dv -
0 To
- E_/ Lx gV« R®do — E_j W « R@av +
Ty Ja To Ja :
c / [(h = ad)R(l) 92 pal« Ii'f,'ﬂ(;) * R(f)] dV =
n 3 [
= f s * [tgz) * ugl) + R 5 ) lqtz) * Pgﬂ(l)] do +
an To
b [[FO D e - Lreo® e pw®|av -
o To
- %](L*qm)* RMdo - i] w®) « ROV +
¢ Ja To Ja

+ f [(h — ad)R® # 9O + aL x Kio'D » R(})]dv,
n 3 ¥
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where 5
FO = 5 10 4 poltod) +u50),

(25) FulI ey L) e pox(tq‘:%‘s) + {Pgﬁ)),

R® = —td,.

Proof, If weputin (17) 7 = 7and . =t — 17, integrating on (0,t), we
obtain

(26) ) 1p,(t) = /0 Ip,(n,t — T)dT

_ f [tg.v) v a4 P 4 ) — TL Lag® Plﬂ('r)] do +
an v

+ j [f,-“’) T %ﬂw(” * Pn""’] v —
N

_ ] [poﬁgp) w10 & pox @ + 6 — B 1 9 - add(P) + ,5(1)] 4V o+
1)

+ %LL*qu}*Plﬂf?)dV.

Taking into account the properties of convolution, we get

27) sxIpy(t) = j s* tSP) * ug") +hP) & (p("’) - —1—q(‘P) * Pzﬂ("’)] de
an To
N j [f.'m el = LB 4 g — L .eP, pzw(‘r)]dv_
o To
- j [pouﬁp) «ul” — (h+ad)L * 9P 90 4 poxtp(P)so(")] dv+
n
+ /ns * K.-jﬂff) * (L * ﬂf;’) + cn?f?))dV—

a o

- -—j L *q(P) + RMde — — / WP« Rav 4
To Fit} TO n

+ j [hR(P)) « 9 4 adRPWD +al » Kij 0] » Rf;’)] dv.
1

From the condition (3), and the relations (17), (26) and (27), we obtain the desired
result.
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Clearly from the Theorem 3 we can recover the reciprocity relations estab-
lished in [6, 11 - 15).

4.Uniqueness Theorem. We show that the Theerem 2 leads to a unigque-
ness resull

Theorem 4. Lel

(28) e fn [£(r) - u(ra) — TLOW(T,)Pla(rz)Jr

+ M )p(r)ldV + js () u(r) + H(n)p(r)

1 _
- ?g(‘n)Pﬂ’(Tz)]dU: *
0
Jor all 7, 3 € (0,00). Then
d 2 2 3 .49
(29) ?E{.L[Pou + poxyp” + aKijd:9 ;1dV+

+ fo ./‘;[(Cl’d = h)l’z + K,‘j‘l-j','a,j]d'l‘ng} =
= fot[A(t —To,t+ 1) — A(t + 72, t — T3)]dTo+
+ {"" ["‘(2‘) u(0) +W(0) - u(2) + x$(2)(0) + sb(ow(zt)] ¥
a

+ (ad — R)9(0)9(2t) + aK;; 5,.-(2:)&,,-(0)}:11/.

Proof. By Theorem 2 we obtain

t 1t
(30) / In(t+7'2,t—rg)d1'2 =f I“(t—Tz,t-I-Tg)dTg.
[} [}

We apply this relation to the process (u,¥,4, T,H, 7, q). From (16} and (28), we
get

’ ] ]
(31) f I“(t + 72,1 — Tg)d‘!’z = f A(t + 7o, — Tg)d‘r’g—
0 0

=3 /ﬂ‘ /n [poii(t + 19) - uft — 1) + pox Bt + T2)e(t — 72)—
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and

(32)

(33)

and

(34)

— hB(t + T)9(t — m3) — add(t + T2)I(t — rz)]dV+

U A S
+ j / KVI(t + ) [V!’(t —73) + aVI(t — 1'2)] dradV,
0 Ja

t }H
f In(t —Tg,t-l-‘rz)d'r‘g = j A(t - Tz,t+fz)dTg—
0 [}

B / | f [” oli(t — m2) - uft + 72) + poxp(t — T2)p(t + 72) -
o Jn
- hté(t — )t + o) — add(t + rz),ﬁ(t + 1-2)] dvV+

+ ]0' fnxvé(t —n)- [v{i(t +72) +aVI(t+ ‘rz)] dradV.

