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STABILITY CRITERIA FOR NONLINEAR VOLTERRA TYPE
DIFFERENCE EQUATIONS

BY
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1.Introduction. Difference equations occur in many branches of applied
mathematics: numerical analysis, physics, control theory and optimization. In
recent years, considerable attention has been paid to the development of the qual-
itative theory for difference equations.

In order to discuss the asymptotic problems for difference equations, generally
speaking, the analogous methods to those for differential and functional-differential
equations are aplicable.

The purpose of this pair is to extend a part of the results of T. H a r a,
TYoneyamaand TItoh [3] concerning the asymptotic properties of an
integro-differential system to the case of corresponding discrete system of the form

n-1
(V) 2(n+1) = A(n) z(n) + Y, B(n,m,z(m))

m=0
where A(n) is a ¢ x ¢ matrix on N and B(n,m,z)is aq vector forn,me Nm<n
and z € RY.

The discrete analogue of an integro-differential system has been studied in a
particular case , by JaV.Bykov and V.G. L in e n k o [1] who have obtained
interesting results concerning the boundedness and stability of the solutions of such
systems, NLucaand PTalpalaru [4] who have considered the discrete
analogue of an integro-differential system of the convolution type of the form

n-1
(1.1) z(n+1) = Az(n) + Z C(n-m—1)z(m) + k(n,z(-}),

m=0
where A and C are constant ¢ x ¢ matrices and h{n, z(-)) is an operator, n € N.In
the study of equation (1.1) were used a technique based on the discrete analogue of
the variation of constants formula, the method of the difference resolvent associated
with the linear system

n-1

(12) Wn+1) = Ay(n) + 3 C(n = m — Dy(m)

m=0
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the idea of admissibility and the theory of discrete Laplace transformation.

In this paper we do not assume that A(n} is constant and that B(n, m,z(m))
is of the convolution type, and hence it is difficult to apply the above methods to
{1.1).

We regard (1.1) as a perturbed system of
L y(n +1) = A(r) y(n)

to obtain some new results on the asymptotic behaviour of solutions of (V) using a
fundamental matrix Y (n) for (L). The main tool in our analysis is the variatin of
parametres formula in accordance with which, the solution of (V) with the initial
function ¢ on {0,1,...,n0} is given by

(1.3) 2(n;no, ) = Y (n)Y ™! (no)p(na)+
n-—1 m-1
+ D YMY T m+1) > B(m,k,z(k)).
m=n k=0

2.Notations,definitions and preliminary results. We adopt the fol-
lowing notations in this paper: N is the set of non-negative integers ; N(ng)
= {no,no +°1,...} , where ng is a natural number or zero; Nm(no) = {ne,n0 +
l,.,n0+m}, m = 0,1,2,... ; R? the g-dimensional real Euclidean space with
norm |z| = 371, |2, z = (z1,22,...,#;). For a ¢ x ¢ matrix A = (a;), define its
norm {A] by |A| = max; 37_, lai;|. The identity matrix is denoted by E. Note
that if Y'(n) is the fundamental matrix of (L), then it is unique solution of the
following matrix difference equation

Y(n+1)= A(n) Y(n), with Y(ng) = E,

and also that Y{(n) = A(n — 1)A(n — 2)...A(no)E , from which, since A(n) is .

nonsingular, follows that ¥ ~(n) exists for any n € N(ng). For a vector function
 given on N, (0) define ||p||,, = max{|¢(s)|; s € N,(0)}. Consider the non-linear
Volterra type difference equations (V) where A(n) is a non- singular ¢ x ¢ matrix
on N and B(n,m, z} is a g-vector defined for m € N,(0) and = € R?. The solution
of (V) with initial values (no,) will be denoted by z(n;ng, ) , where no € N and
®:{0,1,...,ng} — R?is a given functin, and it is given by (1.3). As it is custornary,
here and in the following, we use the convention Efm u(d) = 0, IE_,v(i) = 1 when
s> k.

We give some definitions of stability of the zero solution of (V). To this end
we assume B(n,m,0) = 0, m € Ny(no), i.e. z(n) =0,n € N, is a solution of (V).

Definition 2.1. The zero solution of (V) is stable (S), if for every ¢ > 0
and any ng € N = N(0) there ezists a §(g,ng) > 0 such that, liell,, < 6 and
n € N(no) imply |z(n;ng, ¢)| < e.

