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1.Introduction. Let & denote the class of functions of the form

f(z) = % +Zauzn

n=0

regular in D = {.: : 0 < |z| < 1}. The Hadamard product or convolution of

f and g will be denoted by f +g. Let
1

DY f(z) = ————=* f(z), n=10,1,2,...... =

z2(1 — z)»+!

_ l(ffﬂf))("’ _
Tz n! -

% + (n+1ag + '(n : 132('11 +—2) a1z + .o

Following Ruscheweyh (5], Ganlgl and Uralegaddi
introduced the class M,, of functions in £ that satisfy the condition

15 Re (%{S)_z)<_

L € Ny = N U {0}, the set of non - negative integers and obtain a new
' for univalence of functions in £, through basic inclusion relationship
~ M., n € Nq. In this paper along with other things it is shown that
on f € ¥ which satisfies one of the conditions

(D) n+a
Re (2 V%) _ - <
(D“f(z) 2)< ny1 El<L0sac<]

1
n+1’ I} <
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and n € Np is univalent in D. More precisely it is shown that for the classes
M,{a) of functions in T satisfying (1)

(2) Mayi(a) C Mu(a), n € No, 0 S < 1,

holds. Since Mo(a) equals I*(«) the class of meromorphically starlike func-
tions of order «, the univalence of functions in M, (a} follows from { 2). For
o = 0, the results obtained here reduce to those obtained by Ganigil
and Uralegaddi [2].

2. The classes Ma(a).We need the following Lemma due to
1S.Jack [4]

Lemma. Let w be non-constant and regular in jz| < 1, w(0) = 0.
If |w] attains its mazimum velue on the circle |z} = r <1 at 2, we have
zow'(z¢) = kw(zo), where & is o real number greater than 1.

Theorem 1. Muni(a) C Mala), n € No, 0<a <l

Proof.Let f € M, 41{a). Then

. (Du+2f(z) _2) . _n+1+cv

) D1 f(z) ot 2

It is sufficient to prove that (3) implies the inequality

. D"'Hf(z)‘ ) nta
b (D"f(z) )T

Define w(z) in E = {z: |z < 1} by

(4) D™t f(z) . _[ n 1 14 (20— l)w(z)]

Dnf(2) n+1+n+1 14+ w(z)

clearly w(z) is regular in E and w(0) = 0. Equation (4) may be written as -:

(5) D**lf(z) n+ 1+ (n+3-20)w(z)
Dnf(z) (n + 1)(1 + w(z)) '

Differentiating (5) logarithmically and using the identity

(6) #D"f(z)) =(n+ D™ f(z) - (n+ 2)D" f(z)
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we obtain

D f(z) n+l+a

Drtif(z) o m+2

_ntl4 (n+ 3 = 2a)w(z) o
(n 4+ 2){1 + w(z)) i n+42

2(1 - a)zw'(z)

(7) + =
(n+2)(n+1+(n+3—2a)w(z))(1+w(z)) B
1 o 1+ (20 — L)w(z)
n 42 14+ w(z)

4 2(1 — a)zw'(2)
(n+14(n+3—20)w(z)(1+ w(z))l.

We claim that |v(z)} < 1. For otherwise by the Lemma there exists 2
zg| < 1 such thal .

(8) ‘ zw'(2¢) = ku{z0)

where |w(zo)} = 1, k>1

From (7) and (8) we get

D't f(ze) , ntlda

Dn+1f(50)_“ n+2
_ ! [ 14 (2a ~ Duw(z)
n+2 1 4 w(20)

" 2k(1 — ev)w(zo)
(n+ 1+ (n+3—2a)e(z)H1 +w(z0))]

. Thus

Re | 221 (20) ntlta 1-a
D+l -2+ 2 >0
f(z0) n+2 2n+2)(n+2-a)

hich contradicts (3) and from (4) it follows that f € My(a).

Theorem 2. ;
T m Let f ~€ T and for a given n € No, ¢ > 0 sutisfy the

A, (DM f(2) (1-a)—2n+a)l -
Re | =277 _ . +all-a+c
( D~ f(z) 2) = 2(n + 1)(1 —a+c¢) L zeE.



