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n-1 m-—1

+ K Y e + clm, B)p') - r(m),

m=ng k=0

from which, by Gronwell’s inequality,

z(n)] < Klp(no)lexp(n — no)[Kp~ b+ Inp + K Lp~}(n —no) '],
which implies
(64) lz(n)l < Kexp(K Lp~"lp(no)|-

Let ¢ > 0 be such that M = Kbp™! +Inp+ ¢ < 0. Then, for all n > no such that
n —ng > n;, where n; is a sufficiently large positive integer, independent of ng, we
have .

(6.5) [2(n)] < Klp(no)lexp[—M(n — no)},

from which, together with (6.1), we obtain the U.A.S. of the zero solution of (V).

Remark 6.1. If in addition to the hypotheses of Theorem 4.1, we assume
that the fundamental matrix Y(n) of (L) is such that |Y(n)| — 0 as n — co , then
the zero solution of (V) is U.A.S.
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The aim of the present paper is to prove that the value function of a general
optimal control problem satisfies certain differential inequalities that imply other
differential properties in the literature, in particular the fact that, in the case of
bounded admissible controls, the value function is a strict viscosity of the Bellman-
Isaacs equation of Dynamic Programming.

The use of Nonsmooth Analysis has led in the last 10-15 years to a large
variety of interesting results ({1],{3],[4],[8}-[13), etc.} “rehabilitating” the Dynamic
Programming approach, initially hancapped by the unrealistic assumption accord-
ing to which, the value function is diferentiable.

Though the real interest of the Dynamic Programming method seems to
consist in the sufficient optimality conditions of the type of ”verification theo-
rem” ([3],[5),etc.) the necessary optimality conditions of this type are increasingly
important and seem to close-in to the point of "overpowering” the Pontryagin’s
Maximum Principle approach as the recent results in {1].{13],[15] show that the
Maximum Principle may easily be derived from necessary optimality conditions of
Dynamic Programming type for more and more general type of optimal control
problems.

The results to follow significantly improve the corresponding results in (6]
and [12] showing that the value function has stronger differential properties than
that of being a viscosity solution ([1],{6],[8],etc.) of the Bellman- Isaacs equation
of Dynamic Programming.

For notational convenience we consider only Mayer optimal control problems
defined by continuously parametrized differential equations, the result to follow

‘may easily be extended to Bolza problems (which may aliways be written as Mayer

problems ([2],[5])) and to problem defined by differential inclusions using the results
cocerning the tangent and contingent directions to their trajectories in [14].
We consider the Mayer optimal control problem of minimizing the functional
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C(.) of the form:
(1) C(z(-)) = 9(t1,2(t1)), z() € Aals,y, £1)

over a specified class X,(s, y, E1), of admissible solutions, z(-) : [s,;] — R", of the
parametrized differential inclusion:

(2) ' € f(t.z,U), z(s) =y

satisfying the end-point and, respectively, the phase space, constraints of the form:
(3) (ti,z(h) e By C Rx R

(4) (t,z(t)) € EoC Rx R® (Y)t€[s,ty).

The set X;(s,y, E1) of admissible trajectories may be generated by a corre-
sponding class, U,(s,y, E1), of measurable (admissible) controls u(-);[s,t;] — U/
for which the problem:

(5) ' = f(tvxr“(t))! :.-:(s) =¥y

has a Caratheodory solution, z(-) € X.(s, y, E), satisfying (3)-(4).
As usual in Optimal Contrel Theory, the class X, of admissible trajectories

may be one of the following sets of solutions of the differential inclusion in (2):
the set X, of piecewise differentiable solutions ( for which the derivatives, 2’(.) ,
are Plecewise continuous ), the set X, of regular ones (for which z'(-) is regulated,
having a countable number of discontinuities, all of the first kind ) and for any
P € [1, 0], the set X, of solutions z(-) for which z’(-) € LP([s, t1]; R").

' We note that the set A of classical ( continuosly diferentiable ) solution of
(?) is usually avoided since the problem (1) - (4) may not have a solution in this
class.