Integrating by parts, from (31) and (32), we have

f Lt + m2,t — r2)dm = f A(t + 72,t — 12)dTy —
0 0
~ [{on[it20 00 - 5000+ x6(21)0(0) - 00000 -
1)
—h [0(21)19(0) - 192(:)] +ad [02(0 - 0(0)0(2t)] }dV -
= [ [ [prite st - ) + e = i - ) -
0 J8

— hO(t + )d(t — 73) — add(t + m2)I(1 — 72)] drydV +

+ fo /ﬂ KVS(t + ) - VIt — 1) + aKVI(t + 1) - VI(t — 72)] drdV +

+ /n [Kvﬁ (V9 + aV¥) — aKVH(2) - W(O)] dv,

1 t
/ Ill(t -1, b+ Tz)dTg = / A(t -7, l+ T2)dT2 —
0 ]
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-j{mfunwun—ﬁm»uwn+xanﬂn—¢mwmdkv—
o
= [ [poite =ik 7+ poxste = e -
0 JO
— ROt — T)O(E + 72) — add(t — T2)D(t + Tz)] drydV +
+ /Di LKV@(t - T2)- Vs(t + 13)dr2dV +

¢ L -
+ j ] (IKV‘E('C + 1'2) . Vﬂ(t — Tg)dngV - / aKVY . VidV.
0 J 11

Taking into account the properties (3}, from (30), (33) and (34) we obtain the
desired result.
Theorem 5.(Uniqueness). Assume thal

(35) ’ po,x, >0, KlJElfj >0,

for all £;. Then the boundary-initial value problem has at most one solution
Proof. We consider two solutions. Then their difference (u,, #) corresponds
to null data and the relation (29} reduces to

(36) / [pou2 + pox@® + oKV - Vﬁ] dV +
a

z -~
+ j j [(ad - h)9? + KV - Vﬂ] drdV =0 fort €[0,00).
0 Jn

Through (4) and (35), from (36) we obtainu = 0,4 =0, ¢ = 0.

5.Minimum Principle. In this section we establish a minimum principle
of Reiss type (see [10,16,17]). Let II; be the set of all functions ¥ on © x {0, c0)
such that _

(i) 7 is of class C? on Q x (0,00) and of class C'® on Q x (0, 00);

(ll) 7 7,!'1:7, 7,!':':'}',5 and ¥ are bounded at co._

Let I, be a set of all continuous functions on Q x (0, 00) that are bounded
at co. We introduce (see also [16,17]) the set I3 of the admissible weight functions
At € (0,00) = At) € R* such that

(i) Xis the Laplace transform of some non-negative smooth function G having
compact support in R*. Thus ,

(37) A(t) = /0 " Gls)exp(-st)ds,
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(ii) the integrals

[==] og 00 o0 [+ 0] o0
f / At + s)dtds | f f N(t+ s)dtds | ] / Nt + s)dtds |
0 1] 0 [ 0 0

exist. We note that the assumption (i} is more general then the corresponding
assumption considered in [16], (see [18, 19]).
Let u, w €11,. We introduce the notation

{38) [u,w], = [w,u], = ,[000 /ooo jﬂ At + s)u(x, t)w(x, s)dtdsdV,

for any X € [I3. Let A be a linear operator from I, into Mz and D4 its domain of
definition. The operator A is A- symmetric if

(39) [, wl, = [u, Au],,

for any u, v € D4. A A- symmetric operator A is cailed positive if
(40) [Au,u], >0,

for any u € '.DA' Let f € [1;. We consider the equation

(41) Au=f

Let ®, be the functional on D4 defined by

(42) @ {u} = [Au, u), - 2u, 11,

for every u € D4. We now state the following well-known result.

Theorem 6. Lel A @ A - posilive operator, and let @y be the funclional on
D, defined by (42). Further, let u be a solution of the equalion ({1). Then
(43) @5 {u} < Pa{u*}),

for every u* € D4. By (37) and (38), we get
(44) TR /0 - /ﬂ Gls)a(x, s)i(x, s)dsdV,

where f is the Laplace transform of the function f.

