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1.Introduction. We consider the following nonlinear Volterra equation, for
each ¢t € [0, T].

a1 AGu + jo aft — 8)B(s)u(s)ds + fo b(t — 5)Cls)u(s)ds > (1),

where the values of u(.) belongs to a real reflexive Banach space, a(.) and ¥.) are
scalar functions, A(t) and B(1) are subdifferentials, A(?) is or is not compact and
C(1) is Lipschitzian compact operator. If a = b = 1, then the problems (1.1) and
(1.2},

(1.20) %A(t)u(t) + B(tyu(t) + C()u(t) 3 £(2), for ace. t €)0,00]

(1.2b) A(0)u(0) 3 £(0),

are equivalent. The classical theory for the Cauchy problem ([2],[6]} can not be
applied to the problem (1.2), but there is works on (1.2) in the case where A and
B do not depend on time and C = 0 ([4] and {9]); in the case where A depend on
time and C'is not zero, ([5]), and in the case where even B depend on time, ([10]).
V.Barb u has studied the problem (1.1) in the case where A and B do not depend
on time and C = 0, ([1]).

This work differs from [11] by following closer the methods of B ar b u
([1]) and by including results for the case of degenerated A(?). The problem (1.1)
is obtained as the limit ¢ — 0+ of the Hilbert space problem where the term
eB(0)u(t) + eI + A(t)u(t) is instead of A(t)u(t), I is the identity of the Hilbert
space. The Hilbert space problem is regularized by the Yosida approximate B (t)
instead of B(?). A corollary of the fixed point theorem implies that this problem
has a solution. By taking the limits A — 04 and ¢ — 0+ and utilizing the maximal
monotocity and compacteness we shall prove that the problem (1.1) has a solution.
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In Chapter 2 there is some useful lemmas. The hypotheses and the theorems
are presented in Chapter 3; the proofs can be found in Chapters 4, 5, 6 and 7. In
Chapter 8 there is the remarks on concrete applications of the problem (1.1).

2.Some useful lemmas. We denote by X a real Banach space and by X*
its dual. If & € X and 2* € X, then (2, 2*)x = z*(z). Let H be a real Hilbert space
with the scalar product {.,.) 5. The range of operator A or function fis denoted by
R(A) or R{f), respectively.

Let $ C R be an interval, T > 0,p € [1,00] and k¥ € N. We utilize the
ordinary spaces C(S; X), C§?(S; X), LP(S; X), I*(0,T; X) and L? (S; X)) and the

spaces e
WhP(S; X) = {f € LP(S5; X) | distrib. derivatives f', f*, ..., f¥) € LP(S; X)},

WEP(S; X) = {f € WEP(S; X) | £ 1) is absolutely continuous},
and H*(S; X) = Wh2($; X).
Lemma 2.1.Let a € W2!({0, 00 R) and w € L., ([0, oo[; X). If we denote

loc

axw(t) = fo‘ a(t — s)w(s)ds and F(t) = '/0‘ w(s)ds ¥t >0,

then
asw(t)=a' +* F(t)+ a(0)F(t) V1> 0.
Proof. It suffices to integrate by parts.

Lemma 2.2 Leta € HL, ([0,00[; R) and w € L}, ([0,00[; X). Then a*xw €
HE, ([0, 0[; X) and

%a * w(t) = o’ + w(t) + a(0)w(t) a.e. on [0, oof.

Proof.For each T > 0,
T-h

Iim
h—04 0 " h

a*xw(t+h)—a*w(t) —a' »w(t) - a(o)w(t)“idt =0

by [6,pp. 143, 145, 154]. Hence, by [6, p.154], we obtain Lemma 2.2.
Lemma 2.3 Let M, T €]0,00[,81,82 € L?(0,T) and K1, K2 : [0, T] x X v+ X
be such that

1) (Ki(t)z - K@ull, < Mliz —vll, Yt €[0,T],z,y € X,i = 1,2

2.2 t — K;i(t)z belongs to L*(0,T; X)¥Yz € X,i=1,2.

If f € L*(0,T; X), then there ezisls unique y € L2(0,T; X) which satisfies
(2.3) 9(t) + a1 * K1y(t) + az * Kau(t) = f() a.e. on [0, 7).

Proof: 1t suffices to apply the fixed point theorem on the subintervals of
[O,T]'Lemma 2.4.Let @ € C([0,00[) such that a(0) > 0 and o' is of bounded

variation on [0,00[. If T > 0 and dy, d2 € L={0,T) are increas..ing and nonnegalive,
then there exisis Ky > 0 such thal every v € L%(0,T; H), satifying

(2.4) ' /0 t (a * v(s), v(s)) yds < di(t)+

+ dy(tmasogail [ o(rjirll vie 7]
satisfies also the inequalily
t
@5 f o(s)dsl] < Kr(V/E (D +daft)), for each t €[0,T].
0 H

Proof.Lemma 2.4 follows from [ 7, p. 703-704]. '
Lemma 2.5.(Gronwall’s inequality). Let T €]0, o], m € L‘(O,T} with m >
0, and d € L®(0,T) increasing such thatd > 0. If¢ € L*®(0,T) satisfies

(2.6) $(t) < d(t) + jo‘ m(s)¢(s)ds, for a.e.t€]0,T],
then

¢
(2.7} (1) < d(t)u]:\]0 m(s)ds, for a.e. t €]0,T[.

Proof. This form of Gronwall’s inequality follows from {6,p.156].

Lemma 2.6.([2,p.42]) Let A C X x X* be a mazimal monotone operalor in
X. If there ezists a sequence ((zn,yn)) satisfying (€n,yn) € Aj2p — % weakly in
X,yn — y weakly star in X*, as n — o0, and lim inf,oo{Zn, tnlw < (&, Vw,
then (z,y) € A.

3.The hypotheses and the theorems. For our first two theorems, let
us list the following hypotheses. Let M,T,« €)0,00{, ¢ € C(R) increasing , i1 €
L*(0,T) and 5 € L*(0, T) positive. For the convenience, when we mean constants
My, Mo, ... or functions 711,72, ... and so on, we shortly write M, n:, 7z or g.

