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For a projectively symmetric Riemannian manifold [8] we have DP = 0.
Hence for such a manifold R(X,Y) - P = 0 holds. Thus we have the following
corollary of the above theorem.

Corollary. A projectively symmetric Sasakian manifold M™(n > 2) is of
constan! curvature.
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MINIMAL CENTRED PAVINGS OF HYPERCUBES
BY

DAN BRANZEIL, GHEORGHE BANTAS

1.Source question. A question from hyperbolic analysis,(1], geometrically

formulated has an intrinsic significance but not only. o '
A square K3 is divided into 9 squares by parallels to its sides. By excluding

the intetnal one, Iz, one gets a »frame” Fy = Kq — Iz,
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divided into 8 squares. By grouping some of these squares in tectapgles, one gets
pavings P of Fy ; let v(P) be the set of vertexes of its rectagles sxtuz?.ted on the
border of K2. One proves : a) the minimal number of rectangles of P is 4; b)if P
is "minimal”, card V(P) = V. '

¢ mThe question is(!._o)extend this planar question for dimensions n > 2 of the
Euclidean space and to solve this extension. _ ‘

. 9.General configuration. Let E, be the n -di:flenlona.l Euclidean space
reported to a Cartesian system of coordinates. For a point X € E, of coordinates
(Z1,...,%n) We consider the point p(X) € Ea-1 of coordinates (5!:1,...,3,‘_!) and
the real number ¢(X) = za . Let Kn be the ” n - cube ” containing the points X
satisfying the system of inequalities.

S —

sranassm

(1) Miers 0= <3

ForiinI,nand u in 1,2 let H; , be the hyperplane of equation z; = u. We note
by Hn the set of these 2n hyperplanes.
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The hyperplanes of H,, detach K, in 3" n -cubes; the internal one, noted I,
and the set of the others, noted F,. The reunion of the elements of F,, will be
noted F,. Obviously, F, = Ko —In = K, — Intl, ; we appreciate as suggestive
the name ® n -frame » for F,. The analytical characterizations

(2) Xely=V,7n 18222
and
(3) XEF"<=>3|'G'IT{ (0<zi<1l or 2< 2, L3)

will be useful.

Definition 1. An admissible paving (for short AP) of Fy, is a set A =
{Ax|k € 1,a} where:

AP.1 - each A; is a n -parallelipipedon obtained as a reunion of elements of F;;
AP.2 - the interiors of two distinct Ag, A are disjoint.

The set of these AP of F,, will be noted AP(F,). As ¥, is an AP of Fy; (the
"finest” ), AP(F,) # 0.

Remark 1. Adding I,, as element to an AP A we get ”centred admissible
paving” A’ of the n - cube K,,. Using the bijection from A to A, our results about
AP (F,) may be reformulated about ”centred admissible pavings of a hypercube
K.”. This possibility justifies the title, reported to the well known notion of
hypercubes instead of unfamiliar "hyper-frame” Fi,.

3.Minimal admissible pavings. Theorem 1.
AP(F,) : cardA > 2n.

Proof. An n -parallelipipedon Ay € A cannot cover more than one (n — 1)
faces of I,; the number of (n — 1)-faces of I, is 2n.

Theorem 2. For each n > 1, there ezist T in AP(Fy) with card7 = 2n.

Proof. (by induction). In the rather trivial case n = 1,7 = [0,1), T2 = [2,3]
and 7 = {T\, 73} verifies the enounce.

Forn > 1 and A €

T

/A
— 3 Lo
fig.?2

For n = 2, we consider T = {Tk|k € T,4} where

fig 3

(4) Ty = [0,3]} % [0,1], T =[0,3] x (2,3],

e
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Ty =[0,1} % [1,2) and Ty = [2,3] % [1,2].
(In fig.3 the rectangles T} are removed off I, : for k=1,2 - vertically and for k=34

- horizontally }. ‘ . .
In the second stage we accept, for the dimension m = n — 1 the exsitance of

U = {Uplh € 1,2m} in AP(F). We define F = {Tilk € 1,2n} taking:
(5) Ty = Kmx[0,1], To=Kmx (2,3
Vh:'l',_zfn" Thas = Up X (1,2].

Obviously T € AP(F,). The theorem is proved by induction.

fig. 4 Yy

(The idea of this recurrence is illustrated for n = 3 by fig.4, with a similar to
the previous removing of some T} ).

Notations. For an A € AP(F,) we will add the adjective "minimal ” if
card A = 2n. The set of minimal admissible pavings (for short MAPs) of F, will
be shortly noted M,,.

