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ON SUFFICIENT CONDITIONS FOR UNIVALENCE

BY

VIRGIL PESCAR

The aim of this paper is to obtain sufficient conditions for univalence

of regular functions in the unit disc U = {2 : {2 < 1}.
In the following, we shall use the result dueto Pommercnke.

Theorem A.{1]. Let ro be a real number, r

,ro € (0,1}, Ur, = {2z : ]2 <
ro} end let f(z,t) = al.(t)z+.._.,a1(t) # 0, be regular in Uy, for allt{> 0I tlnd
locally absolt_ntely continuous in I = [0,00), locally uniformly with re;pect to
U,,. Supposing that for almost allt € I, f(z,t) satisfies the equation

3f(2,) 85(2,)
1 1= 2

(1) = plz,t) Framt zeUq
where p(z,t) is regular in U, and Re p(z,t) > 0, for all

; ro ! , ; t € L

If ]Ic}n(t)l — oo for t — oo and if {f(z,t)/a1(t)} forms a normal family
:?_,c r?f for allt € I, f(z,1) is a regular and univalent extension o the whole
4 5

; bTheorem' 1. Let f(2) = 2z + £5%,an2" be ¢ regular funciion in Ua
and b real positive numbers, ¢ a complez number, ¢ ¢ (—oo, —1] and

a+bl<a+b

2a 2a

(2) le+1—

— Z” =
atf(e Z)+1_a+b|<a+b

lce—(u+b)t + (1 _ e—(a-!-b)!)e
fiemetz) 2a 2a

all z ¢ U and t > 0, then the function f(z) is univalent in U.
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Proof. Because the function f(2) is regular in U, it results that the
function L{z,t) defined by

Lizt) = fle™) + (b — e7)zf" (e ),

@) 1+¢

is regular in U, for all t > 0 and, hence, L(z,t) = a1(t)z + ..., where
i c —at 1 bt

(5) ai(t) = 1+(‘6 1+Ce .

Let’s prove that a;(t) # 0 for all £ > 0. We observe that if a;(¢) = 0 then
from (5) it results that ¢ —e~ (840t g (_oo, —1]. Because from hypothesis

¢ ¢ (—o0, —1], it results that a(t) # 0 for all t > 0.
Since f(ze™®') is regular in U, we have:

0L(z,t) _ 1 —at by, fff —at \__
) Y 1+c[(—-cae +bett)zf (7% 2)

_ ae—at(ebt _ e—at)z'ZfH(e—atz)]_

(z) are regular in U, it results that for
A, B, C (which depend upon 7o )

Because the function f(z), f'(2), f"
all 7o € (0,1), there exist the numbers

such that

(7)

for all z € Uy, = {z: 12| <70}
Let T > 0 be a fixed number. From (6) and (7) it results that:

3L(z,t)| < 1
ot 1+c¢

If(2) < A, 1F(2)l £ B, If" (9 £ C,

(8) | l(]cla +5*TVB + a(e’T +1)C.

for all z € U, and t € [0,T].
It results that a constant M > 0 exists such that

©) 2&Y, < u,

forall z € Uy, and £ > 0.

From (9) it results that the function L(z,t) is locally absolutely con- ‘3

tinuous in [0, co), locally uniform with respect to U.
Let p(z,t) be the function defined by

9L(z,t)

| p(e,) = 2 3 OL(z,1)

/6t

(10)

3 ON SUFFICIENT CONDITIONS FOR UNIVALENCE 39

Then, in Qrder to prove that the function p(z,t) is regular and with a positive
real part in U, 1t is sufficient to prove that the function:

plz,t) +1
is regular and
(12) [w(z, )] <1,

for all z € U and ¢ € [0,00). A simple calculation yields:

w(z,t) = {(1 + a){ce(aTD[1 = ¢~ (a+b)1).
e f (e M)/ fi e )} + (1 - b))
(1 - a){ce (0 H 1 — g~(a+b)],
e T2 f"(e72)/ f' (e 2)} + (1 + b))

If V(z,t) is the function defined by

(13)

(14) V(Z,t) = ce'(“"'b)‘ + (1 — e‘(“'“’)‘)e—ﬂ!zf"(e—utz)/ff(e—-atz)
and
(15) X =Re V(z,1), Y =1Im V(z,1),

then substituting (14) and (15) in (13) we obtain

(1+a)(X +iY)+(1—~b)
(I-—a)(X +:i¥)+{1+8)

(16) wiz,t) =

_'?_he inequality (12) is equivalent to the inequality

a+b a+d

X +:Y +1-
‘ 20|< 2a

{
: c?nclude that the inequality (17) has the form:

4 |ce~(a+®rt o (1- e-—[a+b)t)e—-at zf"(e™%z) _e+t bl - a+b
femotz) 2a 2a

h is identical to the inequality (3).
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For ¢ = 0, the inequality (18) has the fornu:

ic+1_£fle<i+_b
2a 2a

and is identical with the inequality (2)-
Because from hypothesis the inequality (3) holds true for all z € U

and t > 0, we conclude that lw(z,t)} < 1, for all z e U and t > 0.

If the function w(z,t) has a singular pont zo € U, then zq is a pole for
the function w(z,t) and, hence, lin,— s fw(z,t)] = o0 which is in contra-
diction with the inequality lw(z,t)] < 1. 1t results that the function w(z,t)
is regular in U for all t 2 0. Because ¢ > 0,b > 0 and ¢ ¢ (—oo,—1f we

have:

(19) lim (1)} = o0

It is easy to prove that, if ro € (0,1) then {L{z,t)/art} 1s a normal

family in Uy, .
From Theorem A it results that L(z,t) is univalent in Uforallt >0

For t = 0 we obtain: L(z,0) = f(z) and, hence, f(z) ts nnivalent in U.
be o real positive number, ¢ @ complex number

Theorem 2. Let m
= 7+ 5% ,a,z" und

¢ ¢ (—oo,-1]. If f(z) is regular n U, f(z)

1  +1
(20) ep1- TS
If
" +1 m+1
21 m—+1 1 - m+1 z____(i)_ 1— m M
@) el @IS A ST

for all z € U, then the function f(z) s univelent in U.
Proof. Noting m = %,a
(20) is identical to inequality (2).
by
rrye —ul 1
(22) Q(z,t) — Ce-—at(m+1) +(1 _ evat(m+1))c..a12f‘ (‘iat Z) + m+
f'{e—2tz) 2

From (21), for t =0 we obtain:

(23) Q01 <

5 ON SUFFICIENT CONDITIONS FOR UNIVALENCE 41

> 0,b > 0 we observe that the inequality
Let’s consider the function Q(z. #) defined £

forall z € U.
For t > 0, we observe that:

e le™®z| = e 2l < 1, if 12 £ 1,

and hence the function Q(z,t) is regular i J = {z: i
: 1 , guarmU-z.le.Ba, 1
the maximum principle, it results that i }- By epplying

(25) 1Q(z, 1)) < max 1Q(z, 1) = 1Q(e*, 1),

for all[f EE U auil t 16 > 0, where 8 is a real number.
— e~%‘e? we have €] = e7*, where et = [¢]1/°. B
from (21), for z = &, we obtain for all § € U, I61*/*. Because £ € U,

o) e+ -l B <R

(27) wwﬂwsm;P

From (25), (26) and (27) we obtain:

(28) mu¢n<m;3

for all z € U,t > 0.
The conditions from the hypothesis of the Theorem 1 are satisfied

and, hence, f(z) is univalent in U.
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