_As it is well known, the Dynamic Programming approach uses the value
function defined by:

RO (CX) if (s,9) € E
(6) Wi{s,v) {inf{C(:c(-)); z(') € Xa(s, 9, E1)} ,if (s,g) € Etln

to obtain necessary and/or sufficient optimality conditions.
. In that follows we shall use the following subsets of the set £ = Ey U E, on
which the value function is defined:

Eg' = {(8, y) € EO;‘i‘a(sry: El) = {.’!7() € Xa(s, v El); W(S, y) = C(E())} ‘-lé 0}

(1) E ={(s,v) € E;(3)(to, 20) € ET, (") € Xalto, 0, E1) : Lo < 8,2(8) = y}

Eb = {(5,y) € Eo; W(5,y) € R} = Eo N domW(.,.)

for which the following relations hold : ENEyC Ef C E}.

For every (s,y) € E we denote by Xa(s, y) the set of locally admissible
trajectories from (s,y) which are the solutions z(:) : I(z(-)) C R — R™ of (2}, of the
same type as those in X, for which the phase space constraints in (4) are satisfied on
the interval I(z(-)); for every (s,y) € Eo we define the reachable set of the system
(2) at t > s from (s,y) as follows:

(8) Ra(t;5,9) = {2(1);2(") € Xa(s,9),t € I(z(:))}

At the origin of the Dynamic Programming results in the literature seem to
be the first two statements of the following:

Proposition 1. ([2],[5],etc.). The value function in (6) kas the following
properties:

(i) For any (s,y) € Eo,z(-) € Xa(s,y), the function wy(t) = W(t, (1)) is
nondecreasing on the interval I(z(-}) ;

(i) If(s,y) € EJ than the admissible irajectory #(-) € Xa(s,y, En) is optimal
iff the function wz(t) = W(t, (1)) is constani on the interval [s, 4] ;

(iii) If (s,y) € EY and Z() € Xa(s,y, E1) 1s optimal for the problem (1)-(4)
then one has:

@)  W(t,2) > W(t,51)) (¥) 2 € Ra(t; s, y) C Eo(t) = {z € R";(1,2) € Eo}

for any t € (5,4;).

Since, generally, the value function is not differentiable, the monotonicity
properties in Proposition 1 may be converted into (more efficient) differential rela-
tions only in terms of suitable generalized differentiability concepts.

The already existing results in Nonsmooth Analysis ([3},[4],(6),[8] - (18], etc.)
suggest the following possible way of choosing the generalized differentiability con-
cepts that are most suitable for a given problem: for any type of tangent cone to a
subset X C R™ at a point £ € X, say T; X , one may introduce the corresponding
T -extreme directional derivatives of a function g(-) : X — Ratapoint z € domg()
as follows:

(10) Drg(z;v) = sup{w € K; (v, ) € Tio gep H(9)},v € Te X
QTQ'(.'L'; v) = inf{w € R, (Ua w) € T(:.y(t))E(g)}ru €T X
Dyg(z;v) = ~Drg(z;—v), Dyg(x;v) = —Drg(z;-v),v € Tz X = -T- X
where the hypograph and the epigraph are, respectively, defined by:

H(g) = {(z,v);z € X,y < g(2)}; E(g) = {(2,¥)iz € X,y > 9(=)}
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Some differential properties of nonsmooth functions may be expressed in
terms of the associated semidifferentials defined by:

(11) drg(z) = {g € R < q,u>2 Dry(z;v) (V) v € Tz X}

Frg(z) = {9 € R*;< q,v>> Drg(z;v) (V) v € T: X}

and by other differentiability concepts such as set-valued directional derivatives,
prederivatives, etc. .

The results to follow seem to suggest that, from the multitude of tangent
cones in the literature ( e.g. [16]), the most suitable for our problem are the
Bouligand-Severi contingent cones;

KFX = {v€ R (I)(0n,vm) =

(12) — (O+,v) : T+ Omvm € X (V) mE N}

KD =-K}X = {ve R"(3)(0m,vm) —
_"(O-!U) :I+Bmvm EX (V) mEN}

the quasitangent (”intermediate”) cones, defined by:

QX ={veR" (V) bm — 0+ (3)

(13) Um — ¥+ 0mvy € X(V)m € N}

QX = -@4X = (v € R (Vbn — 0= ()
Uy — V24 Omtm € X(V)m € N}
and Clarke’s (" peritangent”) cones defined by:

CEX = {v € R* (V) (ymbm) — (2,04),ym € X, ()