From (1}, (2) and (12) we obtain the field equations expressed in terms of u,
w and ¢,
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Cijrsthrsi + Mijp i + Aij(9+ ad) + pofi = potis,

(45) © O Dijpgi— Mijuij — cp - m(d + a¥d) + A = pox4,

To(d¥ + hd — mp — Aijui ;) — ToKijad ji = W,

on § x (0,00). To the system (45) we add the following boundary and initial
conditions

(46) u=00nT; x(0,00);

Tn = [Ce + My — A(9 + ad)]n = 0 on T3 x (0,00),
w=00nT3x(0,00); H-n=[DVy]-n=0on 4 x (0,00),
and

(47) u(x,0)=0, u(x,0)=0, ¢(x,0) =0

$(x,0) =0, 9(x,0)=0, 9(x,0) =0 for x € Q.
It follows from (11) and (47) that

(48) W(x,0)=0 on fi

We say that U = (u, @, ¢) is an admissible five-dimensional vector if u,J and
@ € I and if 9 is of class C"! on Q x (0,00). A solution of the problem is an
admissible five-dimensional vector field U = (u,?,¢) that satisfies the Eqs.(45),
the boundary conditions (46) and the initial conditions (47).

Let H be the set of all admissible five-dimensional vector fields U that satisfly
the relations (46) and (47). The Egs.(45) can be written in the form

(49) ZU = F

where the five-dimensional vectors U, ZU and F are defined by

1
(50) U= (u1,uz,u3,9,¢) , F =(—pof1.—poSf2, —pofa, — A, 'i:W),
o

ZiU = —pott; 4 Cijrsttr o5 + Mijp i + A (9 + 5”5),,- (t=1,2,3),
ZaU = —pox$ + Dijp ji — Mijui j — cp — m(¥ + o),

ZslU = —K.'J"lg,,'.’ + ho +d¥—mp - A.-ju.-,,-
for every U = (u,9,p) € H..
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We define the operator A on M such that
(51) AU=2,U(i=1,23,4), AsU=P2ZU,

and consider the equation

(52) AU=F,
where .

1
(53) F= (—Pofl,—Pofz,—Pofa,—t\,—ﬁ'W)

We consider an admissible five-dimensional vector field U = (u,d,) that
satisfies the Eqs.(52) and the boundary and initial conditions (46) and (47). Clearly,
if U = (u,9,y) satisfies the Eqs.(45) with the conditions (46) and (47) then U
satifies also the Egs.(52) and the boundary and initial conditions. If U is a solution
of the problem (52), (46) and (47) then U satisfies the equations

(54) ZU =—pofi (i=1,2,3).
ZsU ==X, Py 2sU = —-1—-W ,
To

From (47) and (50) we obtain
1
(55) [zsu + ﬁ,] (x,0) =0,
and, consequently, we have
(56) [ZsU + o ](x, =0 on 0 x (0,00)
0

Thus if U = (u,9, ¢) is a solution of the problem (52), (46} and (47) , then Uis a
solution of the problem (45), (46) and (47).

Let U = (u,d,¢) and V = (w,d;,¢,) be five-dimensional vector fields on
Q x (0,00). We consider the relation

(57) [U, V]A = z?i[uh wi]). + [SO, 'Pl]A + [‘9: ”I]A'

From the reciprocity relation we obtain

Theorem 7. Let T be a solution corresponding to the ezternal data system
DO = {£6) p) () ) = 0,0*@) = 0, t*() 9+ = 0,q*} = 0,h*D =0, 7o =
0, l?o(‘l) =0, ug") = O,V(D‘.) = O,(pg) = O,cf;g) =0} Then

(58) D), u®], 4 2O, ], — %.{W(l), o), =
o
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= [, u®), + 0@ 0], - L@ pay
To A

and

1
(59) [f(l)’u(l)h + [A(l)’so(l)h _ F[W(I)'Plﬂ(l)]a _
]

= ~/0 L At + S){Ce(l)(t) ¢ e(l)(s) +M: [wfl)(t)c(l)(s)_}_

+ €M) + DVLI(2) - Vp(s) +
+ A [0 PID(s) + ((5) PID(8))+
+ mlpM ()P0 (s) + oW(s) P (e)]+
+ cpM ()M (s) — D ()ID(5) — dadD(2)d ) (s)+
+ hIO(0)90)(s) — hadl)) 90 (s) ) dedsdV +
+ [poa ™, 4], + [poxp™), xp ), + [KVID, wdD),.

