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Definition. 4 class which is not groundless is said to be grounded.

Lemma 1. Let K be the class of all grounded classes. Then K is
groundless and grounded.

Proof. Let us assume that K is a groundless class. Then there is an
infinite progression of classes A}, As,... such that ... € A, € A; € K.

Sinece 4, € K, A, is a grounded class; since ... € A3 € A € A; A s
also a groundless class. But this is impossible,

Therefore i is a grounded class. Hence A" € K, and we have ... €
K € K € K. Therefore } is also a groundedless class.

Lemma 2. If f: V — V is an ontoe map, then we can make two
disjoint paradozical classes using f.

Proof. First {z : 2 ¢ f'z} is one. And define ¢ : V — V by
¢’z = (f'z)° for all z. Then g is onto since for given y, there is z such that
flr=y“andso g’z =(f'z) =y Hence {z: 2 ¢ g'z} = {z:z ¢ (f'2)°}
is another paradoxical class and since {z : ¢ € ¢'2} = {z : = & f'z}°, two
classes are disjoint.

Theorem. There are infinitely many paredozes classes which are not
generated by the uniform method.

Proof. Since P(V) C V, V is a paradoxical class. Suppose V is
generated by a map f. Then by Lemma 2, V¢ = & would be a paradoxical
class, which is absurd. '

Now for any nonparadoxical singleton {a}, consider a class V' \ {a}.
Let go : P(V \ {a}) = V \ {a} be a map defined by

ifag¢ P(V\{a}), gu(z) = z for all z € P(V \ {a}),

. T T=a

ifac P(V\{a}), a(2) = {y 5 2%

Then clearly gq is 1 — 1, and so V' \ {a} is a paradoxical class.

V'\ {a} is not generated by the uniformn method, since its complement
{a} is not paradoxical.

Remark. It remains still open whether there exists a map o such
that a : V = V, "V = V and C(e,V) = K = {z | is grounded} as in
Lemma 1.
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THE METHOD OF COMPLEX POTENTIALS
IN SOLVING TWO-DIMENSIONAL PROBLEMS
FOR MEDIA WITH VOIDS

BY

A. MANOLACHI

0.Introduction. The infinitesimal theory of elastic materials possess-
ing a structure of distributed small voids and some questions concerning the
behaviour of these materials have been approached by
SC. Cowin and JW.Nunziato in[l]. Starting from this theory,
S.C.Cowin defines in [2) the quasi-static problems of plane strain and
plane stress applying the appropriate field equations to the stud;,r of the
problem of stress concentration around a circular hole in an infinite plate
subjected to uni and bi-axial tension.

In this paper we give a general method of solving Cowin’s equations
for arbitrary domains and boundary data. The method which we propose is
that of complex potentials. Accordingly, in the first stage one establishes a
representation formulae of the general solution of equilibrium equations in
terms of three potentials among two are analytic complex valued and, one -
real valued - of Helmholtz’s type. Then, the obtained representation is used
}o reduce the boundary value problems of plane strain and plane stress to
é:i_'ﬁme problems of complex function theory.

The content of the paper is the the following: the field equations and
'éé;ne of their consequences are presented in Section 1. After the general
solution of equilibrium equations is found - Section 2 - we formulate the
fundamental boundary value problem in terms of complex functions in Sec-
tion 3. In Section 4 we deduce the expression of complex potentials in
he case of multiply-connected finite and infinite regions. To illustrate the
ethod we have included solutions of some concret problems in the final
tof Sections 3 and 4.



70 A. MANOLACHI 2

1.Field equations. Consequences.

1.1.Field equations. Let D C R? be the domain occupied by an
isotropic homogeneous material and C - the frontiere of . We assume the
curve C be of class C!. The two-dimensional field equations describing the
equilibrium state of an elastic solid with voids structure are
_ - equilibrium equations

(1.1) oxss +pby =0, hss+g+pl=0, v,6=1,2

- kinematical relations

uy

(1.2) Uy g = SRR

2645 = Uys + sy,

- linear constitutive equations in the stationary case (¢ = 0)

O = (A8 + Bp)85 + 2ue s,

(1.3)
hs=oaps, g=—8p— P08, §=c11+e.
- boundary conditions at C

(1.4) asns = X4(s); hsns = H(s), at C

(1.5) uy =ul(s); w=¢"(s), at Cy

where C; and C; are portions of curve C such that C1UC; = C,CNC, =6, ‘;

and X(s), H(s), ui(s), ¢*(s), ¥ = 1,2, are prescribed functions of the
arc s.

In the above relations we have used the following notations: p - thi

density in the reference configuration, u, = u,{z,,z2) - the displacemen

vector components, ¢ = (r1,z2) - the function of change in volume-
fraction, €45 - the strain tensor components, o5 - the stress tensor compo- |
nents, ks - the equilibrated stress vector components, b, and € - the external |

body loads, ¢ - the intrinsic equilibrated body force. The cocfficients A, g,

a, B, € are the constants of the material, n., are the components of unit
outward normala at C and conuna denotes the operation of diferentiation. &
When 45, hy and g given by (1.3) are substituted into (1.1} we obtain

Lamé’s form of equilibrium equations as follows

pAUy + (A + )b + Fp o + pby =0,

(1.6) .
36— £o + pl = 0.

alyp
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This system of equations characterizes both the plane strain and plane stress
with the mention that in the plain stress problems the constants A, 8 and £

should be substituted by

ﬂ2
A42u

2f8p

2Apu _
TAt 2y

T a+2p

A B =€~

(1.7)