Let V and W be real reflexive Banach space and H be a real Hilbert space
such that

(3.1) VaWea H=H oW <V
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by linear continuous injections.

If B is maximal monotone operator in W, we define maximal monotone oper-
ator By in H as the maximal monotone continuation in K of the monotone operator
B, defined by Bz = BzNH ,V z € D(B), [6, p.23]. Thus one can define the Yosida
approximate of By which even approximates B.

The functions ¢ : [0,7] x V —] — 00,00] and ¢ : [0,T] x W — R satisfy the
conditions
(3-2) 4(¢,.) and ¥(t,.) are proper convez and lower semicontionuous (ls.c),

for each t € [0,T);
(3.3) fora.e. t€[0,T), dom ¢(t,.) does not depend on ¢,0 € dom #(t, )
and ¢(t,x) ezists, for each z € dom (¢, .);
(3.4) for a.c. t €]0,T( and for eack z,y € dom ¢(t,.) € L1(0,T) and
| 86(t,2) = e(t, ) 1< m(D)g(lzly + Holly il - vl
(3.8) for each & € R, there isn € L2(0,T) such that ||z, < 2(t) + 9|2l )
if ¥(z,t) < §; -
(3.6) t— y(t,z) is measurable, for cach z € W.

Moreover, the operators A(t) = d¢(¢,.) and B(t) = 0v(t, .) satisfy:

}g"?] {1 — 22,17 - Wy xye = af|zy — :c2||f,, for each (x1,1), (x2,42) € A(t),t €
(3.8) R((I + By(.))"'5) is separable in W, for each S C V bounded, (I is the
identity of H);
(3.9) (v Bx(t)z)y > —m(t)(1 + |Ill},), for eack (z,y) € A(t) OV (H x H) and

t € [0,T); Ba(t) is the Yosida approzimate of By (t);
(3-10) there is w* € L*(0,T; H) such that w*(t) € By (t)0, for a.e. t €]0,T].

On the operators C(t) : V + H,t € [0, T], we assume that
(3.11) to—.-reC‘(/t)z is measurable in H and ||C(t)x| < ma2(t) + M|)zlly, for each

zeV;
(3.12) JiIC(t)z - C)ylly. < M|z~ yl|y, for eack z,y € V.
. Theorem 3.1 If, in addition to the hypotheses above, there ezist a,b €
g SO, T) such that a” € (0,T) and a(0) > 0, and f € H'(0, T; H) and if it holds
a
%2.13% V = W compactly, and
-14) for each z € W and for a.e. t €]0, T[, (¢, z < ma(thg(||zll ),
then there existu € HY(0,T;V),v € HI(O,T[; Wg') a)mi :::‘ (E)ggl(lo,lli’p":{V‘) satisfying

(3.15) v(t) + ax w(t) + b+ Cult) = f(1), for each t € [0,T],

(3.16) ©ou(t) € A(tu(t), w(t) € B(t)u(t), for a.e. t €]0,T].

Theorem 3.2 If , in addition to the hypotheses (3.1)-(8.12) with V = W =
H, there ezist a,b € H'(0,T) such that a" € L1(0,T),a(0) > 0 and a'(0) <0
and f € HY(0,T; H), and if it holds that T
(3.17) for et;zch 6> 0 theset {ue H|¢(t,u) <0<t <T}is compact in H
an
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(3.18) for each t € [0,T], D(A()) C D(B(2)) and for each u € D{B(t)) there
i8 ry,1 > 0 and gu s € C(R) increasing such that

I1B°()2llgr < gu,e(1A°@)2llr) ¥ = € {y € D(A)) | lly = lly < rus}

then there erist u,v € HY(0,T;H) and w € L?(0,T; H) satisfying the equations
(8.15) and (3.16).

In the case where V, W and H are Sobolev spaces on the domain 2 C R"
and A(1} and B(1) are partial differential operators, Theorems 3.1 and 3.2 roughly
correspond the situation where the order of A(1) is greater than the order of B(1).
For the case where B(t) dominates A(1), i.e. the order of B(t) is greater than the
order of A(1), we formulate Theorems 3.3, 3.4 and 3.5. Let us list their hypotheses.

Let W be a real reflexive Banach space and H a real Hilbert space such that

(3.19) W H=H - W

compactly and densely, by linear injections.
The functions ¢ : [0, T) x H —]— 00,00] and ¢ : [0,T] x W — R satisfy , for
each t € [0, T]:
(3.20) &(t,.) is conver proper l.s.c. and Y(t,.} is conver continuous.
(3.21) 0 € int dom ¢(0,.), dom ¢(t,.) does not depend on t and ¢;(t,z) ezists
for each z € dom¢(t,.)
(322) ¢t(t1 0) € LI(O, T) and: for each z,y€ dom ¢(t’ ‘)i I qs!(t: :!:) - ¢!(t: y) IS
m gzl + llvligliz — vl -
(3.23) (t,2) > allelly, — Mllz||y — M for each z € W.
(3.24) t— y(t,z) is measurable, for each z € W.
Moreover, the operators A(t) = 84(t,.), B(t) = (t,.),Ca(t) : H — H and
C(t) : W H satisfy, for each X €]0,1] and £ € [0,T]:
(3.25) R((I + ABr(.))~'S) is separable in S, for each S C H bounded.
(3:28) (y, BA(t)2)yr 2 —m()(1 + lizllyy), for each (z,y) € A(t).
(3.27) (Ba(t)z, v}y 2 —m{tH1 4+ ||z||§1.) , for each (z,y) € By(0), and {y,2)y >
—m(t) — M|lzllyy , for each (z,z) € Bu(t),y € A(t)z + A\Bg(0)z.
(3.28) (z, —(z;,yl ~ )y > allzy — 23|l for each z € H and (z1, 1), (x2, 12)
€ A(t
(3.29) {21 — 22,41 = o)y > aller — eallly — Mllzy — zallly, for each (z1,1)
(x2,¥2) € B(0).
(3:30) D(Br(0)) C D(Bi (1)) and |1BY ()2l < (1B (0)zly), for cach
z € D(By(0)).
(3.31) t— Ca(t)z is measurable in H and ||Ca(t)x||y < na2(t) + Mal|xl|
for-each z € H.
(3.32) |ICx(t)z — Ca(t)ylly < Mallz — 4l , for each z,y € H , where M), € R.
(3.33) lICA()z|ly < na2(t) + M||z||yy , for eack x € W.
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(3.34) If(I,; ) conver :
. ges weakly io z in L2(0, T, W) and st ]
3 s 4, ] 2 :
1!C}!'Hm it has a subsequence (z,,) such that (%',\- a:xs :zﬁeim I£ BEE
ppo” weakly in L*(0,T; W), R somverges o
o TR s bl (19 039 e ot e
and if T H) satisfying a(0) >0,a'(0) < 0,a" ¢ LY(0,7),

