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1.Introduction. The concept of G — loops has been studied, by
Bel?usov[2]andBa.sa.rab[l]. Goodaire,a.nd
Robinson [7] have studied the class of conjugacy closed loops and
proved that they are G —loops. They have given a characterization of conju-
gacy closed loops, and established some algebraic properties of such loops.
Recentlyy Sharma and Solarin ([11] proved that Bol loops
of order :?p, where p is a prime number greater than 3 are G — loops.
Solarin and Chiboka [12] have proved that extra loops and
central loops are conjugacy closed and hence they are G — loops. This they

s . . .
achieved hy considering the algebras satisfying extra and central identities

p'efttively. B r u c k [3] had raised the question as to the necessary and
ficient conditions for a loop to be a G — loop. He noted that associativity
-s.uf.ﬁmfan.t,_ but not necessary since the multiplicative loop of any alter-
live d1v1.51on ring has this property. We shall give a characterization for
looPs in general. The autotopism characterization for conjugacy closed
ps will be seen to be a special case of our general characterization. We
e that while every subloop of a G — loop is a G — loop, the homomor-
. 1age of a G — loop is also a G — loop. It is also proved that certain
50. Conferinja la 125 de am de ta infienfurea t Zi;\’e..tl.{amiltonian L DOl o
Matematic, 24.X.1985. getinition 1.1. ) !
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pentru elevi, nr.4, supliment la Viata Noud, Galati, 4 pg F ) é za, and zL{a) = az, forall z € G respestively s deined
l_‘%tlc.mp 1_-2. A loop (G,.) satisfies the right inverse property if
.ay yr==x for all z,y € G. If y* - yx = z for all z,y € G, then
d to .sat‘lsfy the left inverse property. A loop which satisfies both
p:ex;t:es is called an inverse property loop.
nition 1.3. A loop (G,-) is said to be conjugacy closed if and
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only if R(z) ™' R(y)R(z) € Uz, and L(z)"'L{y)L(c) € Oy for all 2,y € G,
where IIg = {R(a) | a € G} and I = {L(a) | a € G}. Mg is called the
right regular representation of G, and Tl is called the left representation

of G.
Definition 1.4. Let (G,-) and (K,o0) be any two loops. Then (K,0)

is said to be an isotope of (G,-) if and only if there exist three one-to-one
mappings a, 8,7 of G onto K such that

(1) za o yB = (z-y)y

forallz,y € G. K consists of the same clements as G and v is the identity
mapping of G, then (G,0) 1s called a principal isotope of (G,-)-

B r u ¢ k [3] has shown that every isotope of a loop is isomorphic to
a principal isotope of the loop, and every principal isotope (G, o) of a loop
(G,-) s defined by

(2) roy=sR®) ™ yla)”
for all z,y € G, and some a,b€eq.

Definition 1.5. Let (G,") be a loop, the tripte (o, B,7) of permuta-
tions of G is called an autotopism of G if and only if

(3) za-yf = (2 v)¥

for all z,y € G. ’

Bt u ¢ k [3] noted that if (G,0) is an isotope of the loop (G,-) and
7 is a homomorphism of (G,-) onto (H, '}, then @ induces a homomorphism
8, of (G,-) onto a loop (H,o) defined by

(4) 260 o ybo = ZOR(H0) ™ - y8L(a)™"

for all z,y € G.

Definition 1.6. A loop (G,")isaG— loop if and only if it is 1somor- °

phic to all its principal isotopes.

Definiton 1.7. If (G,") is a loop, Fenyves [6] defines an extra :-
loop and a central loop by (zy - 2)z = =(y - 2z) and (zy - y)2 = a(y - yz) for ©

all z,¥,2 €G.

Definition 1.8. A diassociative loop (G,-) of order 16 with three 3

generators a1, 02,43 such that

41 2—a 41 o =ai0n VF T
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a;a, o = ad-ajak. i,k all distinet,
is called a Cayley loop. The basis elements i
. of the Cayley -
(5, p.561.) form a Cayley loop. SEZTELE
This definition is due to Nor t on [8].