The solution of the system (1.6) must satisfy some boundary conditions
among (1.4) and (1.5). With reference to these conditions we introduce the
following classification:

- when C = C, (C; = 0), (1.6) and (1.4) define the stress boundary

problem (S — problem},
- when C; = C, {C, = 0), we refer to (1.6) and (1.7) as the displace-

ment boundary problem (D — problem) and,
- when C; # 0, C; =# 0, (1.6) and (1.4), (1.5) define the mized

boundary value problem (M — problem).
We refer to these three problems as the fundamental boundary value

problems of two-dimensional theory of media with voids.
In applications one often meets also the so-called third problem in

which the solution of the system (1.6) must satisfy some combinations
among the conditions (1.4) and (1.5) at C, but we do not consider here
this problem.

1.2. Energy considerations. The density of internal energy for a
medium possessing voids read as follows

1:(1.8) 2V = AeynEss + 2pEq5Es + 2PEqyp + 00 50 5 + £p?

In view of [1], the necessary and sufficient conditions for the quadratic form
. (1.8) be non-negative are

(1.9) 20, a20, €20, 3A+2u20, (3)+2u) > 38

" Based on these conditions and geometrical relations (1.2) we can prove that
= 0, if and only if, u, and ¢ one reduces to a rigid displacement field of
the form :

’10) ‘&"T = a7+ 651 WEg, (r; = 0’ 7$6 = 132$

ere a., and w are arbitrary constants and €, - the alternating tensor.

1.3. Betti’s formulge. Let u = (u1,uz,¢) and v = (v;,v2,¢) be
0 vector functions of class C*(D) N C'(P + C). Multiplying the first two
tations among (1.6) by v., the third by , summing up the results and
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integrating over D, in view of Green-Gauss theorem and Cauchy's formula
(1.4), we obtain

fD [vsLs(u) + $Ls(w)] da =
(1.11)

:f V(u,v)da—/ [vs Xo(u) + pH(u)]ds
D C

where V(u,v) is the bilinear form associated to (1.8) and Ls(u), La(u),
Xs(u), H(u) are given by

— Ls(u) = plus + (A +w)8s + o s,
(1.12) — L3(u) = alAp — B8 — £,

Xs(u) = os(u)ng, H{u)= hs(u)ns.

Setting v = u in the formulae (1.11) and noting that V(i,u) = 2V(u), we :

obtain the following Betti’s relation
/ [usls(u) + ¢Ls(u)]da =
D

(1.13)
= 2/;)V(u)da - ]c [us Xs(u) + @H(u)]ds.

On the base of this formulae and positiveness property of the internal energy |

we can prove the uniqueness of the solution of fundamental boundary value
problems. This is done by the theorem which follows

Uniqueness Theorem. Let the conditions (1.9) be satisfied in the
plane domain D with the frontiere C. Then D and M -problems have at most

one solution; the solution of (S)-problem 1s unique up to a rigid displacement

field of the form (1.10).

1.4. Necessary conditions of equilibrium. It is known from the classi-|
cal elasticity that the stress boundary value problem admits solutions only:

if the external loads satisfy certain global conditions of equilibrium. In what

follows we establish their counterpart in the theory of media with voids.

In this respect let u = (u;,u2,¢) be a regular solution of the (S)-:
problem. According to above results this solution verifies relation (1.13).
In view of the uniqueness theorem the most general solution of the (B)-
problem is obtained by superposing on u a displacement field of the form
(1.10). Let w = (w1, w2, x) be this solution. We have .
1
Wy = Uy W Cey Ts tay, Y= . i
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Observing that
V(w) = V(), Ly(w) = Lylu) = pby, L3(w) = Lo(u) = pL.
oys(w) = ays(u);  ha(w) ha(u)

from the formulae (1.13), we deduce

ty ( /D pb-da + /(, X.,(u)ds) +

+ w ([ € hy :r:gpb.,da+j ST ng.,(u)ds) =0
D c

As this relation must be satisfied by any system of arbitrary constants a4
and w, it follows

(1.14) /pb7da+j Xyds =0
D c

(1.15) / €54 Tspbyda + / Eoy T6Xds =0
C C

These relations express just the necessary conditions of global equilibrium
for a medinm with voids when the external loads are prescribed over the
closed domain D. We note that the extrinsic body force g and equilibrated
stress vector H does not appear in these relations.

2. Complex representations. In what follows we establish the
representation formulae of the general solution of equilibrium equa.tionsz and
give the complex expressions of the stresses in terms of complex functions.

2.1. Complex formulation of the field cquations. We introduce in D
the complex co-ordinate (z,%), z = &) + T2, 2 = T3 — ixq, and define the
complex displacement U(z, ), complex stress components A(z,2), T'{z,2)
and complex equilibrated stress ¥(z. 2), as follows

(2.1) U=y +tug, U =uy —tug, i = V-1,
. A=oy +0a2, T =09 — o + 2012, ¥ = hy +ihe

where the har over an expression denotes its complex conjugate. Using
2.1), the equilibriumn equations ean be written under the form

oA U

a9 T

dz 9= +PL 09 f 1+ "b2
oV 9V




74 A. MANOLACHI 6

Similarly, using (2.1); and (1.3}, we obtain the complex form of the stress-
strain relations as follows

(2.3) A=2A+)(U: +U;)+ 259,

- ['=~4pU,., ¥ =2ad,:
where U, = OU/8z, U; = 8U/dz and ®(z,2) = ¢[(2 + 7)/2,(2 — 2)/2i].
Substituting (2.3) into (2.2) and making use of the formulae (1.3) which
gives the function g, we obtain

pAU +2(A + 4)0 : + 23 : + pL =0,
(2.4) aAD — O — (P + p =0,
O=U,+U;, AU=4U...