34 M.D. GANIGI

Then F(z) = 757 foz te f(t)dt belongs to My (o).
Proof. Using the identities

(10) D F(z)) =cD"f(z) - (¢ 4+ 1)D"F(2)

and

(11) AD"F(2)) = (n+ 1D F(z) = (n +2)D" F(2),

the condition (9) may be written as

. ((n 4+ 2)D" 2 F(2)/ DM F(2) — (n + 2-¢) 2) -

n+tl—-(n+1- c)D*F(z)/ D" F(z)
(12) (1-a)—2n+afl —a+ c)
2(n + 1)1 —a +c) '

We have to prove that (12) implies the inequality

D" F(z) ) n+ o
. S A B B
Re( DnF(z) n+1

Define a regular function w(z) in E by

DF(z) . [ n | 14(2a- 1)w(2)]
(13) Re‘ﬁ?(z_)"z‘_[wl T D ()

Clearly w(0) = 0. The equation (13) may be written as

Drt1F(z) n+l4(n+3- 20 )w(z)
(14) ReBub(s) ~ (n+ D0+ 0(2)

Differentiating (14) logarithmically and simplifying we get

(n+ D" DHE() — (042 =), _
n+1-—(n+1—c)D"F(z)/D“+1F(z) -
n 1+ (20 — Dw(z)
- —[n-i- 1 * (n+ 1)(1+w(z))]+
2(1 — a)zw'(2)
* (n+ (1 +w(z)l{c+(c+2- 20 w(z)}

(15)
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The remaining part of the proof is similar to that of Theorem 1. Putting,
n = 0,a = 0 and ¢ = 1 in the statement of Theorem 2 we obtain the
following result of Goel and Sohi [3].

Corollary. If f & I and saetisfy Re }f;(z;) < § then

F(z) = ;‘;foz tf(t)dt belongs to T* +f F(z) # 0 for all z such that

0<izl< 1.
The above Corollary is the extension of the following result of

Bajpai [1}. If f€ E* thensois F(z) = L [ tf(t)dt.
Theorem 3. If f € M,(«a) then F(z) = z’%‘y fuz 1 f(t)dt belongs

to Mp1(a).
Proof. For F(z) = =57 [; t°f(t)dt, we have

D f(2) =(n+ 1)D"F(z) — (n+ 1~ c)D"F(z)
D" F(Z) = (n 4+ 2)D"PPF(z) - (n +2 - ¢)D"T'F(z)

Taking ¢ = n + 1 in the above relation we have

(n+2)D"t?F(z) - D"\ F(z) D" f(2)
(n+1)D*+1F(z) - D f(2)

which reduces to

n+ DRz 1 PGE)
n+ 1D F(z) n+1  D*f(z)

Thus

n+2
Re(n+2D F(z) 1 ,\_
n+1D"1F(z) n+l

- D"+1f(z) n+ o
= Re (MD"f(z) —2) < _n+2

From which it follows that

n-2
Re _D_i(f.)._.‘) < _M
Dr+1F(z) n+ 2

X
118 completes the proof of Theorem 3.
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ON SUFFICIENT CONDITIONS FOR UNIVALENCE

BY

VIRGIL PESCAR

The aim of this paper is to obtain sufficient conditions for univalence

of regular functions in the unit disc U = {2 : {z[ < 1}.
In the following, we shall use the result dueto Pommercnke.

Theorem A.[1]. Let ro be a real number, r

s 1o € (0,1}, Ur = {21 |2] <
ro} end let f(z,t) = all(t)z+.._.,a1(t) # 0, be regular in Uy, for aIIt{> 0l c!.nd
locally absoh_&tely continuous in I = [0, 00), locally uniformly with re;pect to
U,,. Supposing that for almost allt € I, f(z,t) satisfies the equation

a3 z
(1) N f(('ijt) =p("’t)affat’t)’ _—

where p(z,t) is regular in Uy, and Re p(z,t) > 0, for all
) ro ! , ) t € L
If lar(t)] — oo for t — oo and of {f(z,t)/ai(t)} forms e normal family

?SUTB, for allt € I, f(z,t) is a regular and univalent extension o the whole
ise U.

w bTheorem 1. Let f(2) = 2 + 22 ,an2" be o regular function in U, a
and b real positive numbers, ¢ a complez number, ¢ ¢ (—oo, —~1] and

a+bl<a+b

2a 2a

(2) le+1—

sl | akh ath
i) 20| < 2a

|Ce—(u+b)t +(1— e—(a+b)z)e

all 2 € U and t > 0, then the function f(2) is univalent in U.