For a natural number d,0 < d < n, we note by S4 the ” n - dimensional
skeleton of K, ”; Sp is the set of vertexes and, for 0 < d < n, Sy is the reunion of
the interiors of the d - faces of K.

For A = {A;|k € 1,2r} € M, we will consider the set V(A) of the vertexes
of the n - parallelipipedons A situated on the border of K,,; its intersections with
the skeletons, V3(A) = V(A) N Sy will be very usefull.
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4. Recurrent approach to MAPs. Let A = {Aslk € T,2n} be a MAP
for n > 2. As any n - parallelipipedon Ay is in contact with exactly one (n — 1)
-fa;e &; of I,, we shall automatically assume i=Fk. Let &;, &2 begivenby z,, =1
and z, = 2.

Let usnoten —1=m. For hin 1, 9m let us consider :
- the m - parallelipipedon By = p(An42} = {p(X)|X € Apsa}-
- the interval g(An4+2) = [a(h), B(h)).

We may consider the functions a: T,m — {0,1}, b: T,m—{2,3}).

By interpreting E, in Hpu (for u = 1oru = 2 we establish that B =
{By|h € T,2m} is a MAP for Fin; we will note B = p(A).

For A, with u € {1,2}, let G, be the m-face included in Hys
subsets P, of I, 2m defined by: '

. for the
(6) Py = {hla(h) = 1}, Py = {h|b(h) = 2} ,obviously :

(7 Gu = P(Au) = Im U (Unep, Bn)

After giving B in M, each P, ceases to be arbitrary subset of 1,2m; they
may be elements of an U(B) which we are going to define. For a subset P of 1,2m
let us note J(P) = I U (Viep B;). Now

(8) . PeU(B) <= J(P) is a m — parallelipipedon.

The improper subsets are, obviously, elements of U(B) but it is possible that
some proper subsets be in U(B), too. Let us exemplify. For the MAP A suggested
by fig.1, there are no proper subsets in U(A). For the MAP 7 given by fig.3, U(T)
contains the following proper subsets of 1,4 : {3},{4},{3,4},{1,3,4) and {2,3,4}.

We recapitulate the above consideration by introducing , for the MAP A of
g,z Bt;le third copy t(A) = (B, Py, P2) where B = p(A) € Ms_, and Py, P; are in

Theorem 3. For each n > 2, for each B in M,_1, for each Py, Py in U(B),
there ezists only one A in M, so that t(A) = (B, P, P»).

Proof. Let a,b be the functions

©) ao)={g i 25 H

2 if ze P
0if 2P b(:):{ f ze P

3 if z ¢ P2
Let A = {A: | k = 1,2n} be defined by
Al = J(Pl) x [0, 1], Az = J(Pg) x [2,3] and

VieTati-D Ant2 = Bala(h), b(h)].

Obviously, A is the only one element of M, which satisfies the enounced conditions.
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Remark 3. Altought it is easy and expresive to illustrate this theorem for
n = 2, we will prefer to illustrate the case n = 3, where the full generality appears.
Let B € M; be given by fig.5; we may take P, = {2,3} and P; = {3,4} because
BCIG and DFLK are rectangles.

A3
J K L
G%——l’” l
‘D/ 3 F
£
yi
A B C Ao Be Co
fig 5 fig 6

On fig.6 the ‘points are indexed by the corresponding values of 23.

5.Succesive reductions of MAPs . The most general A of M, is given
by t(A) = (B, Py, P2). The presence of B = p(.A) seams to be natural, especially in
our intention of recurrency. As the presence of P; and P; seams to be embarrassing
, we shall gradually attenuate it.

Lemma 1. For each m > 1, for each B € M, if Py and Pp are in U(B),
then Q = Py N Py is in U(B) ,too

Proof. As J(P,) are m -parallelipipedon, J (P)NJ(P2) = J(Q) will also be
m- parallelipipedon. i

Corollary. If A € My, t(A) = (B, P, P,) and Q = Py 0\ Py , there exsils
only one element C = r(A) of My so that t(C) = (B,Q.Q).

We may interpret r as a projection r : M, — M, and so the first reduction
of the complexity of a MAP.

Theorem 4. For eazh n > 1, for each A in My, for each d in 0,n—1: if
C = r{A), then v4(A) = va(C)-

Proof. Let us suppose t{A) = (B, P1, P2), with P, # P, (conversely the
conclusion is trivial ). We will point out a finite sequence of ”elementary modifica-
tions” {e;}i = T,p so that for Ao = A and VierpeilAi-1) = Ai to result A, = C.
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To each ¢; we will atach a bijection & : V(Ai—1) — V(A;)} conserving the dimension
d of the skeletons : X € S; = &(X) € §y4.