Bearing in mind that along the curve C one has dz = 10™ds, df = —ie™"ds,
where 5 is the angle of the unit outward nonmnala with .y and combining
the relations {1.8) we deduce the complex form of the boundary conditions
as follows

(2.5) U=U*(s), 2=9¢", at ()
(2.6) Adz 4 Tdz = 2iX(s)ds, Vdz — Wdz = 20H(s), af Co
where

U(s) = ull{s) + wui(s), X(s)=Xi(s)+1X2(s).
We write further the well-known relations between the elastic elements in a
system of polar and cartesian co-ordinate, namely

AM=o,4+a5=A, I"=cy— 0o, + 2ir,g = [,

2.7 . .
(2.7) U ' =h, +ihg = Ve, U' = up + iug = Ue™

where # is the angle of r-axis with 0.ry measured in the anticlock-wise sense.

2.2. The complez potentials. Let V' bie the body force potential. We E

have L = =2V ;. Using the complex form of the two-dimensional Laplace’s’
operator we can rewrite equation (2.4); under the form '

[21U,: + (A + p)O + B2] , = pV .
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Integrating this equation with respect to z along an arbitrary path inclosed

in D we obtain
(2.8) 2wV . + (A + )0 + 2 = pV +(1+ )Y (2),

where {z) is an arbitrary complex function analytic of variable z in D and
Q' = d/dz. The constant K has the values
L — A3 — 3 _ 40 in the case of plane strain and,

k= %i—ni = f—ﬁ in the case of plane stress.
it
According to the plane stress hypotheses, the cons

‘n terms of Young modulus and Poisson ration, as follows

tant A\, expresses

2hp Eo
)\1 - ==
M2 (14+0)l-0)

Adding up (2.8) and its conjugate we pet the intcrmediate relation

(2.9) (A+ )0+ 5% = %(1 + R [ + ()] +pV

When the function O is eliminated among (2.4)2 and (2.9) we deduce that

the function change-in volume-fraction must verify the cquation

_ ALK} .
T —
(2.10) AP — 0770 = 20001 21 [Q(2) + Q'(2)] + ©1(2,2)
where _
, 1 3
-2 _ = _
™= a (£ A+ 2;1)

(2.11) )
0 _._B > ,_pﬁ_._v
O = ag(z’é) U al A+ 2u)

We note thas the constant 72 having the dimension of length square is always
positive ({1)).

The general solution of the equation (2.10) is of the form

2.12) B = By — ko [(2) + X(2)] + &

which ®4{z. ) is ihe general solution of the equation

2 13) A‘I’o - BEZ(I)() = 0
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the function ®,(z, z) is given by, ([6]),

#(2,2) = [ K(az.6muE nidedn
and the constant ky has the expression

-
a(A + p)

Substituting the function © given by (2.9) into (2.8) and taking into account
(2.12), after some algebraic operations, we obtain

(2.14) ke =mé2, m

L O — ni(s) _ L B
(2.15) 2uU ;= kS (2) — nQY'(2) 2ﬂ1¢0+/\+2”(pv 8%,)

where
k= + ) 1=+ )
(216) b= TTme o ) T 1= e+ 2w

Integrating (2.15) with respect to z by keeping Z constant and using the
relation &y = 4€2®y .: (see (2.13)), we arrive to the final form of the complex
displacement function U/ namely

(2.17) 2uU = k1Q(2) — n [V (2) + 3(2)] — 26:1£3D0.z + G(2, %)

where nw(z) is a new arbitrary complex valued function analytic of z and

(14]),

ded .
_5 TZ; s =€+ .
C—2Z

IR P
G(z,7) = W(qu)]D(pv §%.)

The formulae {2.12) and {2.17) give the complex representation of the gen-
eral solution of equilibrium equations in terms of two arbitrary complex
valued potentials £2(z), w(z) and one - ®¢(z, z) - which is the real solution
of the equation (2.13). Knowning these potentials, the stress system and
the intrinsic equilibrated body force ¢ are given by (2.3) and (1.3).

We note that in the absence of voids there are 'y = K, 7 = 1 and the
formulae (2.17) are reduced to the well-known representation of the complex
displacement met in the classical two-dimensional elasticity.