Definiti 1.9. AN - .
identical relatligxr: A loop (G,-) is called an M-loop if it satifies the

(6) zy - zz® = (z- yz)z®

for all z,y,z € G, where z% is the ima, 1

| z,y,2 € G, ge of x under some ngle- val
mapping of G into itself. If @ :  — z*, k a positive integeil, ﬁlz la.wu(%c;
is called an M; -lgw. If (G,-) is an M-loop, but not an M, -loop for any
k> I,Ptl';e{l (G,-f) is called a strictly Moufeng loop.

ugfelder[9andCheinand P flu feld
have studied M — loops extensively. Cheinand P fi ugg fee 1 dz i‘ %ﬂ
constructed some M — loops in whichz : z — z* k a positive integer. The
also constructed some strictly Moufang loops which are G — loops . ’
2.Besult. Lemrpa 2.1. A loop (G,-) is a G — loop if and only if
there ezsits @ permutation 8 of G such that < oR(b)”! 0L(a)™',8 > is an
autotopism of G for alla,b € G. , ,

. I:lr;i}of. Let (G,") bea G = loop and {G,0) the principal isotope of
(G,") t'e .ned by z oy = zR(b) -yL(a)'1 for all z,y € G. Let 8 be a
permu af.lon _of G such that (z - y)8 = z8 o yb ( since (G,) is isomorphic to
its principal isotopes}. Tlhen (z-y)8 =zfoyb = :r:BR(b)—l . y8L(a)™" for
allz,y € G,s0 < GR(b? , BL(a)'l,ﬂ > is autotopism of G for all a,b € G.
oo Suppose ther.e exists a mapping 8 of G such that < GR(b)—1 , BL(a)"1
th> is an e_mtotoplsm of. G for all a,b € G. Since each of the mappings ir;
xg; tzll?—ltle 15 a perinlutatlon, it follows that 8 is a permutation of G. Now
: (0)™' -y8L(a)” = (z - y)f for all 2,y € G. Let (G,0) be the principal
f;)top; of (G,-) diﬁlned by z o‘y = IR(b)—l -yL(a)"1 for all z,y € G, then
(Gct)yt =G:1:9R(b) - y8L(a) = (z - y), so 8 is a homomorphism from
(G’. '0’( ,0) a.,nd henc'e an isomorphism since it is 1-1 and onto. Thus

v) g isomorphic to all its principal isotopes, and hence a G — loop.

. ton.'ollary 2.1. A loop (G,) is a G — loop if and only if there exist
permu atwri.sl 8 and ¢ of G such that the triples < 8R(a)"',8,8 > end
< ¢,¢l;5(a) .9 > are autotopims of G for alla € G.

R )roof. In.Lemma 2.1, if we put b = e ( the identity element of
1) b Webobta.m the autotopism < 9,0L(a)"",0 > for all a € G. For
= e, we obtain the autotopism < 6R(b)"',0,6 .

B ' : ,8,8 > for all b € G. We not

at'the permutation @ is not the same for both autotopisms. o
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if we take 8 = L(a) and ¥ = R(a),

Remark 2.1. In Corollary 2.1,
in accordance with the result

the loop reduces to a conjugacy closed loop,
ofGoodaire and Robinson [7].
Lemma 2.2. Let (H,:) be ¢ subloop of the G-loop (G,-), then (H,")

is also o G-loop.
Proof. f (G,)isa G — loop, then there exists a permutation 0of G

such that < HR(b)_l,GL(a)"],B > is an autotopism of G for all a,b € G,
that 1s,

(7 20R(b) - y8L(a)" = (= )8

for all z,y € G. Suppose -(H,") 1s a subloop of (G,-), then (H@,0) is a
subloop of (G,0) = (G8, ). Now,

(8) 0 o0y8=zOR(D) " y8L(a)™' ={(z - y)f

where

(9) zoy=2R®) " yL(@”

for all z,y € G. Since equations (7), (8) and (9) hold for all z,y € G, they

also hold for z,y € G for which a,b € H. Hence, for such a,b € H, 8 1s an

isomorphism from (H,} to (H,o0).
Theorem 2.1. Let (G,") be a G-loop. If His e normal subloop of G,

then G/H is a G-loop.
Proof. Since (G, ") is a G—loop, there exists a permutation 6, of (G,")

such that < f)R(b)_l,BL(a)'_1 ,6 > is an autotopism of (G, ) for every prin-
cipal isotope (G, 0) of (G,") given by zH oyH = cHR(bH)™ -yHL(aH)—l,
where R(bH)_1 and L(aH)_1 are given by uHR(bH) = uwH - bH, and
uHL(aH) = aH - uH for all v € G, and hence all ufl € G/H. Now,
uH = (uH - bH)R(bH) ™' = (ub)HR(bH) ™" = w(bH)R(VH) ™" =
= w(HO)R(bH) ' = (wH)bR(H) ™' = (uH)R(B)R(bH) .