Definition 2.2 The zero solution of (V) is uniformly stable (U.S.), if it
15 stable and the above § is independent of ny.
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Definition 2.3. The zero solution of (V} is asymptotically stable (A.5.)
if it is stable and, for any n € N there exists éo(no) > 0 such that ||¢lj,,, < o
implies |x(n; no, p)] — 0 as n — oo (i.e., il is attractive ).

Definition 2.4. The zero solution of (V) is uniformly asymptotically
stable (U.A.5.), if it ts U.S., the above & in Definition 2.3. is independent of
ng and for every € > 0 there exisis T(e) € N(1) such that ||¢||,, < 60 and n €
N(no+T) imply |z(n;no, )| < ¢.

Definition 2.5. The zero solution of (V) is exponentially asymptotically
stable (Ez1.A.S5.), if there exists 0 < p < 1 and for every ¢ > O there ezists
8(no,€) > 0 such that ng € N |lgll,, < & and n € N(no) imply |z(n;no, ¢)| <
£ ﬂ-no.

g To establish our results on stability of the zero solution of (V) we need to
recall two Lemmas which will be used in the following sections. It is known that
various stability properties for (L) are characterized by those of Y (n). We start
with a Lemma which connects the stability properties of the equation (L} to the
fundamental matrix Y (n).

Lemma 2.1 ( 2], Lemma 8). The zero solution of (L) is:

1). stable if and only if [Y(n)| S L,L>1,n€EN ;

ii). uniformly stable if and only if |Y (n)Y"¥(m)| < L,L > 1,m € N,n €
N(m);

iii). asymplotically stable if and only if [Y(n)] = 0 as n = o0 ;

iv). uniformly asymptotically stable if and only if, for any n € N, we have
[Y(n)Y~}(m)| < Lp"~™, n € N(m), where L > 1,0<p< 1.

A more general result including ii) from Lemma 2.1 is given by

Lemma 2.2 (/5]). Let Y{n) be a non-singular matriz defined for n € N(no).
Suppose there exists a projection P and a constant L > 1 such that for n € N(no)
the tnequalily

(2.1) Z": I¥Y(n) PY '(m)|’ < L%, ¢>1,

m=ngp

holds. Then, there exisis a constant K > 0 such that the following inequalily is
valid for n € N(ng) :

(2.2) Y (n)P| < K(n +1-no)' ~/%.exp[-L ™ (n + 1 — ng)'/").

We note that from (2.2) it follows lim,_{Y{(n}P| = 0 . An analogous result may
be obtained for ¢ = 1, when the inequality (2.2) becomes

(2.3) [Y(n)P| < Kexp[—K~'(n — ng)}, K > L|Y (no)|P.

In particular , P = E may be accepted. Sometimes, in the sequel we shall assume
that there exists L > 1 such that

n

(2.4) Y Y)Y '(m) < L, forn€N.

m=0
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We have noted that under (2.4) it follows
(2.5) Y (n)| - 0 as n — oo,

and accordirig to Lemma 2.1 that is equivalent to the asymptotic stability of the
zero solutions of (L).

Our aim is to find criteria which guarantee that a certain kind of stability of
the zero solution of the linear equation (L) is perserved, possible in a weaker sense,
by the zero solution of the perturbed equation (V).

3.Stability. In this section, we assume the zero solution of the linear equa-
tion (L) is stable, so that there exists K > 1 such that (Lemma 2.1)

(3.1) [Y(n)i < K, n2ne.
We make the following assumption
(H,) : |B(n,m, z})| 5 ¢(n,m)|z},n>m > 0,|z| < H for some H > 0.

Theorem 3.1. Suppose that the assumption (3.1) and (H,) hold and the
fundamental matriz Y(n) of (L) satisfies

(3.2) [Y(R)Y Y (m+ 1)} < L b(m), n>m2no,
where L > 1 and b(m) > 1, and in addilion ,
o v—1
(3.3) 2 Eb(v)c(v,k) < 0.
. v=ng k=0

Then the zero solution of (V) is stable.