(3.35) Iollw. < ma(t) + Milylly, for each (z,y) € B(t), t [0, 7]

then there exist u € L(0,7
W), voe HY ;W
we L0, T; W*) which satisfy the eguations 02597 1 COTW) and

(3.36) o(t) +axwt)+bs Cu(t) = f(t), for each t € [0, 7]

(3.37) u(t) € A(t)u(t), w(t) e B(t)u(t), for a.e. t €]0,T]

"}“11111 ::-il:;ln%ti:n 5}33{5) :n tl;: affine boundness of B(t) can be avoided:
. 4. ¢ hypotheses (9.19). id, 1 (
S L T e i3
.38) clalr,;:aché E]O,qo[, there is n € L%(0,T) ;ve'rywhere finite such that
(3.39) :fyyewfinfoqg)f;j;”x“wygl Sond )€ B andie 0Ty
: T3 H), 2 € HY(0,T; H) and y(t) € A()z() a.c.
y ’ - z(t) a.e. on [0, T,
. Zn) (ex v(r?l ly(’ ét);;)‘;' az :llt'(t)llﬁr - m(i)llz(t)llf-,; - m() ae. m[! [(?,171;
(2 S 20 T) and b1(t,2) < M1+ el ), for each o € W and
S:Al)thf(O) € A(O)W;
cn there ezist u € L%(0,T;W) 1
2 ] " . j 14y v € H OrT: * '
weE LF(O,T, W*) which satisfy the equations (3.36()- (3 ;4';)) RO
T01: the case of degenerate A(1) we state 7
eorem 3.5 If the diti ]
(5.28), ons it heido e;:g;: t:é:o{r(z)s;qf Theorem 8.8 are salisfied, maybe ezcepl
g.g) b€ H0,T) and b0) = 0, =
) . 2 N '
) fza,z € L3O, T; W),n=1,2, .., satisfy, 2, — z weakly in L2(0, T; W)

as n — o0 end x,(1 ,
subsequence, nlt) =(t) € domé(t,.), for a.c. ¢ €]0,T(, then, for a

T
lirﬂigffo $i(t, 2a(t))dt > fT be(t, z(2))dt,

(3-44) (z, 4}y > aljelil, — M
WYiw = alizlly — M for each (z,y) € B(t).
a9, i (4 i Bty b 107
TiW)o € HYO. T- W y 4541 ),
2 . AT . X ’ A 5
w € L*0,T, W*) which satisfy the equations (3.3;)’(3.37).) AR C
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4.The proof of Theorem 3.1. The following Lemmas are valid
Lemma 4.1. We can assume that %(t,0) = 0 and 0 € Bu(t)0, for each

te[0,T. i
Proof: Define $(t, z) = ¥(t, 2) +%(t,0) — (z, w ()}, F(t) = f(8) —brw*(t).
Lemma 4.2 The operators A~1(t): V* — V and By(t) : H — H,t € [0, T,

are Lipschiizian with constants -i— and %, respeclively.

Proof. By [2, p.28] Ba(t) is Lipschitzian. The Lipschitzianity of A~1(t)

follows from the strong monotonicity of A(?).

Lemma 4.3. For eack t € [0,T), D(B(t)) = W.
Proof: By (3.14) and Lemma 4.1

IB®)zlly. = sup (& B®)zhw S sup ((1,§+2) = ¥(t,2)) S m()M,
Ellw< flellw <1

if [|zllw < M. Hence B(t) is bounded and thus D(B(t)) = W.

Lemma 4.4. The operalors
A={(z,y) € L*0,T; V) x L*0,T; V*) | (z(1), y(t)) € A() a.e. on[0, T1},

B = {(z,v) € L}(0,T; W) x L*(0,T; W*} | (z(t), y(t)) € B(t) a.e. on[0,T]},
are mazimal monotone in L2(0,T;V) and L%(0,T; W) respectively.

Proof: The monotonicity of A and B is clear.
By the Asplund’s renorming theorem [2, p. 14] there exist equivalent norms
to [|.lly and ||.|ly. with which V and V* are strictly convex. Thus we may assume

that V and V* are strictly convex.
Let us prove that A is m.m.o. By (2, p.39] it suffices to show that R(Fv+4) =

L2(0,T;V*) where Fy »— V" is the duality mapping of V.