2.3. Complex stresses. Taking into account the stress-strain relations
(2.3), where the expressions for U and & are substituted, we obtain
A =2 [Q(2) + (2)] + 451 6380,=: + AF,
(2.18) F = 2T] [EQ”(Z) + w’(z)] + 4ﬂ1€(2}@0,zz + I“*,
d*Q

U = 20 [~koQ7(2) + $os] + 07, Q" = dz?’
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where A*,T'*,¥* are given by

A _
A= ";:_H(G,z + G,:’.) + Qﬁ‘;.l:

(2.19) ]
"= —QG',', Q* = 2(1@],2

2.4. Stress resultant and stress moment. Let (g1 +02)ds (04 = T6T06 )
be the stress vector exerted on an elementary arc ds of some curve AB drawn
in the domain D. In accordance with (2.18), we have

%i(oy +ioy)ds = Adz + Tdz = {29 [2'(2) + Q'(z) +
+ 43 B8 ,: + Atdz) + {20 (22" (2) + &'(D)] +
(2.20) 4B, 3% z; + T7}dZ =
= 2d{n [2) + 2 (2) + &(2)] +
428,028, ;) + A*dz + T dz.

where d{...} denotes the differential of the quantity inside the brackets.
Performing the integration with respect to s in the above formulae, we find

(U2) + 20'(5) + D(2)] + 261 G o s} A+
+ : (A*dz + T*dz) = i/ (o1 +1o2)ds + ¢
2 JaB AB

where {f}5 = f(B) — f(A) and cis an arbitrary complex constant.
Denoting by Hds the equilibrated stress vector which acts on an ele-

" mentary arc ds of curve AB, in view of (2.18), we deduce

2% Hds = ¥dz — Udz = 2i Im(¥dz) =

: dz
-4l I {[—ng”(E) + ®o,z + @1‘2] -J;} ds

where Re{...} and Im{...} denote respectively the real and imaginary parts
of the expression inside the brackets. Consequently, along the arc AB, 1t

10lds

B

oh ; d :
21) 2aIm {[—koﬂ"(z) + ®o: + 01 Zi%} = {H(s)}4
A
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If AB is a closed contour C, from (2.20) and {2.21) we deducc the expres-
sions of the stress resultant and equilibrated stress resultant acting on this

contour, namely

{1 [Q2) + 22 (2) +0(2)] + 2816580, } ¢ +

(2.22) + %fC(A*dz+f‘*d2) = iL(a, + 102)ds
dz
23 2al —ko§2"(2) + Po.z | = = site.
@2 edm{ R0+ Bt 0] T = O

When the interior of curve C is a simply-connected domain and no concen-
trated loads act inside of C, then (z), w(z) and ®¢ are uniform functions

and, from (2.22) and (2.23), we deduce

. *dz 4+ Trdz) =+ io;
(2.24) 5/6(1\ dz +T'dz) = /r(o; + 10y s
(2.25) {H(s)}c =0.

Further, by using the complex Stoke's formulae, ([3]),

/[f(z,z)dz-l—g[:,z)dz]=2i/ (f:—g:)da
C D+

where DV is the interior domain of curve C, the left hand side of the relation £

(2.24) read as follows

1 -
3/ Adz +T%dz = i/ (A%, — T, }da.
= Jc p+ '

In view of equilibrium cquations (2.2} and (2.25) the 1 cp
ing in the right hand side of this relation can be transformec 1 nhiain

/ pLda + f (o1 + to2)ds = 0.
D C

This foimulae express the fact that the stress resultant alorn: fhe contour.

C equilibrates the resultant of body forces acting inside of C € itherwise it

represent the complex form of the global equilibrium condition 12.18}. 1
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| appear- §

Another cosequence of uniformity properties of potentials ,w and
®, expressed by the relation (2.25) is that requiring H(s) be an uniform

function along the contour C.
The moment about the origin of the forces acting along AB is given

by
Mag .-zj (z102 — 720,)ds = Re {/ iz{oy — iag)ds} -
AB AB

1 z )y =
(2.27) g Re {LBE(A@ +Td )}
= Re {n [u(2) - /() = 2] + 21 6320.0)

— ?,[5'133 Re {] ‘I’g.de} — %Re {/ z(A*dz + I"dz)}
AB = AB

In this formulac the purcly imaginary terms have been dropped since they
do not affect Map. When AB is a closed contour C and the functions Q,w
and @y vary uniformly inside of €, the formulae (2.27) gives the resultant

momet of stresses along C, as follows

{M}c = / iz{oy — ioy)ds = =23, Re{/ ¢0',dz} —
c c

- ;l)—Re {/ Z(A%dZ & F'dz)} .
= (&

Using again the Stoke’s formulac and equilibrium equations {2.2) we can

B
A

write
(2.29) . f@u‘,(l:=2i/ By . :da
C D+
14(2.30) / A dz 4+ I*d:zy = —2/' izpl_lda
- ¢ D+

According to (2.13), relation (2.29) can be transformed as follows

2ﬁ1€'f,/c¢>g‘:dz =1if, /m dyda

'-:hus the first term appearing in the right haud side of (2.28) vanishes.
finally, when (2.30) is substituted in the second term of (2.28) and (2.27)
s taken into account, we deduce

Re {/ iz{oy — 102)ds +/ izpfda} =0
C D
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It can be see that this formula represents the complex form of the global
equilibrium condition (2.19).

3. Complex formulation of the boundary value problems.

3.1. Boundary conditions. The representation formulae of the dis-
placement and stress fields established in the previous Section enable us
to formulate the fundamental boundary value problems of two-dimensional
elasticity for media with voids in terms of complex function theory, namely

To find analytic potentials Q(z), w(z) of complez argument z and a so-
lution ®g of the equation (2.13) regular in D which satisfy at C the following
boundary conditions:

(i) The stress boundary value problem (§-problem)

1 [Q@) + Q@) + (D) + 28280 i+
(3.1) %jo (A*j: + f%) ds = fi(t) + i f2(t) + constant,

dt
200 Im { [—kUQ”(Z) + @0'5 + ¢].l-] (-l:} — H(S),

where f) and f; are known functions of ¢ at the contour C and are given by |

]

(i} The displacement boundary value problem (D-problem)

K Q) — n [tQ(F) + w(f)] - 281680 + G(t, 1) = 2pU"(1,1),

(3.2) . .
Bo(t, 1) — ko [Q(1) + V(D] + D1 (8,0) = (6.5, U = u] + in,

where u} and w3 and $* are given functions of the points of C.

