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€ Bh(v*(s)) + v —v* a.e s€)0,T[

. Relations (12), (13) and (20) represent the Euler-Lagrange optimality equa-
tions for the approximate control problem (P¢). Passing to the limit in these equa-
tions for £ — 0, we obtain (8),(9), (10).
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ON STABILITY AND BIFURCATION OF IMMUNE SYSTEM
BY
M.M.A. EI-SHEIKH and A.A.SOLIMAN

1.Introduction. The immunity process of an organism to infection where
devised in mathematical models as a two-component system of ordinary differ-
ential equations by B e 11 [2],[3]. Recently P rim b1ley [11), [12), im-
proved Bell’s model and discussed oscillation and stability of steady states using
Lefschetz approach [8]. Moreover he introduced in [11],(12],[13},[24]), a 3-
component model describing the immunity process of an organism to infection, the
interaction between the produce of antibodies when stimulated by antigen. During
his papers, P i m b 1 ¢ y has been studied oscillation of steady states solutions
using an artificial parameter on both the two and three-dimension systems. In this
paper, we consider both the two and three-component immune systems introduced
by [11),{12]. We discuss the stability and bifurcation of periodic solutions and then
we use the technique of [7],[9] to apply the centre manifold theory.

In section 2 we use a very simple technique introduced by Poore (15
depends on monotonicity of one of the natural parameters given in the immune
92-component system to discuss existence, index and stability of steady states. In
section 3 we study the Pimbley 3-component immune system, Hopf’s bifurcation
and center manifold theories are considered our approach depends on the improved
technique of [6],{9]. Finally in section 4, we use Poincare-Andronov substitution
([1],(16]) to discuss the global stability by discussing the behaviour of path at
infinity.

2. Bell’s immune 2-component system. In this section we discuss a 2-
component immune system recently introduced by {[2],[3]. Using a very simple
monotonicity technique of [15], we study in details the existence, index and stability
of steady states.

Consider the 2-component system

(2.1) u' = uf(u,v)

v’ = vg(u,v)

where

Flu,v) = =Ag — kdou + k(az — 2)¥ — k%w
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glu,v) = A — k(ag ~ Ay + kAo,

Here, u and v denote the concentration of antibody and antigen respectively, oy
denotes the elimination rate of antigen when antigen bounded to antibody, A; is the
increasing rate of antigen when antibody is absent, az denotes the rate production
of antibody which stimulates binding of antigen to antibody, and A, denotes the
decreasing rate of antibody when antigen is absent.

The steady states (#, ) of the 2-component system (2.1) are the solution of
the equations

(2.2) : —Xg — kXl + k(g — Ag)b — k%aﬁ =0

A — k(&] - A])ﬁ'*'k/\lﬁ =0

We shall use the monotonicity techinique introduced by P o o r e [15] to study
the existence, index and stability of steady states of (2.2) by drawing the relation
between the parameter oz against #, assuming that all other parameters be fixed.

Solving the two equations in (2.2) simultaneously in v and ay , we get

k(a.-l - Al)ﬁ -

2.3 i =
23) v g

kayA.04
(0 — w)[k{a; ~ A1)m — Ay]

(2.4) az =

Thus the relation between a3z and & may look like Fig.(1)
Now, the coeflicient matrix A of the linearized problem

Y = Ay
is corresponding to (3.3.1), where
(2.5) A= (“fu +f ufy ) —
V@u vge + 9

- (“.\2 — k[?ﬁ(/\z + 021_)) + (02 - /\2)6] kﬁ(az — Ag — %Zﬁ)
—kv(al - Al) )q - k(al - Al)ﬁ + 2kA16

