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ON BINARY TRIPLE ALGEBRAS

BY

I. BURDUJAN

The binary triple algebras have been emphasized by M.A. Akivis (1]
related with the local Lie loops, who named them W-algebras. These alge-
bras have been later treated by KH. H o f m a n n and
K.Strambach[56] as tangent algebras of local Lie loops; they named
them Akivis-algebras. Both these names are related to the theory of local
Lie-loops. But such algebras do not give a local characterization of local Lie
loops. Indeed, it was proved in [2] that the tangent space at the identity
element of a local Lie loop may be organized as a homogeneous system of
K.Yamaguti(see [9]), this construction being compatible with those
given by the autliors above mentioned.

On the other hand, these algebras arise in the study of nonassocia-
tivity of binary algebras, simultaneously being generalizations of Lie triple
algebras [8]. That is why it seems to be appropriate to name such alge-
bras binary triple algebras (briefly BT - algebras). Moreover, as it has been
proved in [3], with any binary algebra a homogeneous system of K. Yam-
aguti may be associated. For some binary algebras (for ex. see [4]}, only
the binary and ternary operations of the corresponding homogeneous sys-
tems determine the other ones. In this case, the two operations endow the
underlying space of the algebra as a binary triple algebra, what motivates
the interest in the study of such an algebraic structure.

The present paper deals with the semi-simplicity of such algebras. We
introduce the concept of solvability of BT-algebras, too. The existence of
the solvable radical of BT-algebras is shown and some results about semi-
siilnple BT -algebras are given, under the solvability just introduced.

;.Deﬁnitions. Examples. Throughout this paper K will be a com-
utative ring with an unit element.
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Definition 1. A binary triple algebra (shortly BT-algebra) over K
is @ K-module with a bilinear operation A x A — A, (z,y) — [z,y] and a
trilinear operation A x A x A — A, (z,v,z) =< x,y,z >, salisfying the
following azioms:

AL [z,y] = ~[y,z}, Vz,y € 4,

A2 < zy,72 >+ < yz,¢ >+ < 2,5,y >~ < 1,7, > —
- <yT,z2> - <y, >= [1',['_(},2]]4"{‘!;,[2,17]]+[Z,[-’E,y]], VI?yaz €A*

Such an algebra will be denoted by (4;[,]; <,>) or, shorthly, by A.

Examples.
1.The tangent space at the identity element of e local Lie loop may be

organized as BT-algebra (see [1],/2],[5],[6]).
2. Let A(-) be a nonassociative binary algebra over K. The operations

(1) [.’c,y]=xvy—y-$ V:z:,yGA,

(2) <:):,y,z>=a;-(yv:c)—(z-y)-z Vz,y,z € 4,

endow A with ¢ BT-elgebra structure.
3.Any Lie iriple algebra (see [8]) becomes a BT -algebra by an obvious

modification of ils ternary operation.

4.Let M be an n-ditnensional C°°-manifold and V be a hinear connec-
tion on it heving the property VT = 0 (T being the torsion tensor for V).
Then F(M)-module x(M) of all vector fields on M becomes a BT-algebra
with operations:

X, Y} =T(X,Y) <X,Y.Z>= %R(X,Y)Z VX,Y,Z € x(M)

(here F(M) is the algebra of all real C°-maps on M and R 1s the curvature
tensor for V).

Definition 2. Any BT-algebra A for which [A,A] = {0},
< A, A, A >= {0} is called an abelian BT-algebra.*

Obviously, any K -module may be viewed as an abeliun BT -algebra.

II.Ideals. Given a BT-algebra A, a BT -subalgebra is ¢ K -submodule
B of A closed under the two multiplications of A. An ideal of A is o K-
submodule B of A such that [A,B]| C B, < B,A,A>C B,< A,B,A >C B,
< A,AB>CB.

