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A CLASS OF CONTROL PROBLEMS GOVERNED BY
MULTIVALUED DIFFERENTIAL EQUATIONS

BY

CATALINA DAVIDEANU

ity conditions (maximum principle) for a class
of control problems are established (theorem 2). A generalization of a multivalued
differential equation presented in [4] is studied. In theorem 1 the existence and
uniqueness of the solution to this type of equation is presented.

We consider the following control problem
(P)  Minimize

In this paper necessary optimal

T
H(y,v) = fo (g(t, y(t)) + h(v()))dt + $o(y(T)),0 < T < 00,

over the set of all functions y € WL23(0,T; R™) satisfying the multivalued differen-

tial equation

(GE) ¥ (2) + F(y(t), u(®)) + By(t)) > f(t) a.e. t €0,T],
with the initial conditions

(IC) ¥(0) = o € D(B)

where u € W12(0, T, R™) is the unique solution of the equation
(©) w'(t) + G(u(t)) = v(t) a.e. t €]0,T],

with the initial condition

{ICy) ' uw(0)=uo € R™ forveE L0, T;R™).

The above elements have the following properties:
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i) F:R"xR™ — R" is locally Lipschi T f i
. y Lipschitz function in th i
every M € R, there exists Lys € RS such that e pair (y,u) i.e. for

(1) 1F(y,u) = F(z, )|l < La(lly = 2l + 1w = vll,)

for every y, z € R™ with || .
. yll,llz]| £ M and u,v € R™ with .
(i) there exist D; € R},1i = 1”1_3, so that with [|u|), [lv]l < M ;

(2) < F(y,u),y >> —Di|l9l|* - Dallul)® - Ds

for every y € R" and u € R™;
i) A:D(8) C R" — R" is a maxi .

i) fe Wl'l(O,T;Rﬂ); maximal monotone operator with 0 € D(8);

gv)) v € L*(0,T;R™);

vi G:R™ = R™ is a locally Li i 3 : . -
there exist A; € R},i=1,2,s0 {haltPSChltz function which satisfies the condition:

'
) < Gu),u> > —Ayl|ull® - 43

for every u € R™,;
(vii) the function g : [0,7] x R® — Ry i i

- : {0, + 1s measurable in t, g(¢,) € L*(0,T
do : R® — Ry and for every é > 0 there exists L; > 0, indepencgent) of t, sé t’haz ,

(3) © et y) —9(t ) L+ | doly) ~ do(2) I Lelly — =},
for all ¢ € [0, T] and |jy| + {|#]| < 6;

(Vlll) ]1 . Il — R iS a convex lowel SejlllCOHtilluous iu“ctlon and thele eXlSt'
. .

(4) h(v) > byl|v[2, = b2 for all v € R™.
Remark. (a) The multivalued differential equation
(E) Y () + (F + B)(y(t)) 3 Bu(t) + f(t) a.e. t €]0, T},
with the initial condition (IC) is a particular case of the equation (GE) and was

studied in [4].
{b) Condition (2) can be replaced by a stronger one:

2y IF(y, w)ll. < Clliyll, +llull, +1)

for ew(ary y € R" and u € R™.
c) If Fis a Lipschitz functi i i
conditiona (1] acd (ii),p unction then (2)’ is true and therefore F satisfies

5 -t

3 A CLASS OF CONTROL PROBLEMS v

e that for every up € R™ and v € L*(0,T;R™) the
| condition (IC,) has a unique solution

One can easily prov
differential equation (C) with the initia
u € W30, T; R™).

Definition 1. The function y : [0,7] — R” is called the sirong solution
to the equation (GE) with the initial condition (IC) if the following properties are

satisfied :

(a)’ yis an absolutely continuous function on every compact subset of the interval

10, T,

(b y(t)e D(B)ae.t €]0, T,

() f(t) - () — Fy(t), u(t)) € By(t)) a.e- L €10, T,

@y 3(0) = w € D(B). _
The difficulties encountered in the study of the equation (GE) arise from the

fact that generally 3 is not equal with the subdifferential of a proper, convex and

lower semicontinuous function.
We shall prove the existence an

equation (GE) in
Theorem 1. Under the assumptions (i) — (v) for every Yo € D(p) and
(u, f) € WH0,T;R™}) x WL1(0,T;R") the equation (GE) with the condition

(IC) has a unique solution

y = (., 0,8, f) € WH(0, T;R™).

d uniqueness for the strong solution to the

Moreover, y is differentiable from the right at every point of the interval [0, T{
and satisfies the relations

dty 0
(5) o (F(t) — F(y(t), u(t)) — 2(¢))" for every 0t < T,
(®) u%}mngum—mem—nm+Lu%@mu35t<m

where (f(t) — F(y(t), u(?)) - z(t))o represents the element of minimum norm of the

set (f(£) — F(y(t), u(t)) — Bu(1))); 20 € B0), z(t) € Bly(1)).