Thus, by using (2.3) and (2.4), it is easy to see that

(2.6) A=detA = M%’; +N

where

ﬁZ(g - ﬁ)[k(al - )01)!] - ,\1]
k(a; — A})ﬁz - 26}

2
M = [+ D) — )+ £ 22 a

D] AN JLADILLL 1 AAIVLS BAL VAWGIE A A0t WA ALradis v s tas m oo = ameie

N = k{ay — A Ya{3kAqi — k%‘-(,\2 + 2a) + 2a(kd + 1))+
1

+ 3l = M) + Pk = 2)a = A,
1
0'1(2&-1-)2) : k(C!1 — Al)ﬁz
auleu T Az) opy « RELT AT
YOI 7

By the above discussion and Fig.(1} we can obtain the following result.
Lemma 2.1: Let oy > Ay, 0> 4, and

M>0,N>0 for#>u,

01(21—! + /\2) k(al - Xl)ﬁz
—_ A —.
3)qi . 7

If trace A # 0, then .
1)  there exists a unique positive nontrivial steady stale for i tn

A A
- oWl e I .
(ii) the nontrivial steady stale is a node with indez

det A

I'= raeea

:A/lAl:-{—l.

By (2.5) the characteristic roots obey the characteristic equation
(2.7) vi-ov+A=0

where yd
c=Ai1— M+ k[(ag + 20 — X))V - {272 + - + oy — Al)ﬁ]

and

- U .
A = 2%ad(oy — M )(ag — Ag) + k(on — A )[Aeii + 2ku* (A2 + -73— - M#)-

— A{d2(l + 2k9) + 2ak(1 + kT)(A2 + %) + k25[2(cy — A2)T + %ﬁ’]}

We denote by the Routh-Her witz([4]) that necessary and sufficient
conditions for the steady states (g, ©) of (2.1) to be asymptotically stable are

— 1 _ 2
)«1% <A < g—%(al - Al), ap < [E(Alﬁ - Azu)] - 0132(0‘1 — )«1)
1

provided that

1A% — Azl
VAz < VA < far < R,
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and 0 is sufficiently large.
Now to discuss global asymptotic stability of the null steady state , we con-

sider the Liapunov function
(2.8) E=au? + (b° +¢)uv +d°0?

where i ;
a* = §[k(a% +1)+x] >0,

B = 2’\_.}‘%[,\3 +k(2+ 203 4 Ay — a2)] > 0,
e = ;_R[kaz(azhz - 1) + Xz(k + 4\2)] >0,

= a%(az ~ 2af[(d2 + kad) + (kazhy — k(az = Xa));

Here
R = MAz[A = Aa + k(ad = D)]k(a + 1} + 22} > 0.

Then, its derivative is given by

E' = 2a*uw + (b° + ¢*)(f + g)uv + 2d"00' =

(29) = a3+ kad)u? + (6 + ) —da+ kag(xlg — ag)uv+

+ 200+ R where aj = —a’
2

thus for Az < A1 < 1 and a2 < 1/Xs, E’ is positive-definite function, consequently '

(i, ©) is unstable. _
3.Pimbley three-component immune system. In1974 Pimbley
{12), [13] introduced the 3-component sytem.

u = uf(y, v, w)

(3.1) : v = vg(u, v, w) + kyuw

w' = wh(u,v,w) + {1 + k(u + v + nw)]

where
flu,v,w)y=Xh - Ehu = k(o — M)v+ knw

glu,v,w) = =4z — k(az + Az)u — kAgv + kniow

5 ON STABILITY AND BIFURCATION OF IMMUNE SYSTEM 63

h(u, v, w) = —As + k(g — As)u — kAo — kndaw — k"’?”uw

Here u, v and w denote the concentrations of antigen, antibody and antibody
producing cells respectively, A3 denotes the rate of the elimination of antibody
producing cells on the absence of antigens, a; denotes the rate of expanding anti-
bodies, a3 denotes the rate constant of binding the antigen to receptors of the cells
(which produce antibody) stimulates the producing of cells, ¢ denotes the concen-
tration level that tan be exceeded, S is constant source term and n 15 the number
of receptors per cell, and ay, A; and A; be as defined in section 3.3.

