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ON THE GEOMETRY OF LEAVES ON A SEMI-INVARIANT
L -SUBMANIFOLD IN A KENMOTSU MANIFOLD

BY

N.PAPAGHIUC

The semi-invariant £ £ -submanifold (res. semi-invariant § -submanifolds ) of a
Kenmotsu manifold have been introduced and studied by the author of the present
paper in [6] ( see also [4] and [5] ). The main purpose of this paper is to obtain
new results on the geormetry of semi-invariant &% - submanifolds in a Kenmotsu
manifold. We remark that similar results for semi-invariant submanifolds of a
Sasakian manifold have been obtained by ABejancu and the present author
in [2] (see also [1]).

First, in section 1, I recall some fundamental results from [6] which are used
in the next sections.

In section 2, I study the geometry of leaves of distributions which are involved
in the definition of a semi-invariant €% - submanifold of a Kenmotsu manifold.

Finally, in the third section I study the natural f -structure on a semi-
invariant £+ - submanifold M and obtain some decomposition theorems for M.

1.Some fundamental results on semi-invariant ¢1 -submanifolds of
a Kenmotsu manifold. Let M be a (2n + 1)-dimensional almost contact met-
ric manifold and denote by (p,£,%, g) the almost contact metric structure on M,
where ¢ is a tensor field of type (1.1), £ is a vector field, nis a 1-form and g is a
Riemmanian metric. As is well known, these tensor fields are related by

(1.1) O X = —X +n(X)E, 96 = 0,nop = 0,0(€) = 1
and
(1.2) a(pX, oY) = g(X,Y) = n(X)n(Y)

for any vector fields X, Y tangent to M. .
It is also known ( see [4], [6] ) that an almost contact metric manifold M is

a Kenmotsu manifold if and only if

(1.3) (Vxp)Y = g(X,Y)E = n(Y)pX
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for any vectors fields X, Y tangent to M , where V' denotes the Riemannian con-
nection on M. From (1.1), (1.2) and (1.3} we also get

(1.4) Vxé =X - n(X)¢

for any vector field X tangent to M. Denote by Q the contact distribution on M,
be.

= {X € I(TM),n(X) = 0}

Then (1.4) implies that Q is always integrable, therefore we can consider two classes
of submanifolds in a Kenmotsu manifold, according to the position of the structure
vector field £ with respect to the tangent bundle of the submanifolds.

Let M be an m-dimensional Riemmanian manifold isometrically immersed
in a Kenmotsu manifold A7. We say that the submanifold M is a £ -submanifold
(resp. a £ -submanifold ) if the structure vector field § of M is normal ( resp.
tangent ) to the submanifold M.

Denote by {£} the 1-dimensional distribution defined by the structure vector
field . For a submanifold M of M , denote by TM and TMYL the tangent bundle
of M and the normal bundle to M » Tespectively. Also for any vector bundle A on
M, denote by I'(#) the module of all differentiable sections of H. Throughout the
paper, all manifolds and morphisms are supposed to be differentiable of class C*°.

Let M be a £1 -submanifold of a Kenmotsu manifold M.

Definition, [6]. The £+ -submanifold M of M is called a semi-invariant
&% -submanifold if there exist on M two differentiable orthogonal distributions D
and Dt such that the Jollowing conditions are fulfilled

(i) TM=DepD!;

(i) the distribution D is inavariant by @, i.e. o(D;) = D, for each z € M;

(i)  the distribution D' is anli-invariant by o, i.e. (D) C TuM*L for
eachz e M.

The distributions D and D* are called respectively the inavariant distri-
bution and the anti-invariant distribution of M.

A semi-invariant €1 -submanifold is said to be an invariant (resp. an anti-
inavariant } £ -submanifold if we have DF = {0} )resp. D, = {0} ) for each
z € M. A semi-invariant {1 -submanifold is said to be proper if it is neither an
invariant nor an anti-invariant &L — submanifold.