Let y € L2(0,T;V*). Define z(t) = (Fv + A(t))-ly(t). By the strong mono-
tonicity of A(t), (Fv + A(t))"! is Lipschitzian with the constant i By [2, p.39)],
R(Fv+A(t)) = V*. Thus z(t) is well define and y(¢) € (Fv +A(t)):r:(‘;). The function
&, defined by ¢(t,z) = %":c"f, + ¢(t, z) satisfies the conditions of Lemma 4.6, and
(Fy + A(t))™" = 88*(t,.). Thus (Fy + A())"'z € WH3(0,T; V) C L*(0,T;V)
for all z € V*. By the continuity of (Fv + A(t))'l, we conclude that z is measur-
able in V. Finally, z € L%(0,T; V) , since

lz®lly < Z1uOlly- +ICEV +AE) " 0lly- < m(®)

Hence A is m.m.o.
By Lemma 4.3 B(f) is bounded and everywhere defined. Hence its maximal

monotonicity can be proved as the maximal monotonicity of G in [11, Lemma 4.4].
Lemma 4.5. Ify € HY(0,T; V") and (z,y) € A, then ¢*(,y()) € wil

(0,T) and

{4.1) d%-qﬁ'(t,y(t)) = —¢u(t, 2(t)) + (2(t), ¥’ (t)}y , for a.e. ¢ €]0,T.
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Proof: The proof is the same as the proof of Lemma 4.7 in [11]. Notice that
the assumption on the time independence of dom ¢(t, ) is essential for the proof.

Lemma 4.6. If : €¢ W»(0,T; V*)andp=1,2, thent At)"t2(2) belongs
to Whe(0,T; V).

Proof: ¢*(t,.) is finite and continuous, by the continuity of A()™? | since
¢*(t,z) = (A(t)~z, z),, — #(¢, A(t)~'z) and ¢°(t, ) are I.s.c.. Otherwise the proof
1s same as the proof of Lemma 4.6 in (11].

Lemma 4.7. If yy(t,.): H ] ~ 00, 0] is defined by

(4.2) dr(t, z) = {ift,x) JifzEW,

, otherwise

then Yy (t,.) is proper convez Ls. c., and Ay (t,.) = By (t), for each t €0, 7).

Proof: Let ¢t € (0, T]. Clearly Yu(t,.) is proper and convex. Let ) € R,z, €
Sawn=12..85 ={yeH | Y#(t,¥) < A} and z € H be such that [lzn = 2|7 —
0,38 n — 00. Then z, € W and (za) is bounded in W by (3.5). Thus, for a
subsequence, z, — ¥ weakly in W2 € W. But # = 2 by the embedding. Since
¥(t,.) is l.s.c. even in the weak topology of W,

Yu(t,z) = ¥(1,2) < liminf (1, 2,) < A,

Thus z € Sy , and S, is closed. Hence Yu(t,.)is Ls.c.

Let (z,y) € 8¥y(t,.). Then (z,y) € 8%(t,.) and y € H. Thus (z,y) € By(t).
Hence 844 (t,.) C By(t). Since 8%x(t,.) is m.m.o as the subdifferential of a proper
I.s.c. function, we conclude the equality.

Let A > 0 and consider the problem

(4.3) va(t) +a* Bruy(t) + b« Cur(t) = f(t), for eacht e[, 7).

(4.4) vA(t) € A(t)un(t), for each t e [0, 7.

By the following lemma and Lemme 2.3 there is uy € L2(0,T; V), v, €
L3(0,T; V*) satifying (4.3)-(4.4). Moreover, by (3.11), vy € HY0,T; H).

Lemma 4.8. The operators Ki(t) = Ba(t)A(t)™, Ka(t) = C{t)A(t)~?! .
V* s V* satisfy the assumplions of Lemma 2.5,

Proof: Lemma 4.2 and (3.12) imply the Lipschitzianity of K,(t) and K»(1).
Let £ € V. By Lemma 4.6 and (3.11) t — K3(t)z belongs to L0, T; v*).

Let z € V. In order to show that ¢ v K 1(t)z is measurable in V= it suffices
to show that ¢ «— J,(¢)y is measurable in W* for each y € V since A() !z is
continuous in V by Lemma 4.6 and Bi(t) is continuous in H, and since AB,(t) =
I~ Jy(t). But Ja(t)y is the Frechet differential of

L 1
7 e U6 2~ glells — (v, €)) = sup (€, )y - el - Mp(e,6))
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which is measurable as the supremum of measurable_ functions. erm;av :héi.r)lgc;éls
weakly measurable in W*. By Pettis’theorem, Jx(.)y is measurable in ,

1Al < 1920y — AU + ABr ()0l < liy = Olly = My,

. 2 .
and so R(Jx(.)y) is in a compact set of W*. Finally, [}K1(.)zlly. € L (0,7), since
by Lemma 4.6

! || € Ma -
iK1 (®)zlly. < IBAOAR) 2 = BA(t)0lly < S1IAO) 7 0llg < M
Lemma 4.9. There is a constani M €]0, 00 independent onﬂ:} salisfying
(8) Wurllgeoorvy S M, ~(b) llJ:\“a\“Lz(o,r;w)<5M ,
(c) ||”A||Lw(o,T;H) <M, (d) v A”L’(’O,T;W') = <, y
(e) IBxmsllpaorwey S M, () (Baua,¥'N sy £ M,
Proof: Dencte

(4.5) Fa(t) = jo * Ba(s)ua(s)ds.
The equation (4.3) implies that
/‘ (a * Bx(s)ua(s), Ba(s)ua(s)) gds =
0
= jt {f(s) — va(s) — b* Cux(s), Ba(s)ua(s)) yds
0

< (uf(t)nH + I x Cour(®llr + 1 s omsan

b 1801 [ icmiEds+ [ 1 [ ¥ =nictrmearlads)
0
 max IFOly + [ mla)(L+ hua(a))ds < a6l

X (M + M( ] (B ds)®) + M + ] m()lur(s)l1% ds,

dlder’s i i loited; in the step (i) we integrated
h 3.11) and the Holder’s inequality are exp d
:y ;r:rt(s anc% :pplied (3.9). Hence it follows from Lemma 2.4 that, for eacht € [0,T]

and A>0

t i
(45) 1ROl < M(l + ([ m@lho @l ds )
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The equations (4.3) implies also that

{(ua(t), n(t))y = {(us(t), F(£) — a » Bua(t) — b« Cux(t))y <

< (M + 1lla(07) + G(OVNE om0y +

. 1 3
(4.6) + 1ol a0,z ( fo NC(s)ua(s)7 ds) )IIUA(UHHS

< (w4 [ s o) ds if)uu,\(t)n,{,,

where (3.11) and (4.5) are applied. By Lemma 4.2

@l < llua(t) - Ag)=2oy), + 14¢)~"oll,, .
Thus by Lemma 4.6 and 3.7)