We first note that, when kv and S are sufficiently small, (3.1) is equivalent
to the Gauss Lotka-Volterra type

(3.2) Ul = Ui+ Y_aiU;) 4,5 =1,2,3
ij
i.e., (3.1) takes the form
u' = u[A +kAu — E{ay — A )v + Endqw)

(3.3) ' o' = o[=Ag — k(az + A2)u = kAgv — kndyu)
w = w[=A3 + k(aa — da)u — krgv — Endzw — k%auw]

It is clear that the four fixed points on the boundary of R? are (0,0,0),
(-4,0,0), (0,—$,0) and (0,0, - )

Now we consider the case when 0 is large enough (i.e., when the antibody
production is limited ).

For the plane w = 0 in the half plane 4’ = 0 on the segment joint (0, Hﬁiyﬁ)

to (—$,0) and v = 0 on the segment between (0, —1) and ('Ra_:iUJ 0).

1t is clear that (0,0), (—-mﬁm, 0) and (0, —}) are sources while (0, F(a_?’-'m)
and (—1,0) are sinks (see Fig.(2)).

Thus , for the plane &' = 0 , there is an orbit O3 in the third quadrant from
(0,—1) to (—},0), (see Fig.(3)).

Now using the transformations
(3.4) u=t+eX,v=0+eX2,w=2+6X3,
the system (3.3) takes the form
(3.5) X' = AX + R(X)
where X is the column vector (X 1X2X3)T and A is the Jacobian matrix
' kA —k(oy = M@ knhd@
(3.6) A= | —kiaz + A)6 —kAai —kniy
k(aa - 4\3)13 =kl —kndaw
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and R{X) is the nonlinear part

Xi[MXa — (a1 — M) Xz + rA X3
R(X) = Ke¢ x;[—(az + Ag)X} — A Xo — ‘n)«g_Xa]
Xa[(aa - Aa)Xl - AaXz b n)\3X3]

It is known (4] that according to the Routh Hurwitz criteria a necessary and
sufficient condition for steady states of (3.5) to be asymptomatically stable is.

(3.7 c=trace A<0, A=det A<OandC=06-A<0

Here, since by (3.6) we have

o= k(a\ﬂ-i — Ag¥ — ﬂAaﬁJ)

(38) &= kz{[azll - 0’1(02 + Ag)]ﬁﬁ + ‘naaz\]ﬁfﬁ}

A= ksn{m(ag/\a + azhg) — 2/\1A203)ﬁ1_)13}
and
C = k{23 (az¥ + o3n0)8% + nagda(on + Ag)uv0+

+ 01A2(02 + Ag)ﬁzﬁ} - ka{alz\l (&2 + /\z)ﬁzﬁ-l-
+ Alz\g(azﬁ + 31’!6!31?))1]17 + azhan(a) + /\1)&5@4‘
+ nnaS,\I )ts‘ﬁtf)z}

Thus the steady states (4, ¥) ate asymptotically stable if and only if

1 -_— -
M < Z(hab +ndaB), o < Mlagh + naad)

((!2 + /\2)1-)
and 1
A3 < E{)n,\,(a,,a + 3naa®)id + ayd(az + Aa)(A2 — M)+
+ M(aab + aanw)i?}
where

6 = I’lﬁﬁ)[(lg - /\1)5 + ﬂﬂga\ﬂf)].