(iii}) The mized boundary value problem (M-problem. ), when conditions’

of the form (3.1} are prescribed at Cy and conditions of the form (3.2) are
preseribed at Co, where CLUC: = C and C, N Cy = . |

Note. It was shown above that the necessary conditions for equilibrium of |
a medium within any curve drawn in the domain oceupied by the material
are given by (2.26) and (2.31). Making use of tlic notation appearing in
(3.1), we can rewrite these conditions under the fori

1 ;dt —,dt )
5./;: (A ds e ;l_q) ds = [[i(t) +if2(t)] s

%Re{Lit(Kﬁ—f+I‘3§)}ds=Rc{£_fdt}.

(3.3)
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Particularly, in the absence of body loads these formulae reduces to
(3.4) (hvifde =0, Re{ [ firy o
c

3.2. Arbitrariness degree of potentials. From the expressions (2.18) it
results that the stress components and equilibrated stress are not affected,
if one replaces

U2) by Q{z)=Q(z)+: Az 4+ B
w(zYby wi(z) =w(z)+d
Po(2,2) by Bo(z,2)

where A (= A4), I and d are arbitrary complex constants.

Substituting 2;,w; and @y into the expressions of U and ¢ and de-
noting the result by U, and @, we have

(3.5) Uy=U+ilky+)Az+ kyd— 3B, &, =0
The displacement U will be not affected, unless
wky +n)Az+kyd—-nB =10
which is satisfied only if
A=0 and kyd-nB=0.

The constants appearing in the linear part of (3.5) can be arbitrarily fix»d.
For instauce, if the origin of co-ordinate lies inside of C' we can choose them
as follows:

b - for a given stress state, by conditions
(3.6) Q0) =0 Im(Q(0)) =0, w(0) =
- for a given displacement ficld, by conditions

(3-7) Q0)=0 or w(0)=0.

The constant from the right hand side of the boundary condition (3.1) can
e taken equal to zero whenever D is simply-connected domain.



82 A MANOLACHI L4

3.3. Application. Solid disk i rotation. Cousider a solid circular disk
of radius R rotating about its axis with constant angular veloeity w. Usiug
the notation of Section 2, we have

2
Lt o Bk pur
V= —ezz, @y = M4L N, M= ——M—
f 2 L] 1 " 0+z ) 20’(A+2”)
P s PM e 2E
0 C=—ts29™ 77 2 (465 + 2)"”
. Aty 2 24,z
= z \ zz
A A+2 pwzz+[)'|14(4f ),
Do F s BME, U = 2aM:
T30t TS BT :
With these data, at the circumference |z| = R, we find
1/ S 20431 4.0 2 R?
- *d I'dz = - ———— t+ M4 t
(3.8) 2]0 Atdz + z 4(/\+2”)pw Rt + (4 = )b

Substituting A by Ay = Fo /{1 — ¢?) according to the hypothesis of plane
stress and replacing (3.8) into the boundary conditions (3.1), we obtain

0 [Qt) + 1) + o)) + 268620 =

=L g2y~ Lo oar (a2 s {
(39) - ‘8'( + U)f’w - E,BI 0 + ?
- It It

Im I [k Q" () + @ il (——} =—M Im (t(—-) .
L IR s

In {3.9) we have considered fi = fo = H = 0 since the eylinarical surface E

of the disk is free of external loads and constant = 0 bhecause D is stmply-
conunected.

The solution of the boundary value problem (3.9) regular in the origin |

is sought under the form
(3.10) Qz)= Pz, w(z)=0, &= QIO(;—-)
0

wherc P and @ are real unknown constants and I,(-) is the modified Bessel's
function of first kind and order n. Inserting (3.10) into (3.9) and effecting |
some calculations, we get 4

2M R,

I(g)

_ b ope_ 1 20—
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El

Comparing the value of the constant A in the present theory with that
found in the classical clasticity we remark the se cond term which contains
the characteristic constants €3 and By. The stress components can now be
determined from (2.18) and (3.8) as follows

A =4nP +£iQL (E) +A°

52 - .
(3.11) F=ﬂ1Q;2-Iz(EO)+T

[a} F4 r
=—Q-L{—]+¥
eoQT l(etl)

By using the formulae (2.7) and (3.11) we find the stresses in polar co-
ordinate under the form
(3.12)

=
[F%]
+
.
|
)
Lo
=
——
pe=s
7
I
‘!N
g
+
[~
o
=
()
[
[am—y
I
= |
Vet
|
S’

1
gg = %[(3 +v)pw? - 20, MIR? — g[(l + 3v)pw’ — 25 M+

h () &1 (%)

2
——-—Il (%) +2MBG | 1+ 2 (%)

hy =2aMr | 1 — E{]—@ he =0.