Proof. Let z(n) be a solution of (V) with z(no)} = ¢(no). By the variation

of parametres formula, (3.1) and (3.2) we have

n-1 m=1

lz(a)l < KIY = (mo)| le(no)| + L 3 Y (m)c(rm, K)lz(k)],m 2 no.

m=np k=0
If we define r(n) = max{]z(s)|,s = 0,1,...,n} , then we have

n-1 m-1

r(n) < K|Y ()| le(mo)i +L D [D b(m)c(m, k)]r(m).

m=ng k=0

By Gronwall’s inequality

|z(n)| < r(n) < M(no)le(no)l,
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where M(no) = K|Y~(no)lexpL 102, Tnco b(v)e(v, k) < oo

This shows that the zero solutions of (V) is stable.

4.Uniformly stability. In this section, we assume the zero solution of the
homogeneous linear system (L) is U.S., so that there exists K > 1 such that
( Lemma 2.1 )

(4.1) C Y@YTmI < Kn2m>0,

where Y (n) is a fundamental matrix of (L). We shall be concerned with the problem
when the property of U.S. is preserved for (V) under the effect of a ”small” non-
linear perturbation of the forcing term B(n,m,z). With regard to B(n,m,z) we
make the same assumption ().

Theorem 4.1. Suppose that the assumption (4.1) and (H1) hold and there
ezists a positive constant M > 0 such that

(4.2) ) en,m) < M.

n=0m=0

Then the zero solution of (V) is uniformly stable.

Proof. For any 0 < & < H let 6(¢) < ¢/ K.exp(K M) and |le]l,, < 5(¢).
Assume that there exists ny > no such that |z(ny)} = € and |z(n)} < ¢ for n =
ng,no + 1,...,n; — 1. By the variation of parametres formula, we have

-1

n-1 m
le(n)] < [Y(n)Y " (ro)lle(no)l + 3 [Y(m)Y " (m+ 1) Y e(m, E)lz(¥)] <

m=ng k=0

n-1 m-1

< Kée)+ K 2 E e(m, E)lz(k}|, for n=ng,no+1,...,7.

m=ng k=0

Define r(n) = max|{z(m)|;m = 0,1,...,n}. Then we have

n—-1 m=1

r(n) < K8()+K Y [Y_ c(m, E)lr(m).

m=ng k=0
By Gronwall’s inequality, we have

n—-1 m-1

|z(n)] < r(n) < Ké(e)exp [K Z 3 o(m, k)] < Kexp(KM)b(e) < €

m=np k=0

on {ﬂo,ﬂq +1,...,n,}. Therefore |z(n;)| < € , which is a contradiction. Thus the
zero solution of (V) is U.S. We now give an example of equation (V) which satisfies
the conditions of Theorem 4.1.
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. 1 =1
Example 4.1. Let A(n) be the 2 x 2 matrix A(n) = [0 3-1 " an]

We have [V (n)Y ~!(m)] < =7 |A()] <TG, (1+27%) S exp(£52,27°) =
e and so (4.1) is satisfied with K = e > 1 . Let now B(n,m,z) be given by

2n—-m n 3
~r —nr zi
B(n,m,z) = ' _ 2n-m [

|A] = max{[ay;| + |ag;[;5 = 1,2}.
Then we have |B(n, m, z)| = (nr" + 2"~ (

(|z1] + |22]) = e(n, m)|z|, if we choose H = 1.
Condition (4.2) holds because

lela + |x2|2 < (nrn + r2n-m) )

Z Z ¢(n,m) = Z[n(n + 1)r™ + (P — e /(r - 1)] < 00,

n=0m=0 n=0

5.Asymptotic stability. In this section we study the asymptotic stability of
the zero solution of (V). We first assume that the condition (2.4) is satisfied which

implies, as we have noted, |Y(n)] — 0, as n — co. With regard to B(n,m,z) we
shall assume the same hypothesis (H;) from section 3 is satisfied.
Theorem 5.1. Suppose that the assum

ptions (Hy) and (2.4) hold and, in
addition ,
n
(5.1) SUP, > Z e(n,m) < L7},
m=0_
n
(5.2) lim, -, oo E c(s,m}) =0 for all n > 0.

m=0

Then the zero solution of (V) is asymptotically stable.

Proof. We first show the stability of the zero solution. From (5.1) there
exists a positive constant v such that

(5.3) 0<y<L!and SUP, >, z ¢(n,m) < 7.

m=0
From (2.4) there exists a positive constant T such that

{5.4) [Y(n) <T forallne N.