(14) U — U Ym + Omvm € X}
CrX =-Crx

and the corresponding differentiability concepts introduced like in (10) and (11).
From t:he definitions in (10) and (11) of the extreme directional derivatives
and, respectively, semidifferentials, it follows that the obvious inclusions:

CIXCQIXCK}X, C;XCQXCK X

imply the following relations:
(15) Di(#;v) 2 Dgalziv) > Deolziv),

D (2;v) < Dg(=z;v) < DEo(z;v),

(16) Bk g(x) C Bog(x) C Bcy(z),

Axcg(x) C Qgu(z) C cg(x)

The results in [6],[8],(17], etc. show that the contingent semidifferentials
Bxg(z), Ok g(x) generalize the usual (Fréchet)derivative and coincide with the
semidifferentials recently used in the theory of viscosity solutions of Hamilton-
Jacobi equations ([8],[9], etc.) while Clarke’s semidifferentials dcg(z), dcg(z) de-
fined as in (11) by Clarke’s tangent cone, C}X in (14), generalize the strict
{Fréchet) derivative and coincide with Clarke’s generalized gradient, dcg(z) , if
g(.) is locally Lipschitz at z.

It is interesting to note that if g(-) is locally Lipschitz at z € Int(X) then the
inequalities in (15) may be completed as follows:

sup{< p,v >;p € dcg(z)} = limsup (g(y+0.v) - g(w)/8 =
(v.8)—(2.8+)

(17)

Dbg(z;v) > Dhgla;v) = Dig(z;v) > Dg(aiv) =
ﬁéy(x;v) > Dig(z;v) = inf{< p,v >;p € Ocg(x)}

= liminf +0.v) — 4
(y,sl)—-(lll,0+)(g(y v) — g(¥))/

and Clarke’s generalized gradient, dcg(z) = Beglz) = Ocglz) is a nonempty
compact subset of R" while other semidifferentials may be empty (e.g. if glzy,z2)
= |z1} — |z2| then 8¢g(0,0) = 8g9(0,0)=8)

Most of the results to follow will be proved in the very general case the
parametrized vector field f(.,.,.) in (2) satisfes the following:

Hypothesis 2. U is a nonemply set, D C RxR" is open and f : DxU — R”
is such that f(.,., .u): D — R" s continuous for any u € U.

We prove first the following preliminary result which may be of more general
interest:

Lemma 3. Let Hypothesis 2 be satisfied and (to,z0) € D.

(i) For anyu € U there exists a,r > 0 such that for any s € Iy = [to—a,to+
al, ¥ € Br(zo) = {y € R*;ly—zoll < r} there exists a solution z(:;s, y) € Xe(s,v)
of the problem:

{(18) e = f(t,z,u), z(s}=y
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such that

(19) Hm sy, 8y (t0,20,0)(Z(5 + 85 8, 9) — y)/0 = f(to, xo, u)

(ii) If f(fo, zo, U) CR" 15 bounded and ifs cone of unbounded directions
is defined by:

(20) ] D:of(tO)xOrU) = {v € Rn;(a){vp} C f(to,EQ,U),

rp — ot o ||up|| = +00,7p - v — v as p— o0}

then for any v € DX f(to,zo,U) and any (Sm, ¥m,Om) — (to, Zo,0) there exists
t,, — ot and mg € N such thet for any m 2 mo there exisis a solution znm(-) €
Xe(8m,Ym) of (2) such that:

(21) Mmoo (Fm(8m + Ontm) — Ym}/Om = v

Proof: Since the vector field f(.,., u) is continuous, from a well known re-
finement of Peano’s existance theorem ( e.g. Theorem 10.1.1 in [7]) it follows that
there exist a,r > 0 such that for any (s,y) € Io x B, (x) there exists a solution

z(.;s,9) : Iy — R" of the problem (18) and moreover, for any such solution one
has:

(22) llz(t; s, 4) —zol| < 2r (¥} t,s € Do,y € B.(z9)

Therefore, if K > 1 is taken such that:

(23) K > sup{||f(t,z, u)ll; (t,2) € Io x Bar(z0) C D}

then one has:
(24) llz(t; s, ) — ull < K|t —s| (V) t,s € Lo,y € Br(zo)

Further on, from the continuity of f(.,.,u) at (o, xo) € D it follows that for
any £ > 0 there exists 8, > 0,6, < min{a, r} such that [|f(t,z,u) - f(to, zo, u)|| <
<e (V) |t —to| < b, lly— zoll < b

Hence if we take s,y,0,¢ such that : |s — to| < &/3, [ly — zoll < 8:/3,10] <
b./3K and t € [s, 5+6] then we have: ll#(t; 5, 9) —zoll < ly—zoll+lz(t; s, y)—ull <
lv ~ zoll + K|t — s| < & and [t — to] < It — sl + |s — to] < 6 and therefore
HF(E, 2(t; 8, 9), 1) — fto, zo, u)ll < €.