If y! and y* are the strong solutions to the equation for the elements
(b, ul, f1) , (82,42, f?) € D(B) xW"*(0,T;R™) xW11(0,T; R") then inequality

(M vt &) - O < M(llws - wll +j0 llu! () — w?(s)lids+

+Lﬁﬁm—ﬁwwn

holds for every 0 <t < T.
The proof is similar with that presented in (4]
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The control problem (P} has, at least , one optimal pair. The maximum
principal for problem (P} is as follows.

Theorem 2. Let (y*,v*) € WL3(0, T, R™) x L3(0,T; R™) be an arbitrary
oplimal pair for the problem (P). :

Then there are a function p € BV(0,T; R") ( the dual extremal arc ) and a
measure p € ((L=(0,T))°)" that satisfy the relations

(8) p’(f) - (g—i(y'(t), U'(t)))‘P(t) —n€g(t,y" (), ae t€]0, T
(9) P(T) + Bpo(y™(T)) 3 0,

T
10) [ OO U N Gty ()" (7))) Blr)ir € O™ (0) ae. ¢ €0, T,
where U, is fundamental matriz given by

{U’.,(t) + VGu(t)Uu(t) = O, a.e. t €]0,T],
Uu{0) = I,.

Here is denoted by I, the m -dimensional unit matrix.

Proof. The idea of the proof consists in
(a) approximating the control problem (P) by a family of smooth problems (P¢) (
for which the necessary optimality conditions are immediate )
and
(b) passing to the limit in the approximate optimality conditions (see[1]).

This method can be used for control problems with nonconvex and nondif-
ferentiable cost functional and nonlinear state equation.

For every £ > 0 we construct the approximate control problem
{P*) Minimize

T
He(y,v) = /0 (9° (&, (E)) + h(u() + 50(e) - v (OIPde +g5(u(TY), 0<T < oo,

over the set of all functions y € W'3(0, T; R") that satisfy the approximate differ-
ential equation

(GE*) ¥ () + F(y(t), u()) + 5°(y(1)) = £(2), ace. t €]0,T[.

with the initial condition (IC), where u € W12(0, T; R™) is the unique solution to
the equation

(C*) w'(t) + G (u(t)) = v(t) a.e. t €)0,T],
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with the initial condition {IC;) for v € L?*(0,T;R™).
The elements from (GE?) and (C°) are

Fe(y,u) = /R. F(y — €28,u — £20)p(8)dd

B = [ (Bly- €)= A< ODpO)d0 + £0)

with P =e'1(I B (I+€ﬂ)_1)-

G (u) = jnm G(u — €26)p(0)d6
) = [ st,utt) - 0)p(0)ds

woly) = fR ) woly — €20)p(8)de

Lemma 1. The following convergences are irue:
vt — " weakly in L2(0,T;R™);
u¢ — u* = u(.,up,v") strongly in C([0,T}; R™) and
weakly in W12(0, T; R™);
o —y° =y, yo,u") strongly in C([0,T);R") and
weakly in W"Q(O,T; R");
For the proof see [1]. . ’ ‘
If (4, v) is an optimal pair for the problem (P*) there exists the inequality

(11) HE(yf ) € HE(nn®, 0" + A7)

for every € > 0 and v € L%(0, T, R™). ‘ ‘ .
We have denoted 35 () = y(f, yo,u5) the unique solution to the dlﬁerePtlal

equation (GE) corresponding to the unique solution u*(t) = u(t, up, v + A¥) to

the equation (C*).
The inequality (11) reads

ay T (Ta (1 (1), 7 @) + K (54 < oF — ", ))dt+

+ <V (M), #(T)> > 0, forall v € L?(0,T;R™).
Let p* € BV([0,T]; R™) be the unique solution to the problem

(12) P = (V, F(s , u) + VB (5))P° = Ve (t,y*) ae. L €)0, T]
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(13) P (T) + Vel (y(T)) = 0

whose existence is established in [1], p.76.
Now, we consider the system

(14) %%‘——(t) + (?yF‘(y‘,u‘) + VB (¥ )T = -V F(y,u’ ),

(15) B 0) ~ (VP (3 0) + T WO)D = V9 (4, 5°).