Forany0<e<HandnoeN,wechoose6=6no,

€) < min{(1 — yL)e/
(T¥(no)|),e}. Consider the solution of (V) such that |f¢|

In, < 6. Assume that
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zg] y 0 < r <1, and 2| = |29 + |zqf ,

there exists ny > ng such that |z(n1)| = € and lx(n)] < eonn € {no,no+1,...m—
1} . Foralln G-_{'lo.nn +1,...,n,} we have

jz(n)] < [¥ (n)Y ~ (na)lle(na)l + “X_: [Y ()Y "' (m+ 1)} Y e(m, E)l=(¥)] <

n~-1

m—1 ~ . ’
< TIY Y(no)lb +¢ 2;:- [¥ (n)Y ! (m +1)| E, ofm, k) < (1—7L)e + 1L =¢

theref ict i f (V) is
ich i tradiction. Thus, the zero soh_ltlon o
stablemﬂl:x(tn:v)el :ilel’ s;:l'dlth“:tatnn:em solution of (V) is)attrlachc\;:z.t hl:tro':: ;h:
i =11 the existence of §g = 6(1,me} < 1 8u >
stability, t.akmgg: = 1, it follows
and |lell,., < %o imply

(5.5) ’ |x(n; no, ¥)| < min(H, 1) for alln> 1.

there
In the sequel we consider the solution such that |j¢]l,, < o and assume that
exist @(n) and z(n) = z(n; no, ) such that

(5.6) limsup,, _.qol=(n)| = # > 0.

Si L <1 by(53)thmexistsaeonstant0mchthat1L<9<l. By (5.6)
Y ’ -3}
t.l::existsnl > ng such that

(57) lz(k)| < pf0 for all n 2 M.

From (5.2) there exists M > m such that

(5.8) i (s, m) < (0 — yL)pf28L for s 2 M.
' m=0
Then we bave
m=-1
n—1 _ : k S
lz(n)] < [Y (M)IY " (no)lé0 + ; Y (n)Y "m + 1) ?;:o e(m, B)l=(k)|

M-1

m—1
: - k
< Y@y~ (no)lbo + [Y ()] ,,Z:, fy=}(m+1)| Z:o e(m, k)lz(k)|+

n—-1 ny—-1

+ Y W@y Ym+1)| Y cm BB+
m=M k=0
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n=—1 m-1
+ ZMlY(n)Y'l(m+1)I 2 clm, k)= (k).

k--Nl
From (2.4) , (5.3) and (5.7) we have

n-1 m-1
Z;l Y (m)Y ~Ym+1)] 3 c(m, k))z(k)] < Lyu/s,
ma k=n,

and from (2.4), (5.5) and (5.8) we have

n=1 m=1

D Y (n)Y " Y(m+ 1) D clm, k)|z(k)| < L(9 - yL)p/20L = (0 — vL)u/26.

m=M =0

Thus, we have

M-1

(59) l=(=) < 1Y (Y~} (no)ldo + [Y(n)| T [¥~2(m + 1)]
m-~1
,;, o(m, £)|z(k)] + (8 + yL)u/26.

Since [Y(n)] = 0asn— oo . b
LN : » by (2.5), we have 1 < (8 + yL)u /28 and
_whxch 18 l_mPOSSlble- Therefore, the zero solution of (V) ig at)tf:éct' k<
is now completed. 1ve, and the proof
. ngrgllﬁylfl.t f{upzl:;;.:-:hatw(zj) holds arlnd’ |B(n, m, z)| < d(n ~ m)|z| for
is asym;toticauy stable. ' Lrzod(k) < L1 Then the zero solution of (V)
Proof. Since sup o g d
-1 : n>0L.m=0 (n - m) = sup, n_ d(k) = .