4.7 1
(4.7) (@il < 2 (ua(®), @)y + Miloa (o)), + a1

It follows from (4.3) and (4.5) that vy is measurable in H and

llea@®lly < (HOTPES ”buLa(o,r)”C“A”LI(o r;H)+

+lla’ Fy(t) + a(0)Fa(t)]ly < M + M fo t lua(s)lly ds+

F
+ lla ”Lz(o,r)"FA”m(o,T;H) +e(O Ay <

u ]
S M+ M( fo m(s)lur(s)ll5 ds) .
Thus we obtain from

. g (4.6 , (4.7 d 3 3 .
el 5 A 0 47 8 St sty i ) ot T

By [ 3, p.121), (a), (b) and Lemma 4.1

Ya(t, A(tua(?)) < vu(e, ur(t)) < ¥a(t, 0) + (ur(2), )y < M.

Thus, by (3.5 i
- p; o\!{e(abo)v:nt(li; (ta':n)J,r we obta.u_l that Jx(¢)us(t) € W and I7a(t)ur ()]l <
i aaaln at J5(.Jua(.) is measurable in . Thus it is weakly meas L
. 18’ theorem and the dense embedding H — W+ By (3 g)r::;s ;I:I? .
. . ettis’
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theorem J(.)ux(.) is measurable in W. Hence Ja(.)ua(.) € L*(0,T; W) and (b)
holds.

The inequality (e) is proved by [3, p-121], (a}, (3.14) and by the calculation

IBA@)ma@)llw- = sup (& Ba@ua(®)lw = sup (& Ba(tyur(t)y <
el <2 hEllw <1

A ('I’A(f,ﬁ*‘ﬂx(‘))-'!'A(t,"A(t)))S

lellw <t

< sup (w(t,e +ua(t)) — valt, Jx(t))m(t))) < m(t) -0,

lEhw st

where Lemma 4.1 is applied. Notice that By(.)ua(.) is measurable in W*, by the
proof of Lemma 4.8. By differentiating (4.3) we obtain thus

v A @EHwe < UF Ol + o'l Loyl BavallLao,rwey+

+ a(0)[|Ba(tyur(®)llw+ + I¥'ll Lo myHCuAN 2o, 7wy +

+ 1 6(0) | (ma(t) + Mllua(9)llv) < ma(?).

where (a) and (3.11) are applied. Thus (d) holds.
By differentiating {4.3) we see also that

1> (O3 + s BAOuAD, v'a )y =
= {f'(t) — a” * Fa(t) —a'(0}Fa(t) — &' » Cur(t)—
1
= H0)C()ur(®), VAW g S M) + gllv > (Ol
where (a), (4.5) and (3.11) are exploited. Thus we conclude by (d) the estimate
(f) since By (.)ux(.) is measurable in H, and hence v'(.) is measurable in H.

Lemma 4.10. There exist subsequences and functions u € C(0,T;V),v €
C(0,T;V*) and w € L0, T; W*) such that, as A — 0+, for a subsequence,

(4:8) vy — v uniformly in V* on {0,T],
{4.9) u) — u uniformly in v on [0,T),
(4.10) Jauy — u weakly in L2(0,T; W);
(4.11) Byuy — w weakly in L2(0, T, W*);
(4.12) Jauy — u in L2(0,T; H);

(4.13) Cuy — Cu uniformly in V* on {0,T].

Hence the limits 4, v and w satisfy the equation (3.15). By v € H'(0,T; W*)

 and Lemma 4.6, u € H'(0,T;V). Since A is mm.o. in L*(0,T; V) and vx € Au,
- we.obtain from (4.8), (4.9) and Lemma 2.6 that v € Au.

b



40

VELI-MATTI HOKKANEN

12 13_ VOLTERRA EQUATIONS IN HILBERT SPACES 41

By (f) of Lemma 4.9 and (4.3), we write
T T
0(0)-[0 (J,\(t)u,\(t), B,\(t)u,\(t))wdt = —./o (J,\(t)u,\(t), v’,\(t))wdt+

T
+ j; (Ia(B)ur(t), () - o’ « Br()ua(t) — b & Cux(t) — Y(O)C(t)ua(t))y dt =
= (JA"Anf')L:(o,T;W) + {(aux ~u, 0" » Fy + “'(O)FA)ﬂ(o,T;W)“

— {u,a" * Baa) pao,rwy — (4,8 + Cuy — b(0)Cuy)

L3, W)~
- (JAU). - U, b' * Ctu — b(O)Cu,\)

L:(O,T,H) + ()‘Ba\u»\ ™ Ux, U’A)LQ(U,T;H)‘
The limit superior A — 0+ of the ri
4.9 less or equal to

(u, f’ o ﬂ’ * w)Lj(D,T;W) e (u, b’ * Cu b b(O)Cu)L:(orT;w)‘,'

: / Td .,
+ ll)\"_l.%lip()‘(BA"a\,” Moo, ri —./O (¢ o) - qS,(t,u,\(t)))dt) <

S{uy,f-a*w—b+Cu— b(O)Cu)La(O'T;w)+

T
+ limsup —¢* (T, vA(T)) + ¢ (¢, £(0)) + lim sup ] @:(t, ua(t))dt <
A0+ A—04 0

< a(0)(u, W) pao. 1wy + (4, v’)Lﬁ(o_T;W) —¢"(t, v(T))+

T
+6°(L, £(0)) + jo Belt, ur())dt = a(0)(u, w)

by (3.3) and the Lebes
Bu by Lemma 2.6 sin

L3(0,7;W)

gue dominated convergence theorem and (3.15). Thus w €
ce we have Jyuy — u weakly in L3O, T; W), Byuy, — w
weakly in L%(0,T; W?*), B(t)ux(t) € By (t)A(t)ua(t) C B(t)Ja(t)ur(t) and B is
maximal monotone.