Now, as it is wel] known ([1], [9]), the quantity C is important in determining
the stability of the trivial equilibrium and accurance of Hopf’s bifurcation. Since
the characteristic equation (3.6) is

(3.9) V¥-ori+ov-A4=0,
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There exists at least one real eigenvalue vg say, then we have the factorization
(3.10) . (v — vo){¥’ + (vo— o) + (-0 +8)}=0

Thus, at v = o, then there exist pure imaginary eigenvalues v; and vy,
¥y = —i5. Now, the equation

C=zeo—A=0
with the algebric calculations takes the form.
(311) C(/\3) = 01A3+b1

where
a; = E3n{[ay(oz + Aa) + aalen + M) - nagh oW
by = K {aq#ti(ag + A2)(Aa — M) + Mdt[oa@d(d 8 - AoBh)—
— Ag¥ + nag@d(A B — 3X27)]}
Equation (3.11) is clearly a straight line with the slope C’.

aC a1(20z + A2) + a2d1
L <
- C _——-—a,\s){]for 03<[ - ]u

and crosses the C-axis at b;, where b; < 0 provided that A; < A < /\2% (see Fig.4).

Thus A§ is uniquely determined. Suppose A3 > A§. Then, by equation
(3.4.11) we see that C(A3) > 0. On the other hand, if Az < A§, then C(Xa) < 0.
Thus at A = A§ there exists a change of sign for the quantity C. This gives rise to
Hopf bifurcation to occur (see [22]) and we have the following bifurcation result:

Theorem 3.1 : The system (3.1) with the substitutions (3.4) provided that
Ay € Ay < Mg D, arg < [onQeatdadtashill g g large enough,ky and § are sufficient]

2 1 2 Y3 PV ' g gn, Ky ¥

small, give rise lo the occurrence of one parameter family of periodic solutions of
(3.1) which tend continuosly to (1, 5, ) as Aa — A§, with period T which tends to
To=3} asAa—»)\g.

Now, to apply the centre manifold theory [10], we return back to (3.5). Fol-
lowing (1] we use transformation

{3.12) X =Ty
where

tu tiz ha %(Cl - (1) %(Cl +4) ¢
(3.13) T={ty ta taa)=]| Ha-8&) 3&E+&4) ¢
ta; taz i3s3 o1 —€or) $(6or +&o) £

B
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G 3 ¢
& .| & | oand | ¢
£o1 £ &o

are the eigenvectors of A. ‘ ‘
When the Hopf bifurcation occurs, A has a negative real part eigenvalue o
and a pair of pure imaginary eigenvalues +iw , whete for

o
203/\2

1 ~ -
[0‘.2/\3 + 03)‘2] <A < E[z\g‘v + T!Ag'w]
o = trace A = k[A1@ — A0 — Aanw] <0

w=Ve=/Alo=

kzn{al(aga\g + 03/\2) - 203/\1)12}1_11315 3
Ml — Aot — nkaﬁ’]

and

= |

If the eigenvectors of A associated with o is v, and that associated with iw is
Vo + ivs, where vy, v2 and v3 are real vectors, then it is clear { see {14]) that the
matrix

T = (va,v2,v1)

is nonsingular. Moreover, the diagonalized matrix is given by
0 —w 0
(3.14) T'AT={w 0 0
: 0 0 o

By (3.12) the system (3.5) takes the form

) ) 0 —w 0 ¥i Ri(Ty)
(3.15) (yg) = (w 0 0) (yz) + 7! (Rz(Ty))
Ya 0 0 o ¥ R3(Ty)

where
Ri(Ty) = ke[tiy N1y? + tizNoyd + t13Nay3 + ((n N2 + taN)nn+
+ (t11N3 + 813Ny + (t12Na + tiaN2)yays),
Ra(Ty) = ke[tz1S192 + 1225293 + 1235393 + (12152 + t22S1 ) v+
+ (22155 + t23S1) ¥ ys + (12352 + 12253)123),
and

Rs(Ty) = kefta1 Doyl + tas Doyt + tsaDsyh + (t31 D2 + DaxDi)yyn+
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+ (tazDa + tasDa)yays + (tz1 D3 + taaDy )y ysl,

where
N; = Aty — (o) — Al)tgj + nAjis;,

S = [(o2 + A2)ts; + datzy + nhats))
DJ' = (aa - /\3)!1,' — /\3121‘ - ‘n)\ataj, i=1,23.