Finally, from the associated integral equation it follows that we may write
successively: [z(s + 6;5,4) — 1)/0 — f(to, zo, W)l € (1/0) | f7* 111, 2(8;5, ),
u) — flto, @0, u)||dt |< & (V) |s — to] < &:/3, lly— zoll < 6:/3,10] < 8. /3K and (19)
is proved.

(i) ¥ v € DY f(to,zo,U) then according to (20) there exist t, — o% and
{up} C U such that if v, = f(to, %o, up) then [lepf] — +o0 and t,v, — v as p — oo
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From the continuity of the mappings f(.,., up) at (to, o) and from Theo-
rem 10.1.1. in [7] it follows that for any p € N there exist ap,rp > 0 such that
| £(t, 2, up) — f(to, zo, up)ll < 1/p - t, and such that for any p € N,se [, =
[to — ap,to + ap), ¥ € Br, (zo) there exists a solution z,(.;5,y) : I, — R" of (18)
that satiefies (22) - (24).

Further on, if (Sm, ¥m, Om) — (o, Zo, 0) then there exists mo € N such that
for any m > mg there exists pm € N such that |s; ~ to] < @p,. /2, |lym — zol| <
Tpmd2 s 1Bm] < min(ap,. /2,7 /2 - Kpn), Pm — hence if we denote : zm(-) =
2p.. (3 SmyYm) \Tm = Tpp = 0+ as m — oo then we have: |[£m(t) — zoll < |lzm(2) —
Y|+ l19m —zoll € Kpolt—sml+llym—2oll <y, (V)¢ € [sm, $m +0m - Tm]}, m 2 M0
and therefore we may write successively : [[(zm(sm + OmTm) — Ym)/Bm — Tm -

f(to,z0, up)ll < (/18l) | [77 4T 115t 2m(t), 25 ) = Flbos 2o, up,, Jdi||dt |<
1/pm — 0 as m — oo and (21) is proved.

Some of the results to follow will be expressed in terms of the following sets
of directions associated to the multifunction F(s,y) = f(s,5,U ),(s,y) € D that
defines the differential inclusion in (2) ({14]):

Fis+,9) = () coF([s,s +6), B- ), F(s— %) = [\ coF(s—#8,s],B:(v))

d,r>0 g,r>o
(25) Fo(st,9) = [ lovp)- 0F(ls, s+ ), B-(v))
A,rp>o
Foo(s_, y) = ﬂ [olp) ) C_OF(S - 9,3], B!'(y))
8rp>o

for which one has: .
(26)  coF(s,y) C F(s+,y) N F(s—3), DLf(s,9) C Foo(s+,¥) N Fools—,¥)

Moreover, if F(.,.) is a closed-valued continuous multifunction {(in particular,
if U is a compact topological space and f(., ., ) is continuous then one has:

@) P(s+y) = F(s-,y) = ©F(s,1)

and if F(.,.) is locally bounded then:

(28) Foo(s4,9) = Foo(s—,y) = {0} = DLF(5,)

As a corollary of the mean value theorem for the Lebeague integral one ob-
tains the following result:

Proposition 4 ([14]). Let f : DxU — R" satisfy Hypothesis 2, (s, y)€D,
let (-} : [s — 80,5+ 6] — R*,m € N be solutions of the problem (2) and let
O — 0+ .