Some examples of semi-invariant £+ -submanifolds are given in [6].

Now, let M be a semi-invariant £ -submanifold of a Kenmotsu manifold A1,
We shall denote by the same symbol ¢ both metrics on M and M. The projection
morphisms of TM to D and D' are denoted respectively by P and Q. Then, for

any X € I'(TM) we have
(1.5) X=PX+@QX
For any vector field ¥ in the normal bundle TML, we put

(1.6) ST
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where tN and fN are the tangential and normal comppxlllents of rlt\’ , zﬁzp:::::iih;
i i tion on M with respect to
te by V the Riemmanian connection I
:Y::l i;n%"' tl{e linear connection induced by V on the normal bundle TM*. Then

the Gauss and Weingarten formulas for M are given respectively by

(1.7) VxY = VxY + A(X,Y)
and
(1.8) VxN=—ANX +VxN

is the second fundamental form
[(TM)and N € T(TM*), where his t :
ict:rﬁ l:ﬁaYAi ie(i the)Weinga.rten map with respect to the normal section N. We

also have
(1.9) g(h(X,Y),N) = g(AnX,Y)

M) and N e T(TM1). .
o anéjl{l::}e;lgng(‘{l"le ge?:i-invarimst €L -submanifolds of a Kenmotsu manifold we

i damental results from {6]. '
recell ;tﬁﬁ:w{?lg?; M be a semi-invariant €1 -submanifold of a Kenmolsu

manifold M. Then we have
(1.10) PUxpPY — PAyqy X = ¢PVxY,

(1.11) QVx@PY — QApqv X = th(X,Y);

(112)  h(X,pPY)+ V5XpQY =pQVxY + fA(X,Y) + 9(pPX,Y)§

lds X,Y € I(TM). _
for anlsiet;:::;;ﬁlelsllet M bc(a semi-invariant £L -submanifold of a Kenmolsy

manifold M. Then we have
(1.13) ApxY = Ay X
for any X,Y. € I(D1).

Lemma 1.3 Let M be a semi-invariant £+ -submanifold of ¢ Kenmotsu
ifold M. Then we have . . .
mamf?a) the anti-invarient distribution D' is alwqys mtegmbl‘e ; have
(b)  the invariant distribution D is integrable if and only if we ha
(1.14) hX, pY) — h(pX,Y) = 29(pX, Y )£

for any XY € T(D).
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Other special results concerning the classes of submanifolds of a Kenmotsu
manifold are given in [4], {5] and [6].

2.Geometry of leaves on a semi-invariant {! -submanifold in a
Kenmotsu manifold . Let M be a proper semi-invariant £+ -submanifold of a
Kenmotsu manifold M. Denote by v the orthogonal complementary vector bundle
to ¢DL @ {€} in TM*. Thus, TM* has the decomposition

(2.1) TML = Dt v @ {€)}

where g(pD*,v) = 0,9z, (€)= 0 .
By using the Weingarten formula and (1.4) we get

(22) T?(h(XaY)) = —g(X,Y)

for any X,Y € I'(TM).

Now we introduce some weaker conditions on the second fundamental form h for
the submanifold M of M.

We say that.the semi-invariant £+ -submanifold M of M is D -totally umbilical
( resp. D* - tatally umbilical ) if

(2.3) MX,Y)=—g(X,Y)

for any X,Y € I'(D) (resp. X,Y € I'(D*)).
The semi-invariant £ -submanifold M of M is called (D, D) -geodesic if

(2.4) h(X,Y) =0

for any X € ['(D) and Y € T(D*4). ,
Remark. If the proper semi-invariant £1 -submanifold M of a Kenmotsu
manifold M is D -totally umbilical, then the invariant distribution D is integrable.
Theorem 2.1. Let M be a D-totelly umbihical semi-invariant
£+ -submanifold of a Kenmotsu manifold M. Then each leaf of the invariant
distribution D is a {olally umbilical invariant submanifold immersed in M.
Proof: First, using (1.3) and (1.7) - (1.9) we obtain

(2.5) #(VxZ,0Y)=g(VxZ - h(X,2),pY) =

= —9(2,VxeY) = 9(¢Z,h(X,Y))

for any X,Y € I'(D), Z € T(D1).