In the "lower stratum” ¢~1([0, 1]) of K, we consider R=P, - Q # 9
( conversely there are no modifications in this stratum). We must pass from A, =
J(P1)x[0,1) to Cy = J(Q)x[0, 1],i.e. to eliminate from A, the n- parallelipipedons
By, % [0,1] with k in R to obtain Cy. Each of these eliminations is compensated by
the substitution of Ap42 = Bs X [1,8(h)] by Chy2 = Ba x [0,5(h)]. Hence, each h
from R indutes an operation e: the n- parallelipipedon By x [0, 1] passes from A,
to Chya.

Let by be the (n — 2) -face of By in contact with I,_,. After an eventual
reorder of coordinates and a symetry 2’ = 3 — z ,we may accept : By = b3 x [0,1].
For the square S = [0,1] x [0,1], By x [0,1] = by x S. In the plane of S, let ry be
the rotation of centre (1,1) maping (0,1) in (1,0). Let R; be the extension of r, in
E, keeping constant the coordinates z; with i < n —1. We restrict R to b, x [0, 1)
and we get é, by extending it to V(A;) for the convenient j. Obviuosly, é, does
not change d.

A similar sequence of elementary modifications appears in the "upper stra-
tum” ¢~*([2,3]) and there are no other modifications to pass from A to C. The
theorem is proved.

For illustration we take again A from fig.6; as the parallelipipedon A3 ARK J x
[0, 3] ( on the left hand ) does not support modifications, it was not taken in fig.7.
The lower stratum imposes only the modification corresponding to h = 2; Rz is
the rotation round the axis D, F;; é; change B, in Dy ( keeping d =2 ) and C; in
Fo (keeping d=1 ). Similary, in the upper stratum, for h = 1 , the rotation round
axis G3I; change K3, L3 in G3, Is.

- K3 1

G 3
0,/1 | F
B3 . 2l_.|_.ﬂ
€5 bl 63 Iy
—Ig 03 F.
Gy I Hy Gyl Haf3
E - ? l'l (1} l2
i -M Hy
I/ "00 h
_/Io. ! Gol £| )
. Fo I
B Co Do Fo
tig.7 . lig.8

To make fig.7 more expressive ( and to prepare new reductions for this A,
fig.8 takes only the region 1 <22 <2.
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Theorem 5. For each n > 2, for each A in My, there exists D € My s0

that £(D) = (p(D),9,8) and, for cach d in 0, n— 1, va(D) = va(A).

g€ Qsot
mentary mo

Proof. According to the previous theorem we may acce.pt t(A) = (8,Q, Q)
In a first stage we adopt the supplementary hypothesis: SH: " there eiuats
hat @ = Q — {q} € U(B) " . The above exposed technique of "ele-
difications.in the external strata” leads us similary to the intermediate

conclusion: for t-1(B,Q’, Q) = Ao VeTasi va(A) = va(A')-

For illustration, to pass from the MAP C above constructed ( with Q = {3}) to

D, (fig.9) we must rotate the rectangles EyFul,Hu round E H, up to E,F HoHy
for (u,v) = (1,0) and (2,3)-

G3 H3 13
D3 E37ng
Gy ___IHZ
E2
02 £
Y 3/\
1
D,
oL g =
I':)o .
tig.9 tig-10

. i i to void Q. Fig.10
rse, as long as SH susbsits we may repeat this stage up to
f))frés:?l‘:s BeM; 'lfl its "central part” 1 < 2y < 2. Here @ = 2.5 is in U{B) but SH
does not subsits. In such a situation we cannot eliminate succesivelly elements ¢
of Q. It is not impossible to eliminate smultaneously more eleme'nt.q of Q but is
rather difficult to indicate an algorithm for such an operation. This is the reason
to consider the following second stage of the proof.. .
The central idea of this stage is to temporarily modify B = p(A) to assure
SH. Consequently we insert a lemma. '
Lemc:na 5. For each m > 2, for each MAP B of Fp, for each unvoid
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(QB'EQU)(B), there exists a MAP B’ of Fy, so that Q € U(B') end SH be valid for

Proof of lemma. There exists a (m—1) -face ¢ of I, which is not included
in a (m — 1) -face of the m -parallelipipedon J(@). Let H be the (m — 1) - plane
containing ¢ and B’y the m -parallelipipedon separated by H in J(Q) which does
not contains internal points of I,,,. We substitute By by B’; and we compensate
this extension by diminuating those By, with h # k and By N B'; £ 0.

Continuation of the proof of theorem 5. We are able to indicate a finite
sequence of elementary modifications to pass from B to B'; each of these modifica-
tions can be lifted to an elementary one on the way from A to a MAP A’. Each of
these modifications in M,, keeps constant the numbers vq.