The proof of Lemma 4.10: The limit {4.10) follows from
4.9 and the reflexivit

y of L2(0,T; W). Similarly (4.11) follows from
4.9 as well as the existence of u € L(0,T, V) with

(4.14)

(b) of Lemma
{e) of Lemma

ux — u weakly in L*(0,T; V)

By (c) of Lemma 4.9 and (3-13), Us>0R(va(.)) is a compact set of V*.
Lemma 4.9 the functions vy are equicontinuous in W*

theorem there exist subsequence and v € c(0,T;v")

By (d) of
C V*. Thus, by Ascoli’s
which satisfy (4.8). The limit

ght hand side is by Lemmas 4.10, 2.2, 4.5 and

. 1 to
ipschitz continuity of A(¢)~! if we redefine u
ol f‘i*f.fiii’iﬂ& (:cﬁi)c: I:::th:(gllg'fqzt)u(t) by the maximality of A.
l »
e cc'I'II‘he limit (4.13) follows from (3.12) and (4.11). Since

175()ur®) — u(®llg < ITait)ma(®) — Hr@u®)llz+

+ 1 (8yua(®) = w(®llg < llual®) = vty + 2tz

i inated
we obtain from the boundness of ux(¢) inH, [3, p.71], (4.9) and from the dominate
convergence theorem that (4.12) holds, i.e.

T
lim /T a(8)ua(t) — u(t)||Zdt = / Al_i.%ld- (12 (E)ua(t) — u(®)lifzdt = 0
=0+ Jp L

The proo’i‘il:ecngl?zf theorem 3.2. The proof is similar to the prqof of Thezliem
3.1 o:l'y few lflodiﬁcat.ions are necessary. We deal with the approximate problem
1.3 i otation as above. . N
(4'3)-(T4i:3) I‘:‘:It:lrrf:: fsrznnlle-‘lnl up to 4.8 except 4.3 turn out dlrectlyhto be Va.l‘l]‘(li,[ti}ie
i Bi i 2(0,T; H is shown as i ,
i icity of B in the Hilbert space L*(0,T; ‘ a8 ]
rﬁlax:f:: Ll:;]mg;m:;f;g exist ux € L¥(0,T; H) and vy € H'(0,T; I;I()i sit::fl);lsngrg}::
e::;tions- (4..3)-()4.4). Moreover, (a), (b}, (c) of Lemma 4.9 are vahd. p
(¢). By (a) and (c),

$(t, ua(t)) = (ur (), a (g — 6"t A()) S M - ¢(1,0) < M

where Lemma 4.4 and (3.4) are exploited. Hence by (3.17), S“= UnsoR(ua(.}) is
relatively compact in H. Tt is covered by the union of open balls

Usefo,r) Yzes B(2,7z,),

where r; ; are determined by (3.18). By the compactness S ?s (:over_tlt:1 by a finite
numbersgf B(z,rz,) s. Thus there is continuous and increasing g wi

1Br&)ua®llx < IB°Oua®lly < sUA°Our@llg) < 9(llea®lla) < M-

So, the inequality () holds, even as pointwise. Finally, (d) and (f) are proved as
l"b'we.Let us prove the conclusions of Lemma 4.9. The famil)‘f’of }functior:sh ;,; ::
equicontinuous by (d) and the proof of Lemma 4.6. By Ascoli’s theorem

‘hu € C(0,T; H) and a subsequence such that, as A — 0+

(5.1)

This gives (4.12) and (4.13) , as in the proof of Lemma 4.9. Of course, now (4.10)
i8 a special case of {4.12).

.

uy — u uniformly in H on [0,T].
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Since {Bxuy),(v)) and (v',) are bounded in the Hilbert space L2(0,T; H),
there is w, v, v' € L%(0,T; H) and subsequences satisfying, as A — 0+,

(5.2) Byuy — w,uy — v,v'y — v/ weakly in L*(0,T; H).

Moreover, we can redefine v a.e. on [0,7] to belong to H'(0,T; H). Then, as
A— 0+

(5.3) ) vy — v weakly in H, for each [0,T).

The conclusions of Lemma 4.9 are now proved with the modification (5.3), instead
of (4.8).

Since the convex lower semicontinuous function ¢* (7, .) is lower semicontinu-
ous even with respect to the weak topology of H, we can finish the proof of Theorem
3.2 exactly as the proof of Theorem 3.1.

The proof of theorem 3.3. Let ¢ €]0, [ and consider the problem

(6.1) ve(t) + a x w(t) + b* Cou (t) = f(t), for each t €[0,T)

(6.2) ve(t) € 3(#(t,.) + ey (0, Nu.(t), for ae. t €[0,T].

Lemma 6.1. We can assume that 0 € By (1)0 and ¥ (¢,0) = 0 for each
te(0,T).

Proof: Define §(t, £) = 9(t, z)~¢(t, 0)—{z, w*},, and f(t) = f(t)—axw*(2).

Lemma 6.2. The functions ¢, : [0,T)x H—] - oo,oo],q.&,(t,:c) = ¢(t,z) +
ey (0,2), ¥y and Cc(t) satisfy the conditions on ¢, and C(t) of Theorem 3.2,
respectively.

Proof: The proof is a straightforward checking.

So there is u,, v, € H1(0,T; H) and w, € L%(0, T; H) satifying (6.1)-(6.2).

Lemma 6.3. u, € L0, T; W).

Proof; We have the inequalities

B(t, uc(t)) + eva (0, ue(t)) < 6(2,0) + cpp(0,0) + (ue(2), 0. () g < M.

Hence u.{t) € W and ||u.(t)}|p < M., by (3.23), (3.21) and Lemma 6.1.

Since intdomd(t,.) Ndom ¢y (0, .} # 0 then A(t) + eBx(0) = 8¢.(¢,.), by (3,
p-128]. Thus v,(t) € (A(t) + eBu(0))u.(t), and so u(t) € (A(t) + B(0))~" v, ().
The coercitivity of B(0) imply that (A(f) + eB(0))~" is Lipschitzian.