") (’%) g

Bk

+ %3&431?'2 - 2Mﬁ1 ‘.’()R

In particuluz, the radial aad tangential stresses in the center and on the



84 A MANOLACHI 16

17 THE METHOD OF COMPLEX POTENTIALS 85

periphery of the disk are given by the formula

ar(0) = 04(0) = = [(3 + v)pw?® — 28/ M] R*+

ol —

R
201, (;’i)

[(1+v)pw’® + 28, M] R*+

+ 28 ME |1~

o(R) =0, oo(R)=

W |

+4MB € + %Mﬁ.Rz —2MB, e[,R..____j" Ef%
1\%

h(0) =h(R)=0, heg =0,
The radial displacement and change in voluine-fraction, at r = R, are

R

2yur(R) = (k1 - T])PR - ﬁleoQIJ (E(;-) 5 UG(R) =0

w(R) = —koP + Q1o (t%) + M(44 + R?)
We obtain also from {1.3) and (2.12),(2.17) the expressions of the intrinsic
body force g¢.

4. Potentials in multiply-connected domains. When the do-
main D bounded by the contour C is simply-connected and no concentrated
loads act inside of C or at C, the potentials 2, w and ¥4 are uniform fune-
tions inside of C and the stress and displacement fields are single-valued in
D.

Consider now the case of multiply-connected domains bounded by
n + 1 simple closed arcs of class C' : Cy,C4,...,Cn,Cay1, where Cprpy
surrounds all the others.

Since D may be finite or no, we will consider separately these cases.

4.1. The multiply-connected domain D s finite. Assuming the body
loads be single valued in D, the stress components and equilibrated stress
vector must satisfy the following uniformity conditions

(4.1) Ale, =0, [[le, =0, [¥le, =0, k=T,n

where [-]c, = 0 denotes the increasing along the contour Cy of the function
inside the brackets.

Conditions (4.1) are satisfied when ®g is an uniform function and

Q(z), w(z) have the form ([4})

Q(z) = Qo(z) + 2 Y AxlIn(z — zi) + > ln(z - 2x)
(42) k=1 k=1

w(z) =wol(z) + Y_viln(z —z), A=4
k=1

where zi are arbitrary points inside of Cg, $0(2) and wq(z) are two arbitrary
functions holomorphic in D and Ay, vx, 7k, arbitrary constants..
The uniformity conditions for the displacement and change in volume-

fraction imply
(4.3) [Ule, =0, [®]c, = 0.

Substituting (4.2) into (2.17) and (2.12) and taken up the increasing of U
and @ along the contour Cy in the anticlockwise sense, we get

2u[U)e, = 2mi{(ky + n)Akz + kv +1%]

(4.4) (@], = 0.

The condition (4.3) will be satisfied if and only if the right hand side of
(4.4) vanishes, i.e.

(4.5) Ar =0, kye+n139. =0, k=1mn

Setting Ax = 0 in (4.2) and taking into account the expression of the stress
resultant along the contour Cy,

: dz .dz
. _ dz d
Tk + 102k 7 ‘/Ck (Ad.s +Fds) s,

(4.6) o1k + 102k = =2m0(vk — Vi)

_01k+i02k ¥ :_kl(Ulk'“iUzk)_
 2n(ky + )’ g 2rn(ky + 1)
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Hence the functions (z) and w(z) arc of the form

it

Z(a.k +ioap)In{z — zx) + Qo(z).

k=1

1
C2mn{k, + 1)

kl T ) |
w(z) = 2rn{kr + ) ;(mk B

Q(z) =
(4.7)

where the functions Qy(z) and wy(z) are holomorphic inside of D.

As in the classical elasticity many-valued displacements can be mter-
preted as a dislocation in the multiply-connected domain D. We confine
our attention to a problem of this type in the following application.

4.2. Volterra’s dislocations in a circular annulus. Consider the equi-
librium problem of a circular annulus R, < |z] € Rg, (Ri < Ry) in the
absence of body loads and stresses at the boundary.

We assume that across a cut connecting the inner and outer circum-
ferences of radii Ry, Rz the complex displacement has a jump of the form

(4.8) Uy —U-=iez+m+in

where £,m,n are given real constants while the volume fraction suffers no |

any jump, i.e.

(4.9) &, - &_=0.

We add to (4.8) and (4.9) the boundary conditions at the circumferences |

Izl = Ré; é = 1)21
(4.10) Xi+:iXo=0, hyny + hgne =0, at |z = Rs.
According to (4.2) the functions £)(>) and w(z) are choosen under the form

Qz)=Azlnz4+ylnz+ Qo(z},

(4.11) ,
Uz)=v"Inz+ Nofz), A=A

Since the function £y and wg are holomorphic insicle of the domain By <

|z} € R;, then

+ o oo
(4.12) Qolz) =Y Aiz", wolz) = > Bit.

(4.17) + (Mye® + Mye™ ), (—) +
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In view of (4.4) and (4.11), condition (4.8) yiclds
m
(4.13) o ((ky +n)Az + kv + 7] =dez +m 4

Bearing in mind (4.10) and (4.11), in the absence of body loads (A* =
0, T* = 0 ¥* = 0), the boundary condition (3.1) expressed in terms of
anknown functions o and wg and ®4(z), read as follows

n [S(t) + tQ(2) + @o(D)] + 281680, = F() + A(2)

(4.14) Im {[_koﬂ"(j) + tI>[,|,_] -((:—Z} = G(t),

where

, t?
F(t) = —n [At(21n |t|+ 1)+ vInt + ¥ Int +7|—t|7]

ow=nin{(2-7)2)

h(t) {0 o

¢ at |.L'| = R'z, ’
the ronstant ¢ being unknown.
By substituting the function F{#} into (3.4} we find