96 STEFAN MIRICA 8

i If limm_,oo(x,,:(s +O0m)—¥)/0m =0 ( resp., limgp —oo(2m(s — 0m) —
y)/(—B_,T.) =.v) then v € F(s+,y) ( respectively , v € F(s—,9))-

- (i) If Zm(s + 8m) — y and 1(2m(s + 0m) — ¥}/ (8m)|| — +00) then there

ezist ty,r — o+ and mg — oo such that limg oo (Zma (S + tere) — )/t = v €

ﬁ‘m(s+,y)\{0} ( respectively limg oo (@m, (s — tere) — ¥/ — =

v € Foo(s—, y)\{0}).
The main result of the paper is the following:

’I‘.heorem 5. If Hypothesis 2 is satisfies then the value function defined in
(6) satisfies the following inequalities:

(20)  DEW((s,9);(1,%)) 2 0(Y)v € 0f (5,3, V), (5,v) € Eo N Int(Eo)
(30)  DZW((s,y)i(1,v)) 2 0()v € cof(s,y,U), (5,9) € Ep N Int(Eo)
(31)  DEW((5,9):(0,0)) 2 0(Y)v € oDE f(5,,U), (5,y) € Eg N Int(Eo)
(32)  DEW((s,4%(0,)) > 0(¥)v € @D f(s,y,U), (5, v) € E N Int(Eo)

(33) min{infueﬁ'(,q.,y)Q}W((ssy);(va))v

. infueﬁ'w(,q.'y)\{o}Q}((s)y);(O’U))} S O(V) (s, y) € E[r]n
(34) min{inf,¢ 5, 2EW((s,9)i (1,0)),

infueﬁw(a—,y)\{ﬂ}g}((ss y); (0: ‘U))} < G(V) (S, y) € E

Mor‘eover, in _the mu}tifunction F(.,.) = f(., ., U) is compactvalued and Haus-
dorff continuous ( in particular, if U is a compact topological space and f(., .,.) is

continuous ), £y C R x R" is closed and Ep N Ey = ® then (33) -
replaced by: g ! en (33) - (34) may be

(35) infuéc'o](a,y,U)Q}W((sw y); (1! ’U}) S 0 (V) (S, y) € EE)

(36) infvé(of(l,y,U)Q;(W((sl y); (1$ v)) S 0 (V) (8, y) € E

Proof. If (s,y) € E} NInt(Eo),u € U,v = f(s,y,u),0m — ot and
(Sm, Ym, Wm) — (3, Y W (s,y)) is such that wy, < W(sm,ym) (V) m € N then from
the first statement in Lemma 3 it follows that there exists mo € N such that for
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any m > my there exsits a locally admissible solution Zm () € Xe(sm, ¥m) such that
(2 (sm +8m) —¥m)/0m = vm — vasm — oo ol the other hand, from Proposition
1 it follows that W{sm, ¥m) € W(sm +m, Zm(sm+0m)) = W(sm+m, Ym +0mUm)
hence if it take : rm = 1, wm = 0 then (sm + OmTm, Ym + 8 U, Wi + O wm) €
H(W) (Y)m > mg which proves that (1,v,0) € C'(*;'y’w(a,y))H(W) and (29) is
proved since Clarke’s upper directional derivative defined as in (10) by Clarke’s
tangent cone in (14) is concave and upper sernicontinuous.

The inequalities (30) - (32) follow in the same way using the other statements
in Lemma 3.

To prove {33) we note that from the definition in (7) of the subset EF' C
Ey it follows that if (s,y) € Eg® then there exists an optimal trajectory, () €
Xa(s,y, E1), hence according to Proposition 1 one has:

37) W(s+0,8(s+0)=W(sy) (V) §€ [0,t, — 5]

Obviously, only one of the following two possibilities may occur: 1) there
exists 8, — 0+ such that (&(s + 0m) — y)/0m = vm —V E F(s*,y) ( Proposition
4'); 2) limg—o4||(E(s +6) — y)/6]| = Foo.

In the first case , from (37) it follows that if we take rm = L, oy, =0
then (8 + Om7m, ¥ + Omvm, W{s,9) + O tBm) € graph(W) C E(W) (¥)m hence
(Tm, Vm, Wm) — (1,v,0) € K(‘t!y.w("y))E(W) which proves that DEW((s,v);
(1,9) <0.

In case 2), (which may happen only if f(.,.,U} is not locally bounded and
a € [1,00))} from Proposition 4 it follow that there exist ty,rx — 0% such that
(E(s + tere) — W)fre = v > v € Foo(s+,9), |Iv]} = 1, hence from (37) it follows
that (s + tare, ¥ + tive, W(s,y)) € graph(W) C E(W) (¥) k € N and therefore
DEW((5,9);(0,)) <0 and (33) is proved.