So R(b)R(bH)™' = I implies that R(H)™' = R(b)™'. Similatly,

wHL(aH)=aH -uH implies that

uH = (aH -uH)L(aH)™' = (au)HL(aH)™' = a(uH)L(aH) " =
= (uH)L(a)}L(aH)7",

o Lia\L(aH)™" = I gives L(aH) ™' = L(a)~".
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E Now,
cHoyH = zHR(bH)™' -yHL(aH) ' =
= zHR(b)™' yHL(a)"' =
= (Hz)R()™" - (Hy)L(a)™' =
| = H(zR(b)™")- H(yL(a)™) =
1 =zR(b)'H -yL{a) 'H.
-Jﬂ Qf,ﬁ;‘e ¢ (G/H,") = (G/H,o) by (zH ) = (z8)H.
(zH - yHYp = ((zy)H )b = ((zy)8)H = (z8R(b) ™" - ybL(a) ' H =

= z6R(b)"'H - y8L(a) ' H,

and (zH)p o (yH)y = (J;G)H o (y8)H =
gH)d); (_yH)htb = (zH - yH)y. )
ence 1 i1s a homomorphism fi G .
By definition, (ZIE’ );né g;lz,( so/H’ SRS

z0R(b) " H - y8L(a)"'H, so

(zH) o (yH)$ = (cHWR(H) " - (yH)pL(aH) ™"
But, (zH - yH} = (zH)¢ o (yH)¥. So,

(zH -yHYp = (zH)pR(H) ™" - (yH)pL(aH) ™.

g;‘)};u:l,l t:u; téi;ée ;1 (;bf(bH )—lll,d)L(aH y~',% > is an autotopism of G/H
ol loop,‘ , ence all aH,bH € G/H. By Lemma 2.2, G/H is a
Theorem 2.2. Let (L,-) be a loo
. .2, y p and @ a mapps SR!
.:tI.:elf .?-u.ch, t.hat R,RyR;a € Ilg and L LyL .o or L zimg "Jé(ﬁ, ) ::30
(L,-) is an inverse property loop. o S
} si:':of. II?ZRsz € Ny implies that (zz - y)z® = za for all z,y,z € L
g oo a€ L. In part?f*u.lar, z =1 gives zy -z, so (zz - y)r® = ;(J;y-w°)
P’ __,g,ﬁz)' EliL. Substitiiting y = z”, we obtain (2z - z?)z® = zz%, and
. cl al:dasosltr,lez bEEL‘tL,LyJID,c'r € II, implies that 2%(y-z2) = bz f;)r all
€L z= gives ¥ -yz = band z%(y-zz) = (-
ail_x_,g,fz ElL. Setting y = 2* gives 2%(z* - z2) = (:r“gy :"?)z ixm"gz?;
':‘y . e%:{:;’;;f %-ENEW, L,?L'yLz € Limplies that x(y-z°z) = bz’for
§ somme .z =1givesz-yz“ = band z(y-2%2z) = o
A ] = (z-x

fleyy.c € L But y = 57 gives o) 27 = i

“) - 7%z =z and (L,-) is an inverse property loop. .
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i i 0).
The following Lemma is due to Sharma i1 . -
Lemma 2.3. If the loop (G, \} satisfies any one of the following (M

loop) identities, then (G,-) satisfies all three

oy - z2% = (T~ yz)z®;
(yx - 2)z% =y(z- zz%);
poi(y - w2) = (7Y 2)5

of = under some mapping of the loop (G,") into itself

- -1
T : utation of (G,-) defined by zj =2 . )
and § iy the snuerac PEr $ ith o the inverse mapping,

Theorem 2.3. Let (G,-) be an M-loop wt
then (G,-) is conjugacy closed, hence a G-loalp.
Proof. From Lemma 2.3, with z =2, we have

where z° 1s the image

(10) (yz - 2zt =ylz- zz™h)

and |
(@)Y -zd = (@) )y sle
= yR(z - 2z71), which gives

(11)
. =1
Equation (10) implies that yR(z)R(z)R(z)

= G

R(z)R(z)R(z} € Hforalz,zeG. . ) . .