@15) 2ity ) =0 Re( [ Fat) =0, C= {lei= R Ule| = Ra)
i

o

From (4.13} and (4.15), we obtain
et , (n—im)pu
A= ————, =5 = ——
ke +my T wki )
According to (4.12) we choose the functions 2e() and wo(z) under the form
Qo(z) =A; + Alz + A;zz,
WO(Z) = Bilz l + B:QZ_z,

where A} and B, are real constants. The solution @y of the equation
{3.13) 1s sought of the form

Qo(z,2) = Moo (‘g“') + No & (i—) +
0 0

e

(4.16)

£y

+ (Nl Ciﬂ + N[C_ie).{\’l ('er—)
0
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When (4.16) and (4.17) are substituted into the boundary condition (4.14)
and some properties of modified Bessel’s function I.(-), Ka(-), are used, the

following values of the unknown constants are obtained

(4.18)
. A R:InR:-RilR;
Al _——_ ,
2 R — R}
. . RIRZ R, .
B*, = B*, 217AE% - ;2—? In e 28, 3K, A,
QkofoA R2 = R]
My = 280 A pky (52 - aidl
°” AR\R, [R2 : (go) ot (fo )]
2k0£0A Rz Rl
Ny = ———ro 2 N -
"= AR. R [th (fu) R I (30 )]
R R R, Ry
A=T I — - 3l —
1(30) \](fo) Il(eo)I\](‘?o)

* * k e 2 1-
M, = M} + APy, M, 'ﬁ?%% [Rﬁlx,(”(Rg) - R*KW(R, )];
1442
gy = (40
K;"(Rs) = ( e )rzfig
. . kol . ,
Ni=Ni+A2Q N = -3 [RL1O(Rs) - RV ()]

IV (Rs) = (ﬁ)
dr =R,

Ay = IPNR KV (R) - I R)KHRY)

P, = 20oke [I{f”(ng) . Kf”(m)] ,

01 = 2oke [I}])(Rg) . I§”(Rl)] ,

(RS~ R3) — frlal(M; Qo — N; P)
(R} = RY) + B1lo(P2Q1 — P1Q2)

3)
JE8) 5. [ R2\
fo)-{-Rr_,I\g (60),
. R - R
Q. = —-RiL; (—I‘) + R 1 ( 21,
fo fy

foR2 [ - R !
Brls ‘{leg (—’ =
y Co £o

A=

P, = —NiK, (

)] — R%4;
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hlo [Ml Iy (ﬁ) — Ny Ko (
7 £y
* A% 2 Ry - H;
C=1’[ (AO +2A2R2)+ﬁ|(){) M]I() T —'le\o -‘e—' +27UIHR2.
0 0

4.3. The multiply-connected domain 13 infinite. Consider now the
case when the contour Cyy 18 shifted to infinity.Drawing a circle Cg of
sufficient large radius R to surround all the contours Cp,Cq,...,Chn, the
functions $(z) and w(z) can be represented outside of Cr as follows

21

R’

3t

AL = —2yIn Ry — 243R} - 7

X +1Xo =
Q 1 Q*(z), X) =
| {z) T nz+ Q%) X, Z:lalk,
| D ;
' (= 2= syt Xa=) o
wiz) = —=—= ~Inz 4w (z); Xa2= .
2mn(ky + 1) : P ¢

where the functions 2*(z) and w*(z) are holomorphic outside of Cr, except

possibly the point z = oo.
The function ®o(z, ) regular outside of Cp is given by

-
b))

Proceeding as in [4] we deduce that the stresses and equilibrated stress are
bounded for |z} — oo, unless

$y(z,2) = Z(]\/I,'r*i‘“9 + M,e K, (

s=1

Qz) = —MX}-ﬂa Inz + Pz+ Q(z)
2r(ky +7)
(4.20) Xy — iXs
e I o = !
w(z) = (i 1) Inz+4 Pz +w(z)

where §,(2) and wi(z} are of the form

[= o]

=)= a2,

j=1

wi(z) = z b,z"-"

=0

(4.21)
-5'.

.Wepm
P=B+iC, P =8B+

in which B,C, B’,C' are constants to be determined.
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Using the arbitrariness degree of functions 1, and w; we can fix the
constants ap and by by conditions
Q] (OO) = 0,

wl(oo) = 0.

In addition, from the formula which gives the rotation

oo L2 8w} _1/0U 09U
—2 8;]21 69:2 _2l dJz dz

and (3.17), in the absence of body loads, one finds

_ k] + n I ~E =
w = o [(z)-Q (z)] .
In view of (4.20) and (4.21), we have

. k
im w=——1 | C = we.
z|—o0 24
When the rotation wee vanishes, we obtain C = 0.
To determine the remained constants B, B’ and C' we account the
stress components at infinity. By using (4.19), (4.20) and (2.18) we find

4pB = lim A(z,z) = A
fz|-=ro0

(4.22) 2P = l llim (2,2) = i)
lin ¥(z,z}=0.

12| =0

The last relation shows that the cquilibrated stresses has no contribution i

to the distribution of the stress state to infinity.

In the neighborhood of the point z = co the displacement and change-

in volume-fraction are given by

k(X 410 Xy)
2m( Ky + 1)
®o(z,z2) = —ko(P+ P)+ ...

2ul(z,z) = In(zz) + (k4P -9 P)z — Pz+...