The inequality (34) follows in the same way using the definition in (7} of the
subset E C E.

If (s,y) € EJ* then (35) - (36) follow from (34) - (45) and (27) - (28) ;
to prove (35) for (s,y) € E'\E}* we note that from the definition in (6) of the
value function it follows that for any m € N there exsits an admissible trajectory
2m(.) € Xa(s,y, E1) such that : W(s,y) < gt 2m (1)) < W(s,y) + 1/m.

Since for any 8 € (0,tT — s) the restriction map 2, (.)|[s+8,¢7] is an admis-
sible trajectory with respect to (s 48, 2m(s + 6)) we have:

(38) W(s,y) < W(s +8,zm(s +8) < (17, 2m(tT)) <

<W(s,p)+1/m(¥)meN

On the other hand, if f(.,.,U) is locally bounded then Xa(5,y) C Xoo(5, )
(V) (s,y) € Eo and the sequence {{(zm(s+0m) - y)/0m} is bounded for any fm —
o+; moreover, since B} C RxR" is closed and EoNE; = 0, there exist g > 0,mp €
N such that £ — s > 8o (V)m > mo ( otherwise (17, 2 (t7)) — (8,y) € Eo N Ey)
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hence there exists 8,, — o+ such that 1/m,f,, — 0 as m — oo and such that
(2m(5 + 6m) = 4)/Bm = v — v € F(s+,1) = c0f(s5,9,U).

As in the previous cases, from (38) we infer that (s+ 85,y +0nvm, W(s, v)+
8m(1£m - 8n)) € E(W) (V) m € N hence (1,vm,1/m - 8n) — (1,v,0)
.E K(.,y,w(,,y))E(W) which proves that DY W((s,y); (1,v)) < 0 and Theorem 5
is proved.

‘ The differential _inequa.lities in (29) - (36) may be expressed in weaker forms
in terms of the semidifferentials defined as inn (11) by the contingent and Clarke’s
tangent cones and of the following hamiltonians:

H(s,y,p,u) =< p, f(s,y,u) >, H(s,y,p) = inf{H(s,y,p,u);uc U}

Heo(s,y,p) = inf{< pu>;v € D f(s,y,U), 0|l = 1}

(39) ﬁ(s+,y,p)=inf{< P, >;veﬁ‘(s+,y)}

A(s—,y,p) = inf{< p,v >;v € F(s—,y)}
Heo(s+,y,p) = inf{< p,v >;v € F(s+,y),|lvfl = 1}
F]m(s_’y,p) = inf{( P> E Jﬁ'(s"; y)s ”U” = 1}

' Corollary 6. If Hg{pathesis 2 holds then Clarke’s and contingeni semidiffer-
enlials of the value function in (6) satisfy the following relations:

(40)  po+ H(s,y,p) > 0 (V) (po,p) € 8cW(s,y) = FcW(s,y) UBW(s, ),
V) (s,v) € Ef, N Int( Eg)

(41) ﬁm(ssylp) z 0 (V) (Po,P) € 6(:W(S,y),(s,y) € E:] n Int(Eﬁ)

(42) - min{po + H(s+,¥,p), Heo(s+,9,p)} <

<0 (V) (po,p) € 3xW(s,9),(s,v) € EF’

(43) min{pe + H(s~,,p), Hoo{s5—,4,p)} <

< 0 (V) (pO:P) € 5KW(S,y),(8,y) € E

_ Moreover , if the multifunction f(.,.,U) is compact-valued and Hausdorff
continuous then (42)-(43)} may be replaced by:

(44) po+H(s,4,p) O (V) (po,p) € AxW(s,3),(s,v) € E}
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(45) po + H(s,v,p) <0 (V) (po,p) € kW (s,v),(s,9) €E

and if, in addition, W(.,.) is locally Lipschitz at (s, y) € EjNInt(Ey) then one has

(46) min{po +II:I(s, v,p); (po,p) € OcW(s, )} =0

Remark 7. From the inclusions in (16) and from (40)-(41), (44)-(45) it
follows that if Hypothesis 2 holds and f(.,.,U) is a compact-valued and Hausdorfl
continuous multifunction then the value function is a strictviscosity supersolution