Proof. We introduce the notation

6 o0 (=]

(60) Pp, :./o [o At + s)Ip4 (2, 5)dids.
From (17) we obtain

(61) Ppy = Pyp

If u®), () and 94 corres initi
¢ an 1 pond to null boundary and initial data, from (16) and
(60), considering that [u,u}, = [4,4],, [pox, @ls = [poxe, ¥], we have 1o

_ P
(62) Pp, = [f( ),u(")])\ + [A(P):(P(T)],\ - [poﬁ(P),ﬁ(v)]A [PoX‘P(P),‘/?(T)}A -
1, . p :
= W Pty 4 A9, 9, 4
+ ad[®) Y] 4 [KOIP) pyst)],

Taking into account the relations (3), (61), (62 initi
! \ , and th tial iti
obtain (58). From (19), (20), (23) and (60) we ha)ve ¢ imital conditions, we

(63) ‘pu=fo /0 LA(t+s){Cc(l)(t):c(l)(s)-i-M:[(p(l)(t)c(l)(s)-i-

+ ()M ()] + DY) - Vep(s) +

+ A [ W) P9Y(s) + M) P oM(2))+
+ m[pW() P D(s) + ¢ N} PO+
+ M ()M (s) — doD()I)(s) — dadD(8)9)(s)}dtdsdV.

By (62) and (63) we obtain the relation (59).
Let U = (u, 9, p) € H. Then we define the following functional

(64) WU\ = ]0 ” /0 ” At + 5) jn (KV3(t) - V9(s) + aKVH(t) - Td(s)+

+ (ad — RYI(&)I(s) + AIB()I(s) + O(s)9(DI+

— cp(typ(s) + dO(t)0(s) + ahd(t)d(s) — pou(t) - u(s)—
— pox@(t)p(s)A : [(()P1I(s) + e(s) PLI(8)]—
— mip(t)P19(s) + p(s)PLo()] - Ce(t) = e(s)—

— M : [p(t)e(s) + @(s)e(t)] - DVp(t) - Vip(s)}dtdsdV =

=] ]G(s){lxv&-v3+aKv&-vt§+(ad—h)sﬁ=+
0 n s

+ 2hsd? + d9? + ahsd? — poi - @as? — poxsipi—

— 24 : [¢0 + aéd) — m[@d + sapd] — Cé: ¢
—9M:pé—DVg-Vp— c@ﬂ}dsdv,

where 9, ¢, 0, € are the Laplace transforms of ¥, ¢, u and ¢.
Let Mt be the set of all five-dimensional vector fields I/ € H such that

(65) WU, 2) > 0.

We contract the operator A by replacing its domain of definition H with the
more restricted domain H*. We denote this contracted operator by AT.

Theorem 8. The operator At is X -positive. '
Proof. Let I'®) be a solution corresponding to external data system DY),

Let U = (u,¥,p)and V = (w,, 91, ¢1) be solutions of the problem (52) , (46) and
(47) corresponding to D) and D(®)_ Then

AtU=FV | AtV =F2

where

- i o i . 1 .
FO = (=pof  =pofs” s =pofs s =2, == WD),
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By (38), (47) and (48), we obtain

N— L W), P, = (R, 90,

e

It foilows, from (58) and (59) that

(67) [A+Ur V]A =[U, A+V].\ ' [A+U$ U]A = ¥[U, Al

for every U \V e K+,
We consider the following functional on %*.

(68) . AU} = (AU, U], - 2U, F,
Clearly

(69)  Afw,p, 95\ = A\ {U} = /0 ” ju ” ]n A(t+s){xv6(:)-vo(s)+

+ akVi(t) - Vi(s) + (ad — h)3(t)9(s) + A[H(t)9(s) + ¥(s)9(t)]+
+ do(t)9(s) — cp(t)p(s) + ahd(t)d(s) — pou(t) - u(s)—
= PoxP()p(s) — A : [e(t)P9(s) + e(s) PLI(2)]~
= mle(t)Pd(s) + p(s) P 9(t)] ~ Ce(t) : e(s)—
— M : [p(2)e(s) + p(s)e(t)] — DVg(2) - Vio(s)+

+ 2F(t) - u(s) + 2poxp(t)A(s) + %t?(s)Pl W(t)}dtdst.

By the Theorems 6 and 7, we obtain

Theorem 9. Let Ay be the functional on N+ defined b
69), and U =
(u,9,9) € H* be a solution of the equations (45). Then v (5, and U

AU} < A\{U*)

for every U* e M*.
A similar result can be established when ¥[U, 1] < 0.
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