Now, let M* be a leaf of the invariant distribution D. Then, from (2.5) we
get

(2.6) 9(AZX.Y) = g(~VxZ +VRZY)=—-9(VxZ2,Y)=g(h(X,9Y),0Z)=0
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for all X € D(TM*),Y € T(D) and for Z normal to M* but tangent to M, where
% is the We(ingarten map of M* with respect 1o Z. From (2.6) , by using (1.10)
we get

(2.7) h*(X,Y)=0

for any X,Y € I(TM"), where h” is the second fundameuntal formof M* in M. If
we denote by h the second fundamental form of M* in M we have

(2.8) B(X,Y)=h*(X,Y)+h(X,Y)
for any X,Y € T(TM*).

Thus the assertion of Theorem 2.1 follows from (2.8), (27) and (‘23)

As we have seen in Lemma 1.3, the distribution D! is always integrable.
Denote by M* a leaf of the distribution D*.

Theorem 2.2. The leaf ML is totally geodesic immersed wn the semi-
invarignt ¢+ -submanifold M if and only f

(2.9) h(X,Y) € I(v)

forall X € T(D*) and Y € r{D).
Proof; First, from (2.2) we have

(2.10) n(h(X,Y)) =0

for any X € (DY) and Y € (D). .
Next, using (1.9) and (1.10) we obtain

(2.11) g(¢PVxZY) = —g(ApzX,Y) = —g(M(X,Y),92)
for all X,Z € T(DY) and Y € T(D).

We denoti by V' the linear connection induced by V on M1 and by A’ t_.he
second fundamental form of the immersion of ML in M. Hence, the Gauss equation
is of the form
{2.12) VxZ=V%Z+ WX, 2)
for all X, Z tangent to M*. Then from (2.10) and (2.11) we obtain
2.13)  g(W(X,Z),¢Y) = g(VxZ,¢Y) = ~9(¢Vx 2, Y) = 9(h(X,Y), 29
for X,Z tangent to M+ and ¥ € [(D). Finally, the assertion of Theorem 2.2

follows from (2.9), (2.13) and (2.10).
Now, using Theorem 2.2 we state
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Theorem 2.3. Let M be a (D, DY)- geodesic semi-invariant gL -submanifold
of a Kenmotsu manifold M. Then we have
o (i) each leaf of the anti-invariant distribulion is totally geodesic immersed
in M ;

(i) each leaf of the apti-invariaut distribution is totally umbilical immersed
in the Kenmotsu manifold M if and only if M is DY -totally umbilical.

Proof: Let M L be an arbitrary leaf of the anti-invariant distribution D+ .
Denote by h’ and h the second fundamental forms of M+ in M and M, respectively.
Then we have

(2.14) R(X,Y) = K(X,Y)+R(X,Y)

for all X, Y € T(D*). Then, the assertion (i) of Theorem 2.3 follows from Theorem
2.2 and the assertion (ii) follows by using the assertion {i) and (2.14).
.A semi-invariant £ -submanifold is said to be generic if the vector bundle
v satisfies v = {0}. Then from Theorems 2.2 and 2.3 we obtain
. Corollary 2.4. A generic semi-invariant £1 -submanifold M of a Kenmolsu
manifold M is (D, D*) -geodesic if and only if each leaf of the anti-invariant dis-
tribution is totally geodesic immersed in M.
Moreover, concerning the immersion of each leaf or DL in M we have
.Thegrem 2.5 Lel M be a semi-invariant ¥ -submanifold of a Kenmotsu
1_namfold M. Then each leaf of the anti-invariani distribution is totally umbilical
immersed in M if and only if the following condilions are fulfilled:
(a) VY €l(pD*t) forall X,Y € r(D4);
() h(X,2)el(v&{£}) for all X eT(D*) and Z € D(TM).
Proof: For all X,Y € I'(D*), adding (1.11) and (1.12) we obtain