We finish the proof by the following indications with respect to its algorithm.
The preparatory change of (A, B) in (A’,B’) makes again SH valid; operating
again as in the first stage we continue to dimunuate card Q passing from (A, B) to
(A”,B') where Q@ = @ ; the way from B to B’ must be inverted and lifted to pass
from {A”, B') to (D, B} ; the initial B is so restored and the proof is over.

6.Calculus of values of v; . Theorem 6. For each n > 1 and for each A
in My, vo(A) = 2. -

Proof. Every vertex X of K, is in V(A) and in Sp, hence in V5(A). As we

_ defined V;(A) as an intersection with Sp, Vp(A) = So - So is in bijective correspon-

den;e with the set of functions z : T,n — {0, 3} and its cardinal is, obviously, 2",
q.e.d.

Theorem 7. For ecach A in My, v,(A) = 22,

Proof. To divide F; in F; we exclusively use segments starting (horizontally
or vertically) from one of the vertexes 1,2,3,4 of I» and finishing on a side of K.
To obtain a MAP A, from each of these vertexes we must use:

- at least one segment - otherwise an A, is not a rectangle;

- at most one segment - otherwise .4 is not minimal.

ooooooo

fig- N tig.12
Consequently, a MAP A of F, contains exactly an extremity of each of four seg-
ments dotted on fig.12; hence v,(A) = 4, q.e.d.

Theorem 8. For each n > 1, for each A in M,,, for each d in 0,n =1
v4(A) = 2.
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Proof. (by induction about n ). The verification stage, for the rather trivial
case n = 1 is realised by the theorem 6. For n = 2 we must also use the theorem 7.

/—"‘ T IN K3

yd 4 \vax‘Z
- LX __ ﬁ\l- p KmX?
L:N Kmx0

o |

fig.13

/

/

/

In the recursive stage, we accept the conclusion for n = m We suggest by
fig.13 a MAP D = t71(B,0,0) of M, with n = m + 1. Here K., and I, are
presented as hexagones thinking their sides as (m — 1) -faces ( for m =3 there are
six faces of a cube ). The central column represents D) U I, U Dy. The (missing
from figure) n -parallelipipedons Dy4z = By X [0, 3] assure: for 1 <d<m there
are not points X in Vg(D) with 0 < ¢(X) < 3.

Ford = m = n — 1, on each of the bases Ky x u of Ky (here u = 0 and
u = 3 ) thete are N points of Vin(D) where N = cardSo(Km) = 2™. Hence :
tm(P) =2 N =2m+ = 2*,

The case d = 0 benefits of the theorem 6.

For 0 < d < m = n— 1, the point X is in V4(P) iff ¢(X) € {0,3} and
p(X) € Va(B). Using ( for B ) the inductive hypothesis, Vg(P) = 2-2™ = 2" and
the proof is over.

Corollary. The total number y, = cardV(A, for each A in M, isyp = n-2™.

7.Unsolved problems. As we have precised a configuration, a terminology
and some techniques, let us point out some other questions less or more useful for
the Hyperbolic Analysis, belonging to the Combinatorics.

a} Which is the number z, = cardM,?

b) Let us consider A and B from M, "of the same type” iff an Euclidean
transformation of K, on itself maps A into B. Which is the number u,, of types of



134 DAN BRANZEI , GHEORGHE BANTAS 10

MAPs of F, ? How those z, MAPs are distributed into these u, types 7

¢) Let P, 4 be the minimal subset of Si(K,) including Vi(.A) for each A) of
M, ; it is not difficult to state: card Po g = 2* - C5. For W C Py, 4 with card
W = 2*, which are the conditions to exists ( at least ) a MAP A of F, so that
W = Va(A)?

For n = 2 we are able to answer these questions.

a) The above given proof of the theorem 7 allows the estimation of z; as the
cardinal 2* of the set of maps f : 1,4 — {A,v}.

D0

fig-14

b) and c) The uz = 4 types of MAPs of F; are given in fig.14 by the distri-
bution of V;(A) on the sides of K3. In each of these types a,b,c,d there are : 2, 4,
8 respectivelly 2 MAPs. Etc.

Remark 4. For the commodity of the exposition we have considered K,
as n-cubes ( not only n- parallelipipepedons ) and {H;, | v € {1,2}} dividing
into three equal parts the transversal edges ( not only parallel to the (n — 1) -face
x; = const.) ;there are no conceptual difficulties for the general case.

The above exposed problems are advantageously solvable { by different geo-
metrical tecniques ) for n -simplexes instead of n -cubes ; this will be the object of
a distinct paper.
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