(18],[9],etc.) on the subset E§ NInt{E) , of the Hamilton-Jacobi equation:

ow

(47) e

(5,9 = B (5,3 - (6,9)) = 0
in the sens that, instead of an inequality, satisfies the equality:
48) o+ H(s,y,p) =0 (¥) (po, P} € A W(s,9), (5,9) € Eg N Int(Eo)

and a strictviscositysolutionon E NInt(Ep) in the sens that:

(49)  po+ H(s,y,p) = 0 (¥) (po,p) € B W(s,y) = I W (s,4) U QW (s, )

(Y) (s,y) € ENInt(Ey)

We note also, that, in view of the relations in (15)-(16) between the contingent
and Clarke’s generalized derivatives, the inequalities in (29)-(30) are stronger than
the corresponding ones in [6] and [12] and the property in (40) is stronger than
the fact that the value function is a viscosity subsolution of the equation (47)
on E} 0 Int(Ep); moreover, the results in Theorem 5 show that in the case of
parametrized differential inclusions of the form (2), the lipschitzianity assumption
in [6] may be replaced by mere continuity.

Remark 8. In spite of the abundance of uniqueness results for viscosity
solutions, simple examples show that the value function may not be only viscosity
solution of the equation (47):

Example 9. If we consider the optimal control problem defined by the
following data:

glts, (b1, 32)) = w2 if (t1,(t1,32)) € By = {(t1,(t1,¥2));t1, 32 € R}
{za =u(t) €[-2,2], m(s) <s, z(t1) =11 >5
z'a(u())?, zas)=w €R, zi(t) <t (V) tE€[s,t1)

then standard computations using, for instance, Cauchy’s method of characteristics
and a verification theorem, show that the value function is given by: W{(s,y) =
v2+4(s— 1), (5,4) € E = {(s,y) € RxR¥:y < s} forany (5,9) € Eo = {(s,9) €
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R x R? 5 < s} the corresponding optimal control is given by : &, 4(t) =2 (V) t €
[s,1(s, ¥)] and the hamiltonian in (39) is given by:

—9p, +4p; if p2<0,p1 >0 or p1>4p2 >0

. —~(p1)?/4p2 if P2 > 0,p1 € [-4p2, 4p2)
H(s,y,p) =
2p1+4py if p2<0,pi <0 or p1 < —4pz <0

It is easy to see that in this case, the function Wils,9) =y (V) (5,9} € E =
E, U E; is also a classical ( hence a viscosity ) solution of the Hamilton-Jacobi
equation in (47).

Remark 10. The same proof as that of (33)-(34) shows that the inequalities
(35)-(36) are verified at almost any point of an optimal trajectory; however, simple
examples show that if f(., ., U) is not locally bounded and a € [1,00) then (35)-(36)
may not be verified at each point (s,y) € Eg" hence the value function may not be
a viscosity solution of (47) on this set:

Example 11. If we consider the optimal control problem defined by the
following data:

TeR,z! > 0,9(T,y) = y2 if (T\v) € By = {(T\ (=1, 2)); 2 € R}

{z’1 =u(t) ER,z(s) =t 20, z21(T) = 2}, 22(t) 20 (V) t €[5, T)
2’y = r1(u(t))?, z2(s) =gz ER

then standard computations show that the value function is given by:
Yz, . (S:Y) = (T:Y) € El
W)= v+ 4{(w) - =)2) AT =), () € Bo=
=(-00,T)x Ry xR

This function is of class C* on Eg but does not verify the inequality (35)at any -

point (s, (0, y2)) € Eo since DW(s, (0,1))-(1,v) = Az /(T — s+ >0 (V) v =
(v1,v2) € F(s+,(0,12)) = R x Ry ; one may see, however, that (33) is verified
since DW (s, (0,2)) - (0,v) = vy and Foo(s+,(0,32)) = R x Ry, Ry = [0,00).

Remark 12. The inequality in (29) may be used for an easy proof of the
Pontryagin’s Minimum Principle for free right end-point problems (for which E; =
{t1} x R™ for which f(.,.,.} is of class C! with respect to the second variable
as follows ([13]): let #(-) € Xa{to, Zo, E1) be an optimal trajectory, let #(-} be
the corresporlding optimal control such that ({,z) — f(t,z) = f(t,=,a(t)) and
(t,z) — D2f(t,z) are of Caratheodory type on some open subset D c D and
for any (s,v) €D let £(-;s,y) be the maximal (noncontinuable) solution of the
problem: z' = f(t,z},z(s) = v.