L™, it follows that (5.1) holds. Then, for any n > 023321;1 (k) = ZiZod(k) <

lim, 0o Y d(s —m) = lim,_o0 Z d(k) =0,

m=0 k=s=n

ie., (5.2) holds. Thus, by Thorem 5.1, the i
. A, zero solution of (V) is A.S.
s ngroolia;rgrlji.i }S'{upp;;c the}t( (?.i)(.;wh(is ;md IB(n,m(, ;r:)) < f(n)g(m)|z] for
2m2 ere f(n
2 ) 2U,9(m) 2 0, sup,5of(n) 3,
L a;ic’%t;’:g.g(m)z::noo : (Then the zero solution of (V) 23234 fS‘ TGN
- Since ) ., g(m) is an increasing function whi ht
SupP,,5of(n) Y1 9(m) < oo, then f(n) — 0as n — co. Thercefor:r}gi :;yofn ;ng

we have lim,_, o, f(s) " =0 i
o o(f)(%nia:ﬂﬁ) =0, i.e., (5.2) holds and thus, by Theorem 5.1,
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We now present an example which satisfies the conditions of Theorem 5.1.
Example 5.1 Consider the system of difference equations

n-1

(5.10) z(n + 1) = A(n)z(n) + z B(n,m,z(m)), for n€ N(1),
m=0
0 (n+1)7"
where A(n) [(3112 4 l)-l (n? + 1)_1 and

S f-rm —n %3 . -1
B(n,m,z) =4 N | 173], 0< < 1. Since [Y(n)Y (m)| <
nr —r z

ML AG)] < 2(n+1)71, wehave 37, o [Y(n)Y ~}(m)| < 2= L ,ie.,(24)issatis-
fied. Then, |B(n, m,z)| = 47} (nr" +7¥"~™) (jz1® +22|*) < 471 (nr" + 722 "™)|2],
forn>m > 0and |z} < H = 1. To verify (5.1), we consider

n
supyd™! S (nr” + P2 = n(n e 4+ (P - ) /4l - 1) <27

.m=0

if we choose » = e~ 1.

On the other hand,

zﬂ: c(s,m) = i(se" et = s(n+1)e™" + e~ (1 —e**t)/(1—e) =0,
m=0 m=0

as § — oo, for every fixed n € N(1), and therefore the zero solution of the consid-
ered solution is A.S.

Remark 5.1. We note that the condition (5.2) in Theorem 5.1 assures the
attractivity of the zero solution of (V). If it is omitted, the zero solution cannot be
attractive as we see by the following

Exemple 5.2 Consider the scalar difference equation

n-1
(5.11) z(n+1) = az(n)+ Z b(m)z{m),

m=0

k=

s 1,
k+1,.. k a fixed natural number and

_Jyrm= 0,
where 0 < a < 1, b(m) = {O,mzk,
0<y<(l-a)lk.

It is easily to see that the conditions (2.4) and (5.1) are satisfied, but (5.2)

does not. Indeed, for y(n + 1) = ay(n) the fundamental matrix is given by

Y(n) = A(n = 1)A(n — 2)...A(no)Y (n0) = a™ 7",
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and (2.4) becomes

3 ar et = (1—a)(1-a) <(1-a) P = LL> L.

Then,
n k-1
Ec(n,m): 21=h< l—a:L—l,
m=0 m=0

and therefore (5.1) holds.
On the other hand we have

n k-1
21:(1!,"!): Z‘r:"k:
m=0 m=0

from which Bm, .o 3o _o ¢(s,m) = 7k # 0 ,ie., (5.2) is not satisfied. The solution
z(n) satisfying z(n) = p(n) = 2o for n = 0,1,2,..., no, may be obtained from

k-1 n—1
z(n+1) = az(n) + Y bm)z(m)+ ) W(m)z(m) =
5 m=0

m=k

k-1
= az(rn)+ E b(m)xz(m) = az(n) + kyze.
m=0

Taking n := ng,ng + 1, ...,n, we get z(n) = o™ "°zp + Eyzo(l — a™")/(1 - a).
Because z(n) — kyzo/(1—a) #0,as n — oo, it follows that the zero solution of
(5.11) is not attractive.

Now we shall give a result pointing out the connection with the stability -

property.

Theorem 5.2 Suppose that the assumptions (3.2} and (3.5) from Theorem
8.1 hold and, in addition, that the fundamental matriz Y(n) of (L} is such that
[Y(n)} -+ 0 as n — oo (guarcnteed by (2.4), for example). Then the zero solution
of (V) is asymplotically stable.