(2.15) oh(X,Y) = —QApy X + VieY —9QVxY.
From (2.15) taking into account of (2.2) we get
(2.16) B(X,Y) = pQAgy X — pV40Y — QVxY — g(X,Y)§

for all X,Y € T(D*).
Next , (1.6) together with (2.16) imply

(217) h(X,Y) = pQApy X — fURPY —g(X, Y )
and
(2.18) tV%pY + QVxY =0

for all X,Y € I(D1).
Soppose each leaf of DL is totally umbilical immersed in the Kenmotsu manifold
M. Then, by using (2.14), Theorems 2.2 and (2.3) we obtain the condition (b).
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Moreover, (2.17) implies fV%eY =0 for all X,Y € I(D*) which 1s equivalent to
condition (a); Conversely, suppose conditions {a) and (b) are satisfied. Then, from
(2.17) we get h(X,Y) = —g(X,Y)¢ for all X,Y € T(D*). On the other hand,
from the condition (b), by takimg into account of (2.10) and Theorem 2.2 we infer
that any leaf of D is totally geodesic immersed in M. Finally, by (2.14) it follows
that any leaf of D* is totally umbilical immersed in M.

Corollary 2.6. Lel M be a generic semi-invarign ¢L -submanifold of o
Kenmotsu manifold M. Then each leaf of the anti- invariant distribution is totally
umbilical immersed in M if and only if M is (D, D) -geodesic and Dt -totelly
umbilical immersed in M.

3.The indeced f-structure on a semi-invariant £+ -submanifold. Let
M be a semi-invariant ¢4 -submanifold of a Kenmotsu manifold M. We put
F = poP and using (1.1) we obtain F3 + F = 0 that is F is an f -structure
on M. In fact, we have F2X = —X for each X € (D) and FY = 0 for all
Y € I'(D'). The purpose of this section is to study the fundamental properties of
the f -structure F. First, by direct computation, using (1.5), (1.10) and (1.11) we
get

Lemma 3.1. Let M be a semi-invariant g+ -submanifold of a Kenmolsu
manifold M. Then we have

(3.1) th(X,Y) = VxpPY - @PVxY — Agqr X = (VxF}Y - Agor X

for all X,Y € T(TM).

The f -structure F is said to be parallel if VxF =0 for all X € T(TM).
Then Lemma 3.1 implies

Lemma 3.2. Let M be e semi-invariant 1 -submanifold of a Kenmotsu
manifold M. Then the f-structure F is parallel if and only if

(3.2) th(X,Y) = —~QAgqv X

for any XY € T(TM).

Now we can state

Theorem 3.3. Let M be dn m-dimensional generic semi-invariant
gL -submanifold of a (2n+1) -dimensional Kenmotsu manifold M. If the f-structure
F is parallel, then M 1s locally the Rtemmanian direct product My x Ma, where M
is a (2m — 2n) _dimensional {otally umbilical invariant gL -submanifold of M and
My is a (2n —m) -dimensional anli -invertant ¢L -submanifold of M.

Proof: Since M is a generic semni-invariant €L -submanifold we have ¢ = t
on TML. Then from (3.2), by using (2.2) we get

(3.3) R(X,Y) = —g(X,Y)E

for any X € T(TM),Y € [(D).
By using (3.3) and (1.12) we obtain

(3.4) VieQY —¢QVxY =0
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for all X, Y € T(TM).

Now, we take Y € I'(D). Then (3.4) implies VxY € I'(D) for each X € I'(TM).
Consequently, the distribution D is parallel.