If the first column of the inverse of the matrix T is

N
9=1 ¢
q3
then {3.15) becomes

d i 0 —-w 0 "
(3.16) rrl 22 Bl 0 0 2 | + Ri(TY)q
Y3 0 0 o 3

where
a M 4
T =g ¥ o
g3 b3 3

Now, following Guckenheimerand Holmes [6] and L i u et al [9],
we assume that the center manifold at the origin of (yy, y2, y3) - space is

(3.17) ys = flyr,v2)

Then, y; satisfies
dys _ 0f dy | Of dy

dt By dt By dt

such that
ya(0,0) =0

In the center manifold y3 = f(y1,¥2), the stability of the priodic solution
generated from Hopf bifurcation is determinated by the sign of the quantity B (
see (9]},

(3.18) B = Fin + Guz + Gaaz + [Fr2(Fi1 + Fa2)—

— G12(G11 + G22) = FuGn + FaGao)fw
where
F(y1, v2) = q19(y1, v2, f(n1, 12))
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Gy, v2) = q29(v1, ¥2, f(91, ¥2))
g(y1,v2, f) = R(Ty)

poOF o &F L OF
E By,- P Byjay.- PonEe Bzyjay,- !
PF O*F
Fij = , L, J=12

W , Fij = —6-5?— y e
In fact, A is given by
Eke -
B =3 {2z +&)BAH - fu+f-fint2f- fat
+ fi-foa+ - frz2) (G + Q)20 - fiz + fu - fot
+ f-fuz+3fr-faz+ f - far)l+
+ zs[(6 +El)(3f11 +v1 - fin+ fa2 - fioat
+ (€ + O ) - faze + w1 - fann + 2f21))+
+ z6[(€1 + &1)(v2 - frir + v2 - famr + 2f2)+
+ (G + 0B+ vz farr + v farr + )M

k .

§2—E[(51 +6) (G + )2 + 2)+

+ 223[f2 + f2 + f(fu + f22)) + zsfn (frn + faz) + 201 )+
+ 26[2f2 + y2(fu1 + fo2)iH{2zlf1 - fo + F - far] + 24+

4

+ zs{fo+ 1 - fal + 26(ye - fur + il}],

where

1 . - y i
= 4—[/\1(51 — &) + o+ En )1 + &1) — (1 — X)) (G +G)(E + &),

P& = &2 +n(E — E)(E = &) — (o1 = M) = Q)& — €],

9 =

| -

25 = 5[NE + nhio = (o1 — M6
1 _ "
T4 = 2[2/\1(61 +E1)(£1 —61) +n,\1(&,1 “501)(51 —fl) - (‘-“1 - '\1)(C1 - Cl)(fl +'§1)]:

1 i }
25 = 5[2115(51 +61) = Clen — )6 — &) + nhe(6r + &)+
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(3.19) + nh (€01 + €o1) — (o — MG + )6 - £}

z6 = ;[QME(& — &)+ nhio(6r ~ £1) —~ (o1 — M€ — &)~
- oy — MG — 1) = nMé(for £o01)]

Thus, clearly if a3 — A1, ( i.e. when the difference between the rates of increasing
and elimination of the antigen is sufficiently small ) then B > 0, and consequently
the periodic solution is unstable.

4.Poincare - Andronov substitutions ([1],[16]). Now, to study the be-
haviour of paths at infinity, we use the Poincare substitution [1], [16].

w=u/w , w=v/w , w=1l/w ,
in (3.4.1), ( @ is large enough), we get

uy = %{k(h + Az — aa)ur + E(AL+ X3 — ar)uz + (M + As)ua + nk(As + As)}
3

(41) u’z — %z{—k(az + a3 + Ao — /\3)'&1 + k(/\s = 4\2)’!.!2 + ()t3 = )tz)'u.a + nkA;;}

u'3 = {——k(ﬂt3 = )ta)‘ul + kXaug + Asuz + nk,\3}

Following R o y and S o 1 i m a n o ([16]), we use the additional change of
variables