(4.23)

where the dots denote functions which are bounded for |z| — co. From the
formulae {4.23) it results that the displacement and function of change-in
volume fraction - will be bounded for |z{ — co. if and only if there are
(4?.4) X] + 2X2 s 0,

P=0, P =0

BT BT e

= g
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The first condition from (4.21) hmplies the vanishing of the stress
cesultant along the all contours Ce, b = T3, whereas the sccond group
cxpress that no stresses and rotation exist at infinite distant points.

We give an application of foregoing formuia in the problem of

4.4. Stress concentration around a circular hole. This problem was
originally considered by C o wiunin [2] without to use the method of
complex functions. We return to this problem in the perspective to develop
the procedure of conformal mapping for solving the stress concentration
around a hole of arbitrary shape.

Consider an infinite plate with free force circular hole the center of
which coincides with the origin of co-ordinate axis. We suppose that the
stress field at infinity reduces to a tension T acting in the z;-direction. In
view of (4.22), we have

A = o =T, T = {3 = T, X +i¥ =0
(4.25) T ,. T

— = -, W =0
P o oo

The boundary conditions along the hole require

(4.26) ar+irg =0, h,=0, at r= R
where R is the radius of the hole. A system of functions satisfying conditions

(4.25) is given by

.?:.1_ + _.__B_3

T A_ T
Q(Z):a—n'z-f-—;l, w(2)=—&52+ B 23

(4.27) | | )
$y(z,%) = C(e*® + e HOK, (F) , 7= 7.
o

Substituting these functions in the formulae (3.18) and then into (2.7), we
get

. k] -1 B_._.l_ k1A1 ZT_
Z,u(rr-i—zug)—-——‘l;]——rT—n . [ " + 2+
+ BitaCK: (,})]e*“%
+(4.28) 4 B° )
+ [n___:l _ __;i + 518y CKs (e_ 21
r r o

1

b= iy T‘ + [—A%l- + CK, (@%)] (e2i9 + o788
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o, +os=T— [“22;4_] + 31CK, (é—:—)] (ezia + e~
0
B_ . L.
(4.29) og — O, + 2179 = —-T]—-—;E}- + [—T + /1 CKy (;—)] el
)
(-2 ()]
l" eo
ImliA_ .
hr +ih9 = =2 [_ni.‘iﬁ_ 51{3 (g )] 82:9__
(4.30) " ° "
o r -
_ K o —-216
EU 1 (Eo) € )
(4.31) g = —9'—20- (e? + &) K, ).
£ £

In the formula (4 28)-(4.30) we are used recurrence properties of Bessel
functions of imaginary arguments, [5).

Expressing the boundary conditions (4.26) with the aid of (4.29) and
solving the corresponding system of algebraic equations, we get

TR:[ (R R
S 2A [I“ (30) i (%)]
TR?
B—l—-—zn—,
o _2mTR (f_zo_) _TM
- T]A R) ~— pA
(%)
bs = G+ Bome[x () + 10 (7))
2mR261
M= n (R)’

s (5) - ()] )+ (3

In view of (2.10) we can show that M > 0. Moreover, using relations (3.11) !

and (3.14) we can write
£

m=n-(3)
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where
4up?

(A + 2u)[E(X + ) - 8]
Analysing the stresses at the periphery of the hole, we find

s (2
(4.32) (0o)r=g =T |1 —2cos26 — 2——A—-—- cos 26
————K

— (R) sin 26.
& /A o

From (4.32) it results that the maximum value of the contour stress og
occurs at 8 = + % and it is given by

(c8)max =T (3 +

Also, the contour equilibrated stress hg received extreme values at 8=+7,
8 = +37 and these are

N = {> 0}

20 TM
(he)r=r

(4.33)

2M Ko ({‘-)
S

R
(he)e = ETﬁ 3-S5 )21 E::% sgn 0,
0\t
where
S, = ———("‘3;,

denotes the stress concentration factor.
From (4.31) we deduce that # = 47 are extremal directions of the
intrinsic body force, too. Along these directions hold

2aTN (L)
A

Using the expressions of M and A given by (+) we can rewrite S¢ under the

i (J)3 o =
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This formulae is similar to that obtained by C o w i u in [2]. Further
discussions concerning the variation of the stres concentration factor can be

found in the quoted article.
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1 SOLVING A SINGULAR EQUATION
BY USE OF FRESNEL INTEGRALS

BY

i ADRIAN CORDUNEANU

We consider the singular integral equation

(1) y(z) + A[o k(z — t)y(t)dt = f(x), € R

where y = y(z) is the unknown function, A is a real parameter and R stands
for the set of all real numbers. We assume that the functions k = k(z) and
f = f(z), defined on R, are given by

(2) k(z) = Z(k::l cosnz? + k! sinnz?), Z(Ik;l + k1)) < o0
n>1 n>l
and respectively

(3) flz)= Z(f,'! cosnz + f, sinnz),

n>l

Y (Al +1fah) < oo

n>1

These conditions imply that & = k(x) is continuous and f = f{z) is contin-
- uous and 2w-periodic on R. In what follows, we shall search for equation
- (1) a continuous and 2w-periodic solution y = y(z).
If the function y = y(z), not necessarily a solution of (1), is given by

y(z) = Y (yncosna + ylisinnz), Y (Ivhl+ [y} < 0o

n>1 n>l1

(4)

we shall prove that the integral involved in equation (1) is convergent, writ-

ting it as
(5) /

y(z — t)k(t)dt, r € R.