Since Vx F = 0, we have

(3.5) VxpPY — pPVxY =0

for any X,Y € [(TM). Then (3.5) implies VxY € T(DY) for all X € I'(TM) and
Y € T(D+), which means that the distributions Dt is also parallel. Therefore,
M is locally the Riemmanian direct product M; x Mz, where M, is a leaf of the
invariant distribution D and M, is a leaf of DL, Of course, M, 1s an invariant
£ _submanifold of M and M3 is an anti-invariant £* -submanifold of M. Moreover
by (3.3) the conditiong of Theorem 2.1 are satisfied, hence M; is a totally umbilicai
£4 -submanifold of M. The dimensions of M; and M, are obtained by direct
computation using the definition of a generic semi-invariant £+ -submanifold. The
proof is complete.

By using Lemma 3.2 we have

Lemma 3.4. Let M be a semi-invariant L _submanifolds of a
manifold M. Then the f-structure F 15 parallel ifeand only iff Jo Renmotsy

(3.6) h(X,Y)eT(v & {£}).

for all X e T(TM) and Y € T(D).
Finally we state
s Theorem 3.5. Let M be a (2p + q) -dimensional semi-tnvarint
& -submanifold of a ( 2p + 29 + 25 + 1 ) -dimensional Kenmotsu manifold
M, where dim. D, = 2p ,dim. D! =gq,dim. v; =25, foranyz € M. If the
f-structure F is parallel, then M is locally the Riemmanian direct product My x My
@here My is & 2p - dimensional invariant £ -submanifold of M tolally geodesié
immersed in M and M, is a g-dimenstonal anii-invariant &L -submanifold of M.
Proof: From (1.12) we obtain

(3.7) WX, pY) = pQUxY + FR(X,Y) + glpPX,Y )€

fc.?r all X e I(TM),Y € T(D).
Since the f structure F is parallel, from (3.6) and (3.7) we get

(38) QOQVXY =0
and
(3.9) h(X:‘PY) = fh(X:Y)‘l'g(‘PX)Y)E

for all X € T(TM) and Y € I(D). Then (3.8) impli
. : . plies VxY € I'(D) for any
X € T(TM),Y € T(D), i.e. the distribution D is parallel. By taking Y € (D)
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in (3.5) we get VxY € T(D*) for all X € I(TM) and Y € T(D'), i.e. the
distribution D' is parallel too. Moreover, by using (3.9) in a similar way as in
the proof of Theorem 2.1 we obtain that any leaf of the invariant distribution I} is
totally geodesic immersed in the semi-invariant £+ -submanifold M. Finally, the
assertion of Theorem 3.5 follows in a similar way as the last part of the proof of
Theorem 3.3.

Remark. Examples of semi-invariant g1 -submanifolds in a Kenmotsu
manifold which are locally the Riemannian direct products M x M, may be ob-
tained if we consider C R -products in a Kahler manifold NV ( see [1], [3] ) and we take
into account that any C R -submanifold of a Kahler manifold N is a semu-invariant

¢1 _submanifold of the warped product M = Rxy N, where f(t) = ce',c > 0, [6].

REFERENCES

1. Bejancu, A. - Geometry of CR - Submanifolds , D. Reidel Publishing Company, Dordrecht,

1986.

2.Bejancu,A.,Papag hiuc, N. - Semi-invariant submanifolds of a Sasakian space form
, Colloguium Mathematicus, XLVIII (1984),1.2., 229-240.

3. Chen, BY.,, - CR - submanifolds of a Kahler manifold , 1.J. Differential Geometry, 16

(1981), 305 - 322.

4, Kabayashi M. - Semi-invariant submanifolds of a certain class of almost contact
manifolds , Tensor N.S., 43 {1986), 28-36.
5. Kabayashi, M.~ Contact generic submanifolds of a certain class of almost contact

manifolds , Tensor N.S., 48 (1989}, 264-272.
6, Papaghiucg, N. - Semi-invariant submanifolds in a Kenmotsu manifold , Rendiconti di

Matematica, (4) {1983), Vol.3,5erie VII, 607-622.

Palytechnic Institute of Insi
Department of Mathematics

Received: 9.X.1891

Jasi, Romania