(4.2) uzdr = dt
Then, we have for A3 > Ay, 0 > Ay, 1=1,2,3,

du
-(# = up[k(Ap + Aa — aa)uy + k(A1 + Aa = anjuz + (A3 + A2)us + nk(A; + Aa)l,

d 5
4.3) ° d’f = ug[—k(az + o3 + Az — Ag)us + k(A3 = A)uz + (A3 — Ag)us + nka],

d
f;— = u3[—k(a3 - As)ul + kAzus + Azuz + ﬂkka].

On uy = 0 plane, we have
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d
(4.4) % = ua[k(As — A2)z + (As — Ao)uz + knda),

d
% — ug[kA3u2 + Aatta + nk»\;;]

The system (4.4) has the critical points (0,0,0) and (0, &2, @13}, where

_k(Az =) -1

Lo Fnis

_ k
, iz = m[A,z(ﬂz _ 1) + Az — 1]

The variational matrix A at the critical point (0, 0,0) is

0 0 0
Al = 0 nk;\g 0
0 o nkAz

The characteristic eigenvalues of A is a solution of (3.9), where
o = trace A; = 2nk)3, 5 = k’nZAZ, A =0,

that namely vy = 0, 13 = 3 = nklhj, are all positive, consequently, the critical
point (0,0,0). is unstable.

By the same way for the critical point (0, @iz, #3), the variational matrix of
(0, iy, ﬁs) 1s

00 0
Az = [ 0 2k(As = Ag)iiz + (A3 — Ao)iis + nkAs (Aa — )iz
0 kAzua EAatip + 2A303 + nkAs

1
o = trace Ay = m{k[s(,\3 = A2)% + 20222 ha)—

— A3 = (A3 = A)[k(n?r2 + 323 -1)-2]} >0
o= [2.’:()3 —_ )«2)&2 + ()&3 o /\2)1_13 + kn)ca][k)tsﬁz'l'
+ 2Asii3 + k‘nAal = ’C/\a(/\a - Az)ﬁzﬁ;;.

Since ¢ > 0, for A3 > Aq, the critical point (0, iz, tiz) is unstable.
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STABILITY CRITERIA FOR NONLINEAR VOLTERRA TYPE
DIFFERENCE EQUATIONS

BY
PAVEL TALPALARU

1.Introduction. Difference equations occur in many branches of applied
mathematics: numerical analysis, physics, control theory and optimization. In
recent years, considerable attention has been paid to the development of the qual-
itative theory for difference equations.

In order to discuss the asymptotic problems for difference equations, generally
speaking, the analogous methods to those for differential and functional-differential
equations are aplicable.

The purpose of this pair is to extend a part of the results of T. H a r a,
TYcéneyamaand T.Itoh [3] concerning the asymptotic properties of an
integro-differential system to the case of corresponding discrete system of the form

n—1
V) z(n + 1) = A(n) z(n) + ) B(n,m,z(m))

m=0
where A(n) is a ¢ x ¢ matrixon N and B(n,m,z)is a q vector forn,me Nm<n
and ¢ € RY.

The discrete analogue of an integro-differential system has been studied in a
particular case , by JaV.Bykovand VG. L inenko [1] who have obtained
interesting results concerning the boundedness and stability of the solutions of such
systems, NLucaand PTalpalaru [4] who have considered the discrete
analogue of an integro-differential system of the convolution type of the form

n-1
(1.1) z(n +1) = Az(n) + Z C(n - m — 1)z(m) + k(n,z(-}),

m=0
where A and C are constant ¢ x g matrices and h{n,z(-)) is an operator, n € N. In
the study of equation (1.1) were used a technique based on the discrete analogue of
the variation of constants formula, the method of the difference resolvent associated
with the linear system

n-1

(12) Y(n+1) = Ay(n) + 3 C(n—m = Ly(m)

m=0