Proof. Let ng € N and € > 0 be given. Since condition (3.1) is also satisfied
the zero solution of (V) is stable. This assure the existances of §(no) > 0 such that

(5.12) llell,,, € é(no) implies |z(n)] < 1,m 2> ne.
We have
n—-1
(5.13) lz(n)] < [Y ()Y " (no)z(no)l + Y (m)] Y 1Y~ (m+1)|
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m-—1 n—1 m—1
3 1B(m, k()] + Y [Y(n)Y " (m+1)] 3" 1B(m, &, =(}))],
k=0" m=n;g k=0

where n; is an integer, ng < n1 < n . Take z{no) = @(ng) satisfying (5.12). Then,
for a fixed and sufficiently large n;, we have

n-1 n—-1 m-1
Y Y)Y (m + DIIB(m, b, 2(;)) < Y Y b(m)e(m, k)z(k)} <
m=n, m=n,; k=0
oo m-—1
<L) Y Hm)eim, k) <e.
m=n, k=0

From the last inequality and (5.13) we get
lim"—'w"(n)l =0if “‘P"no < 6(n0)l

because |[Y(n)] — 0 as n — oo and € > 0 was arbitrary . This completes the proof.
The last part of the proof of Theorem 5.2 may be simplified as we shall see
in the sequel.
We make the following assumption

(H3) : |B(n,m,z) < [(m) + e(n,m)]lz},n > m 2 0, z| < H,

where °°0_ob(m) = 5,0 <b< L7} . .
Theorem 5.3. Suppose that the assumptions (Hz) and (2.4) hold and, in
addition,

oo wm-—1

(5.14) 3 Y em,k) < oo

m=ng k=0

Then, the zero solution of (V) is asmptotically stable.

Proof. First, we prove that the zero solution of (V) is stable. From (2.5),
there exists a positive constant L; such that Y(n)] < L;,n€N. Let ng €N and
let z(n) be the solution of (V) with z(no) = @(no)(z(n) = p(n),n = 0,1,...,n0).
From the variation of parameters formula we have, for any n > nyg,

n—1 m-1
lz(m)] < LY~ (mollle(mall + Y, IY ()Y ~'(m+ 1)1 Y f=(k)Ib(E)+
m=ng k=0

n-1

m-1
+ Y Yy '(m+1) 3 e(m, B)lz(k)|-

m=ng k=0
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Define r(n) = max{|z(s)l;s = 0,1, ...,n}. Then, for a certain integer n,no < 71 <
n , we have

n=1 m-—1

r(n) = lz(n)l < L1 |Y = (no)llp(ro)| + br(m)L + L 3 (3 e(m, k)r(m),

m=0 k=0

from which, since bL < 1, we have

n-1 m-1

r(n) = LY " (no)llp(na)l/(1 —5L) + 3 (D L(1 = L)Y e(m, k))r(m).

m=ng k=0

From this, by Gronwall’s inequality,

n-1 m-1

l2(n)] < #(n) < La[Y " (no)|(1 — bL)""expL(1 —6L) ™" 3 D cm, k)le(no)l.

m=ng k=0

Therefore, for any ng > 0 there exists a §(ng) > 0 such that any solution z(n) of
(V), with Jloll,,, < 6, satisfies [z(n : no, )| < 1 foralln > ng .

To complete the proof we shall show that, if ||¢ll,,, < 8(no) , we have z(n) — 0
as n — 0o. To this end define M = limsup,_ . |z(n)|. Obviously, 0 < M < 1.
Choose d such that 0 < Lb < d < 1. If M > 0, there exists n; > ng such that

(5.15) |z(n)| < M/d for all n > n,.

From the variation of parametres formula we have,

n—-1 m-1

lo(m)] < (Y)Y (mo)lip(ro)l + 3 3= ¥~ (m+ DIIB(m, k, 2(k))]+

m=ng k=0

ﬂ1—-1

n=1
+ XYY m 1)} Y 1Bm,k,2(k))],
k=0

m=n,;
and by virtue of (5.15) and the hypothesis of our theorem, we get

n;=1m-1

|=(n)] < IY(ﬂ)l[IY"(ﬂo)IIw(nu)lJr > IY"(m+1)I|B(m,k,w(k))|]+

m=ng k=0

n—-1 m-=1

+ LbMd~t 4+ LMd™' D D e(m,k).

m=n; k=0
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Since Y o _n, T____ol c(m, k) < oo, taking if necassary a larger n| and keeping it
fixed, we have

ny=1m-1

fe(n)] < 1Y (n)] [IY"(no)Hso(no)H > IY'I(m+l)IIB(m,k:I(k))I]+

m=ng k=0

+ LbMd™! 4 ¢.