Hence u, is measurable in W since t — (A(t) + £ B(0)) ™" = turns out to belong
even to H1(0,T; W), for each x € W*, by the proof of Lemma 4.6.

Lemma 6.4 If y€ HY(0,T;W*) and (z,y) € A, then ¢*(.,y(.)) € W1
(0,T) and

%aﬁ‘(t.y(t)) = —u(t, 2(t)) + (z(t), ¥ (1)) a.e. on [0, T}
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. The proof is similar to the proof of Lemma 4.5. .
:;gftia 6.5p The realizations of A(t) C H x H and B(f) C W x W* in
L2(0,T; H) and L*(0,T; W), respectively, are mazimal monotfone.
Proof: The proof follows the lines of the proof of Lematrna. 42.4.
Lemma 6.6. For each t € [0,T) and z € H, (t,z) 2> §lally — M. .
Proof: By (3.28), (3.21), the definition for the subdifferential and y € A(t)3,

B(t,2) 2 6 D) + (e — Fi9) 2 40+ 25 — 04070

z = z 2 > Yol - M,
+ {5~ 0,y Al®) 2 -M=|igh M+el3l, 2 Ll

i 6. that A(.)"'0€ HY(0,T; H).
v (3%:211118111;'1286‘?: ?I:zrer?:ec; :ﬁ:ﬁ::?iféb, oo in(de)zpcndent o(n € satisfying
(8) Neellgago,riwy S M, (%) "F:"Lw(o,T;H) <M,
(c) Wvellocoriny < M (4) IVellpaomwe) <M,
(e) Nlwellpaoriwe) <M, (f)  luellpmorm < M:' ‘
Proof: Denote Fe(t) = f(: w,(s)ds. It follows from (6.1), by integrating by
parts and by (3.27) and (3.33}, that

/ (o e, welepde = [ " (£(s) = ve(s) - b Cote(s), we(e))grds <
o 0

t
< (O + Wllmaryt 1HOD [ Ot
+ 1 scom + Wl Cevelnoran ) mas IF @t
t i
MM [ Naclpds < MM [ (ol det
0

¢ H
o (M4 m([ o3 ) ma 1O

Hence by Lemma 2.4 we obtain, for each { € [0, T7.

¢ ]
6.9) WEol < o+ M ( [ (el de)

From (6.1) we obtain

¢¢(t1 U;(t)) - ¢¢(t1 0) S (Ut(t)! u‘(t))ﬂ =
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= (f(t) —a*we(t) — b+ Ceuc(t), uc(t)) gy <

< (M +M(j0t Ilu;(S)IvadS)*)IIus(t)IIH,

where (6.3), (3.33) and the definition for the subdifferential are aplied. Hence, by

Lemma 6.6, we conclude, for each t € [0, 7],
t
(6.4 lue(s)y < M+ M [ frue(o)iy ds.
0

It follows from (6.1) by differentiating also that

a(0) [ " (te0), e () s =
- .[D CUS) = e — a5 e (5) — b + Cote(s) — b(O)Ci(5)tte(5), () s =
= [ (- br0e, e + b o) + 76) = "+ Fu)-
= O)Fle) = ¥+ Cels) = HOICue)ue (), uelo ) <
< =630, (0) + 810,00 + [ lo, (6o
+ /]

+M||Cc(5)"=(8)|h;) lue(sHlmds < ¢e(¢,0) + M+

f
f (5)||H+M”Ft"L°°(0,a;H) + M||CeuellL2o,4;m) +

4 [ (M + MU o)+ Z5 NNy + Ml Oy ) s <

< M+ [ (m [ty + 2Lty )ao,

since by Lemma 6.6, [ 3, p.96] and (6.1), 6;(,0, v:(0)||} = M||ve(0)ll3; + M = M;
in the last step above, (3.21), (3.22), (6.3) and (e.lalf)’ e alll)?lget)il.ng;r (3331;4:
(e we®)y = (w(w®w = d(tu@) - (0 > ailu ()l

- Miju )% - 's inequali
jnequii_li‘t(y )(”a,){ M. Hence, by Gronwall’s inequality and (6.4), we obtain the
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The inequality (b) follows now from (6.3); (e) follows from affine boundness
of B(t) ; (c) and (d) follow from (6.1) (a) and (e). The inequality (f) follows from
(a) and (6.4).

Lemma 6.8 There exisi subsequences and v € C(0, T, W*)NL™ (0,T;H),u €
L0, T;W)N L= (0, T; H) and w € L%(0, T; W*) such that, as € — 0+

(6.5) v, — v uniformly in W*

(6.6) ve — v weakly in L*0,T; H),

(6.7) u, — u weakly in L2(0,T; WY,
(6.8) u, — u in L2(0,T; H);

(6.9) w, — w weakly in L*(0, T, W");
(6.10) Cu, — Cu weakly in L0, T, W*).

Proof: The weak limits (6.6), (6.7) and (6.9) follow from Lemma 6.7 and
the reflexivities of the spaces.

By (d) of Lemma 6.7, the family v, : [0,T]— W*, is equicontinuous. So, by
Ascoli’s theorem, the limit (6.5) holds.

Let us prove that v € Au. Since intdom é(t,.) N dom ¥(0,.) # 9, then
d¢e(t,.) = 04(t, .} +0¢r(0,.), by [3, p-128]. Hence v, () —e By (0)uc(t) € A(R)uc(t).
Since (6.5) and (a) hold and

| BY(O)ue()llw- = sup (€ BE(OueOw <
HEN <1

sup (¥u(0,uc(t)+&) - vr(0,u () <

€l we <1

< sup ($(0u () +& S M+ MlucDllw.
Helwe 52
by the definition for the subdifferential, 0 € B%(0)0 and the boundness of B(t),
we obtain that v, — v in L2(0,7;W*). By the maximality of A4, (6.7) and Lemma
2.6, we conclude that v € Au, since

1A

lim sup (e, we) oo,z = limsup (e, wepaoriw) = (42 0)iao,miany
04 e—0+

The limit (6.8) is implied by (3.28) and
oflue = wllZago;rsmy S (e = % = eBEOe = Vhiaozw) = 0

as ¢ — O+, Finally, (6.10) follows from (6.34), (6.7) and (6.8).