Equation {11) implies that zL{z)L(y)L(z) - zL(:r 1y'- 2) which gc;ves

L(m)L(;,,v)L(ﬂ:)_1 € T for all z,y € G. Hence (G,") is conjugacy closed.
Theorem 2.4. The following stotements are equive

gacy closed loop. o

i (G,-) is diassociative

(1) (G,-) has the inverse property

(i) (G,-) is en M-loop

Proof. Since (G,-) is conjugacy closed, we have

A=< L(z)R(z)”", L(z), A=) >

nd
° B =< R(z),R(z)L(z)”", R(z) >

i f G forallz € G I (G,*) is diassociative_, then =
e ys fo o YR(z) = yR(z)L{z) implies that

zy-z = ¢ - yz for all z,y € G, so yL(z
L(z)R(z) = R(z)L(z) for all z € G,. Now,

BA =< L(z), R(z). R(z)L(x} >=< L(z). R(z). L(rYR(x) >

lent for & conju-
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is an autotopism of G for all z € G, hence (G, ) is a Moufang loop. Thus
(1) implies (iii), henee (1) implies (ii).

If (G,-) is an inverse property loop, then R(:ls)_l = R(z™!) and
L(x)"' = L{z7") for all z € G, so0 zR(z)R{y)R(z)"l = 2R(x - yx~1),
implies that (zz - y)e™' = 2(z - yz~!) for all x,y,z € G. Using Sharma’s
result [10] with =¥ = 71,(G,-) is M-loop. Thus (ii) implies (iii) and (i).
Since every M-loop is diassociative and has the inverse property, the proof
is cotnplete.

By considering the loop formed by the units of a central algebra,
Solarin and Chiboka [12] proved that every central loop is
a G — loop. We now show that a Cayley loop is a central loop, hence a

G — loop.
Lemma 2.4. Let (L,-) be a Cayley loop, then (L,-) is a central loop,

and hence a G — loop.
Proof. Let «ay, a2, a3 be the generators of L. Then

2 2 3
(@i - aj)ap = a;aj - @ = aiaja = ¢;ax = apa;,

ai{a; - ajag) = ag(a?ak) = a; - alay = a,a} = aya;.

Therefore, (L,-) s a central loop, and hence a G — {oop.
In his investigation of Hamiltonian loops, N o r t o n [8] established

the following result:
Lemnia 2.5. A Hamiltonian diassociative loop satisfying the condi-

tion:
If three distinct elements associate in some order, then the subloop
pgenerated by the three elements is a group, s (i) an Abelian group, or (it) e
Hamiltonian group, or (i1) the direct product of a Cayley loop, an Abelian
| goup with exponent 2, and an Abelian group with elements of odd order.
W ils on [13] has proved that the direct product of G — loops is

G - loop, hence we have
Theorem 2.5. If (G,-) is a Hamiltonian diassociative loop satisfying

;;_condziion of Lemma 2.5, then (G,-) 13 a G — loop.

- i :[);:;:iof. The result follows from Lemma 2.4, Lemma 2.5, and Wilson’s
}_Corollary 2.2. A Moufang leop which is Hamiltonian is ¢ G ~ loap.
---l_’roof. Since every Moufang loop is diassociative and satisfies the
ion of Theorem 2.5 the result follows.

Theorem 2.6. A commutative conjugacy closed loop is a group.
Proof. Let (G, ) be a conjugacy loop, then zy- f = (wf)'(yf)L(f)._]
fayaf € G. Since G is comutative, we have f - zy = =f - (fy)L(f)™"
implies that f -2y = fz - yL(f)L(f)" = fz -y forallz,y,f € G,
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hence (G, ) is associative. Similarly, ¢ - ¢y = (g:r:)R(g)"1 . gy implies that
1y -g =« yg for all z,4,9 € G.
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ON CERTAIN SUBCLASSES OF ANALYTIC FUNCTIONS
BY

B.A. URALEGADDI and C. SOMANATHA

Introduction. Let A, denote the class of all functions of the form

flz) = 2+ anpr 2™ + dnygz™t? 4 that are i it di
) = . regular in the unit disk
E = {z: |2} < 1}. A function f(z) in A4, is said to be starlike if l
2f'(z)
Re
{ ) }>0forzEE,

and is said to be convex if

Re{l + z}{(g)} >0 for z€ E.

Let .
D f(z) = (l——z)s'H ¥ f(z), a>-1=

- i (o + )(a + 2)...(a + m)

m!

+1

Am41 %
b, m=n
nd.the operation (*) denotes the Hadamard product of the power series
uscheweyh introduced the symbol D in (3]. .
In 1?{hls B)Sper we obtain certain properties of functions f(z) in A, that
EG e(D*f(z)/z) > 0 for z € E. Some of the results of
¢ Gregor[1,2] are obtained as particular cascs.
Theorem 1. Suppose that f(2) = z + anpr 2"t +
fies Re(D“ f(z)/z) > 0 for z € E. Then i

by 5 DTf(2) e
Re Dy ” g & < (@40 =)

. 18 regular and

1/n