By Lemma 2.2 [Y(n)} — 0 as n — oo and hence, M = limsup,_ |z(n})| <

LbMd +¢.

Since ¢ > 0 is arbitrary and M > 0, this implies Lb > d in contradiction with
our assumption. Therefore M = 0 and the Theorem is proved.

6.Uniform asymptotic stability. In this section, we assume that the zero
solution of (L) is U.A.S., so that there exists K > 1 and 0 < p < 1, such that

( Lemma 2.3}
(6.1) Y (n)Y ~Y(m)| < Kp"~"™,n2m2>0.

Moreover, we assume the kernel B(n,m,z) of (V) satisfies (H3) : |B(n,m,z)| <
((m) + c(n, m))|z|,n > m > 0,|z| < H , for some H >0, where b(m) > 0 is such
that 3 oo_o b(m) = b < co.

Thorem 6.1. Suppose thal the assumption (6.1) and (H3) hold and, in
addition,

oo m=1

(6.2) Y > e(mk)=L< oo,

m=ng k=0

(6.3) Kbp!+Inp<0.

Then, the zero solution of (V}is U.A.S.
Proof. Let ng > 0. From the variation parameters formula we get

n-1 m-1

l2(n) < Kp""lp(no)l + 3 3 KIb(k) + e(m, k)}p" ™~ z(k)].

m=ngp k=0
ng r(n) = max{lz(s)];s = 0,1,..,n} ,we have

n-1 m=1

) < r(n) < Kp"™lp(no)l + K Y D [B(k) + c(m, B)}p" """ r(m).

m=ng k=0
From this, multiplying both sides by p~("~"°) we get

|z(n)|p~ (") < r(n)p=(*="0) < Klp(no)l+
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n—-1 m-1

LK Y b + clm, k)p] - r(m),

m=ng k=0

from which, by Gronwell’s inequality,

z(n)) < Klkp(no)lexp(n — no)[Kp~*b+lnp+ KLp~'(n — na) '},
which implies
(64) lz(n)| < Kexp(K Lp™*|p(no)l-

Let ¢ > 0 be such that M = Kbp~' +inp+q < 0. Then, for all n > no such that
n— ng > ny, where n, is a sufficiently large positive integer, independent of ng, we
have :

(6.5) [2(n)} < Klp(no)lexp[—M (r — no)),

from which, together with (6.1), we obtain the U.A.S. of the zero solution of (V).

Remark 6.1. H in addition to the hypotheses of Theorem 4.1, we assume
that the fundamental matrix Y(n) of (L) is such that |Y(n)| — 0 as n — co , then
the zero solution of (V) is U.A.S.
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The aim of the present paper is to prove that the value function of a general
optimal control problem satisfies certain differential inequalities that imply other
differential properties in the literature, in particular the fact that, in the case of
bounded admissible controls, the value function is a strict viscosity of the Bellman-
Isaacs equation of Dynamic Programming.

The use of Nonsmooth Analysis has led in the last 10-15 years to a large
variety of interesting results ([1],{31,[4],[8]-{13], etc.) "rehabilitating” the Dynarmic
Programming approach, initially hancapped by the unrealistic assumption accord-
ing to which, the value function is diferentiable.

Though the real interest of the Dynamic Programming method seems to
consist in the sufficient optimality conditions of the type of ”verification theo-
rem” ({3],[5],etc.) the necessary optimality conditions of this type are increasingly
important and seem to close-in to the point of "overpowering” the Pontryagin’s
Maximum Principle approach as the recent results in {1].[13],[15] show that the
Maximum Principle may easily be derived from necessary optimality conditions of
Dynamic Programming type for more and more general type of optimal control
problems.

The results to follow significantly improve the corresponding results in (6]
and [12] showing that the value function has stronger differential properties than
that of being a viscosity solution ({1],[6],[8].etc.) of the Bellman- Isaacs equation
of Dynamic Programming.

For notational convenience we consider only Mayer optimal control problems
defined by continuously parametrized differential equations, the result to follow
may easily be extended to Bolza problems (which may allways be written as Mayer
problems ({2),[5])) and to problem defined by differential inclusions using the results
cocerning the tangent and contingent directions to their trajectories in [14).

We consider the Mayer optimal control problem of minimizing the functional