Lemma 6.8 and (6.1) imply that the equation (3.36) is valid. It remains to
prove that w € Bu.

The equation (6.1) imply that

a(0){the, we) paorwy = (e f' — v — @' e — b+ Cetig ~ b(0)Cetie) Lago,rw) =

= (u;,f’)L:(O'T;w) —{y, a * we:)Lz(O,T;W)"'
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= {ue —u,a’ wwe} oo poary — (6, % Cevre = B(0)Cevse) o oy —
— {ue —u, b « Cou, — 5(0)C¢“¢)L9(0,T;H) — {ue, ”’:)L=(0.T;H)

By Lemmas 6.7 and 6.8 and (3.33), we conclude that

lim su.p G(O)(‘u,_-, w‘)Lj(O,T;w) S lim Sup —<U¢ 3 U’g )LQ(U,T,H)-F
e—~04 =04

+{u,f—dsw=b*+Cu- b(0)Cu}pago,7.w)-

Since ¢, satisfies the conditions on ¢ of Lemma 6.4, and ¢; < ¢* and —¢; < —¢}
by ¢ < ¢, and ¢, < ¢é,, for each X > ¢, it holds that

limsup —(v'¢, %) ra(0 7,r) =
=04

T
= l',‘i‘.?,‘ip (—d», (T, v:(T)) + ¢2(0, ve (0)) - /0 de ot ue(t))dt) <
T
< limsup ~43(T, v(T)) + 6* (0, £(0)) + limsup j —bu(t, ue(t))dt <
e—0+ e—0+4 0
T
S _¢;(T: t)(T)) + ¢‘ (Oa 1)(0)) - '/0' ""¢! (t1 u(t))dt S

T
S _¢‘ (T) U(T)) + A'I’H(Or U(T)) + ¢‘(01 0(0)) - ./0 —¢f(t1 u(t))dt,

by the lower semicontinuity of ¢}, (6.5), (6.8) and the dominated convergence
theorem with (f) and (3.22). Since X > 0 is arbitrary and ¥5{0, u(T)) can be
taken to be finite, we conclude by (3.36) and Lemma 6.4 that

lig’gg‘ip—(“nwc)u(o,r;W) = {u, W) L3¢, r;w)

Hence the maximality of B implies that w € Bu.
The proof is complete.

T.The proof of theorems 3.4 and 3.5. The proof of theorem 3.4: The

proof of Theorem 3.3. applies almost as such. Only few modifications have to be
done.

We can prove the chain rule

29 we(1) = (e (8), W) + Wt e (0)

as we proved Lemma 6.4. Then , by (6.1), (3.39}, (3.40), (6.3) and (3.33),

a(0)(2, uc () < a(0)¥(0, u(0)) + a(0) _[0 1 Vi(s, ue(s))ds+
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+ /D‘ (W (s), f —v'e —a »we(s) - b » Ceug(s) — b{(0)C(8)uc(9)) pds <

< a(@Ou )+ M+ [ (el
which gives, by Gronwall’s inequality, (3.23) and (f) of Lemma 6.7,
L IOl S MU, + M.
Let uo = A(0)~1 £(0) C W, (cf(3.41)). Then, by (6.2)
0 € A(0)u (0} — A(O)uo + By (0)u(0).
and hence, by the monotocity of A(0),
B11(0, 5e(0)) < ¥ir(0, o) + (we(0) — o, BHO)uc (0 < $r(0, uo) = M-

Thus even |[ucllpeorw) <M and hence |]w,||L,,(0‘T;w..) <M.

In the other critical points the boundness of B(t) is enought.

The proof of theorem 3.5: The proof of Theorem 3.3 applies with the

following modifications. The inequalities (6.4) and (f) are not needed, since the
last estimate in the proof of Lemma 6.7 is shortly

oy e do < M [ m@) [ " ()i drds,

which implies (2) by Gronwall’s inequality and (3.44). Since we have (3.46), we do
not need limit u; — u in L¥(0,T; H), as € — 0+, and so we have only to prove
that

(7.1) limsup —{u,, we) a0, 7, w) < {u, W} pa0,m;w)
e—0+

By Ascoli’s theorem, (b), (e), (6.9) and (3.45), we obtain, that for a subse-
quence, as € — 0+,

(7.2) F, — F and b' % Coip — b'Cu in W* uniformly onf0, T,
where F(t) = [, w(s)ds. From (6.1) it follows that
a(0) e, we) ao,zwy = (es ) pao.mwy = (es 8" Fe + @' (O)Fe) pao.rwy~

- (“:. b x Ccut)Lz(o,T.W) - (“nv't)Li(o,T;H)
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Hence we obtain (7.1}, by (7.2) and (6.7), since the limit of the last term is estimated
as in the proof of Theorem 3.3, applying (3.43) and (6.7).

8.Applications. For the applications we refer to the examples of i1], (4],
(11} and of [10]. By the definitions

VCW=H(Q),H=LYQ),29CR"n=1,2,..

our theorems cover a large class of parabolic partial differential equations with time
dependent coefficients.

Let t € [0,T]. The first order partial differential operators from W to H of
type z+— V - g(x, ¢, z(x)) can be represented by C(t): W+ H,

OO = [ 10,7 gx, 1, 2(00pax.
The approximating conditions (3.31) - (3.34) are satisfied by Ca(t) : H — H,

OO = [ 10,V [ e =006, 1, e,

where p, € C§°(R™) is the dimensional Friedrich’s mollifier which satisfies

P <0 swpp pr CBON) and [ py()arx =1,
R~

for each A > 0.
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