Taking the scalar product of the first equation with p* and the scalar product
of the second equation with § and adding we get

d _
(16) G <Y >=< Vet ¢ ) 5 > — < (VuF (¥ u))p', % >,

Integrating relation (16) and using the initial condition

§(0)=0
and the final condition
P(T) = =V (¥ (T))

we get
(16y <PFM),FT) > — <p0),7(0) > =
T T
j <Vt ),F > dt — ] < (Vo FE(f , ut))"p, @ > di
1] 0
or
T
16 - <@ (T FT) > = jo < Vg, ), i > dt -

T
- f < (Vo Fe(s, u)) ot i > dt
[H

Therefore we have

T
aey - j <SVEGY)LT > dt + < Vgh(y (T), #(T) > =

T
=jo < (Vo F(y, u))'p, a > dt
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The relation (16)”’ replaced in the (11)’ leads to
T - -
(7) [ (< (Ot ) > 4 WO
0

4+ <vf—v*,5>)dt >0 for every vE L*(0, T; R™).

The Frechet differential #° of the application v* — u° (v*) satisfies the rela-
tions

(18) {ﬁ‘(t) + VG (U ()i (1) = 5(t) , ae. t €]0, T

#(0) = 0

so that
(19) a(t) = Us(t) jot (Ue(5)) " 9(s)ds; Ug (1) = exp (—tVG(u))

o { (UE@)) + VG (uUE(t) = Om , ae. t €J0,T]
UE(0) = Im-

Replacing @ in (17) with its value given by (19) we obtain

T »
(19y | <@ uy e e > dt=
0

T . t s
[ < @ur e, f WO e > de =
o o

T T . o1
[ as [ < @bt s, U ) > d
0 1]

In conclusion, the relation (17) becomes
T T . .
ary [ e [ < (i) @) (TuF, O >

T T
+/ h’(v‘,ﬁ)dt-{-l <vt —v,5>dt >0, VielL}0,T;R™).
0 0

Replacing ¥ by —% we obtain the reverse inequality, which seems that

T
@ [ )Y W) (T ) e
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€ Oh(v°(s)) +v° —v" a.e s€)0,T[

‘ Relations (12)., (13) and (20) represent the Euler-Lagrange optimality equa-
tions for the approximate control problem (P¢}. Passing to the limit in these equa-
tions for £ — 0, we obtain (8),(9), (10).
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ON STABILITY AND BIFURCATION OF IMMUNE SYSTEM
BY

M.M.A. EI-SHEIKH and A.A.SOLIMAN

L.Introduction. The immunity process of an organism to infection where
devised in mathematical models as a two-component system of ordinary differ-
ential equations by B e 11 [2],[3]. Recently P rim bley [11}, [12], im-
proved Bell’s model and discussed oscillation and stability of steady states using
Lefschetzapproach [8]. Moreover he introduced in [11],012],[13},[14], a 3-
component mode! describing the immunity process of an organism to infection, the
interaction between the produce of antibodies when stimulated by antigen. During
his papers, P i m b 1 e y has been studied oscillation of steady states solutions
using an artificial parameter on both the two and three-dimension systems. In this
paper, we consider both the two and three-component immune systems introduced
by [11],[12]. We discuss the stability and bifurcation of periodic solutions and then
we use the technique of [7],[9] to apply the centre manifold theory.

In section 2 we use a very simple technique introduced by P o o r e [15]
depends on monotonicity of one of the natural parameters given in the immune
2-component system to discuss existence, index and stability of steady states. In
section 3 we study the Pimbley 3-component immune system, Hopf’s bifurcation
and center manifold theories are considered our approach depends on the improved
technique of [6],(9]. Finally in section 4, we use Poincare-Andronov substitution
([1),{16]) to discuss the global stability by discussing the behaviour of path at
infinity.

5 Bell’s immune 2-component system. In this section we discuss a 2-
component immune system recently introduced by [2),[3]. Using a very simple
monotonicity technique of {15], we study in details the existence, index and stability
of steady states.

Consider the 2-component system

(2.1) u = uf(u,v)

v = vg(u,v)

where o
Flu,v) = =Xz — kdu + k(az — A2)V — k—a—zuv