From continuity reasons (e.g. [7]) it follows that there exists r > 0 such that
f(l-l; 5,y) is defined on [s,t,] for any s € [to,%1), ¥ € B, (#(s)) hence from (6) it
ollows:
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(50) g(2(tr; 5,9) 2 W(s,y) (V) s€lto,t1) ¥ € B.((s))

9(&(tr; 5, E(5)) = W(s,8(s)) (V) s € [to,ta]

Further on, from the definition in (10), (13) of the extreme quasitangent
directional derivatives and from (50) one obtains:

D} g(2(t1); Dai(ta; 5,2(s)) (v — - f(s,(s))) = DEW ((5,3(5)); ()

for any (r,v) € R x R™ and for almost all s € [to, ], hence from (50) and (15) it
follows: .

D} g(&(t1); Dsi(tr; 5, %(s)) - (v — f(5,3(s))) 2 0 (¥) v € 0f(s,3(s), V), ae.

Finally, from (11) and from the differential properties of the flow &(.;.)
it follows that if ¢ € Ogg((t1)) then the mapping p(s) = (Daz(ty;5,2(s)))" -
g.5 € [to,t1], is an absolutely continuous solution of the adjoint equation, p’ =
—DaH(t, %(t), p, i(t)), and satisfies the minimum condition : < p{s), f(s,%(s)
Ju) = f(s,5(s)) >=< g, Dai(ti;s,&(s)) - (f(s, E(s),u} - fls,&(s)) >20(V) u e
U, a.e.([to, tl])

Using the last statement in Proposition 1, one may obtain a differential in-
equality along an optimal trajectory that allow the extension of the proof above,
of the Minimum Principle, to some constrained right end-point problems E)E
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SOME CONDITIONS ON REAL HYPERSURFACES OF
QUATERNIONIC PROJECTIVE SPACE

BY
JUAN DE DIOS PEREZ

1.Introduction. Let M be a connected real hypersurface of the quaternionic
projective space @P™, m > 2, endowed with the metric g of constant quaternionic
sectional curvature 4. Let N be a unit local normal vector field on M and Uy =
—JeN,k=1,2,3, where {Ji};_, o3 is a local basis of the quaternionic structure
of QP™ ,[3). Let us denote by D+ = Span{U;,Us,Us} and by D its orthogonal
complement in TM. D can be considered as a subbundle of TM , [11].

Recently, [1}, J.Ber nd t, generalizing previous resultsof A. Martinez
and the author, [8], has proved that any real hypersurface of QP™, m > 2 such that
g(AD,D1) = {0}, where A is the Weingarten endomorphism of M is congruent
to an open subset of either a tube of radius r, 0 < r < 7/2, over the canonically
( totally geodesic) embedded quaternonic projective space QP ke {0,..m-1},
or of a tube of radius r,0 < r < w/4 , over the canonically ( totally geodesic)
embedded complex projective space CP™.

In[7], AMartin ez introduced ruled real hypersurfaces of QP™, obtaining
several examples, as real hypersurfaces for which the distribution D is integrable.
This is equivalent to the fact that g(AD, D) = {0}, [9].

The purpose of the present paper is to prove the following

Theorem 1. Lel M be a areal hypersurface of QP™,m > 3. Then if D is a
curvature inariant subspace of TM and g(AD, D) # {0}, then M is congruent to
an open subset of a ruled real hypersurface of QP™.

Theorem 2. Let M be a hypersurface of QP™,m > 2, satisfying Ly, ®; =
0, i=1,2,3 where L denoles the Lie derivative and ®; 15 the tangent component of
Ji Then M is congruent to an open subset of a lube of radius r, 0 < r < 7/2, over
the canonically (totally geodesic) embedded quaternionic projective space QP* ke
{0,....m—1}.

It is known, [10, Lemnima 4.2] that there do not exist parallel real hypersurfaces
in quaternionic projective space. Thus we study weaker conditions in the following
Theorems.

Theorem 3. There do not exist real hypersurfaces M of QP™ m > 2,
salisfying o( R(X,Y)AZ) = 0, for any X, Y, Z tangent to M, where o denotes the