A homomorphism from BT-algebra (A;[,};<,>) to BT-algebra
(A [,]5<, ,>") is a K-linear map f : A — A" such that f([z,,22]) =
= [f(z1), f(z2))', F(< 21,220,253 >) =< fl1 ), flz2), flza) >, Yy, 22,23 €
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A. The definitions of isomorphisms and automorphism are ovbious. I is

easily checked that the kernel of a homomorphism is an ideal.
If B and C are ideals of the BT-algebra A such that A = B C

is the direct sum of the K-submodules B and C, then {B,C] = {0} and
< zy,22,23 >=0assoonasz; € Bandz, € C forsomer # 3,1 <1,57 <3.
Thus, for any by, by, by € B and any ¢j,cz,¢3 € C, we have:

[b1 + €1, b2 + 2] = [by, b2) + [e1, €2},
< b +e, b tep, by ey >=< bl,bg,bg >+ < ep,c2,03 >,

i.e. the multiplications can be carried out componentwise. In this situation
we say that A is the (inner) direct sum of the ideals B and C. If, on the other
hand, A and A, are BT -algebras over K, then we can make the cariesian
product Ay = Ay a BT-algebra by defining operations componentwise. We
shall denote this BT -algebra by A\ %Az end call it the (exterior) direct sum
of A, and A;. There is no essential difference between inner and exterior
sums. Indeed, if A s the inner direct sum of the ideals B and C, then A 13
isomorphic to the exterior direct sum of the algebras B and C. Conversely,
(A;,0) and (0, Ay) are ideals of the exterior direct sum A, @Az and A @4,
is the inner direct sum of these ideals. That is why we write Ay @ Az both
for inner and exterior sum.

Any BT-algebra A has at least two ideals: A and {0}. The K-
submodule {A} of all finite linear combinations of products [z,y] or
< z,u,v > for any z,y,z,u,v € A is, obviously, an ideal of A,

Definition 3. The BT -algebra A is called simple if A = {A} # 0 and
its only deals are the trivial ideals. A BT-algebra A is called semi-simple
if it is direct sum of finitely many ideals Ay,..., A,, each of which being

stmple as o BT-algebra.
In the following, we state some theorems ebout BT-algebras. We unll

omit the proofs, since these can be carried over almost word-by-word from
the proofs of analogous statements for binary elgebras.

Theorem 1. Let A be a BT -algebra and B be an ideal of A. Then
the quotient space A/B becomes a BT -algebra by defining

(1 4+ B,22 + B] = [z, 2] + B,
<z + B,z 4+ B, x5+ B >=< 2,212,233 > +B.

The canonical projection

t:A—=A/B, z—-z+B

W8 a homomorphism with the kernel B.*
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Theorem 2. Let A and A' be BT -algebras, B be an ideal of A, B’
be an ideal of A' end f: A — A' bea homomorphism. _

a) There ezists a homomorphism f : A/B — A' with f = fox if and
only if B C ker f.

b) The image of f,Im f, 13 a BT-subalgebra of A' and A/ ker f = Im f.

¢) f~Y(B') is an ideal of A"

Theorem 3. Let A be ¢ BT -algebra, and B,C be ideals of A.

a) B+ C and BN C are ideals of A and (B+C)/C~B/{(BNC).

b) If C C B, then B/C is an ideal of AJC end (A/C)/(B/C)~ A[B.

Remark. Then statement a) of Theorem 3 may be improved by
requiring B be a BT-subalgebra, only.

Theorem 4. (Chinese Remainder Theorem.) Let A be o BT-
subalgebra and B,C be two ideals of A such that A=B+C. Then

A/(BNC)~(A/B)& (A/C)+

Corollary. Let A be a BT-subalgebra and By,..., By be ideals of A

such that B; + n B;=A(1<i<r). Then
FE

Al( ) B)=(A/B)@®...& (A/B:)x

1<i<r

IIL.Semi-simple binary triple algebras. In the following we shall
do, as much as possible, the structure theory for general BT-algebras of
finite dimension.

Lemma 1. Let A be o semi-simple BT-algebra. Then, for every
nontrivial ideal B of A there is an ideal C of A such that A= B & C.x

Proof. If A is simple, then it is nothing to prove. Otherwise, let
A=B ®...% B, with ideals B;,...,B: which are simple BT-algebras.
Let B be a nontrivial ideal of Aand c € B, ¢ # 0. Thenc = b +... +br
with uniquely determined b; € By, 1 < i < r. Assume b; # 0. Then we
assert B; C B. To see this, note that

[e, 5] = [b;,b}] € BN B, Vb, € B;,
< ¢, by, b, >=< by, b, b, >€ BNB;, Vb, b, € B;.

Also < by ¢, b},

If B;n = {b} then Kb; is a nonzero ideal of B;, hence B; = K¥b;

>¢ BNB; and < b}, ,¢c >€ BNB, for any bgz,%beal?;:&

4 l 5
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{B;} = {0}, that is a contradiction. Thus B;N B # {0}. But BN Bis an
ideal of B; hence B, B = B, or B; C B. This argument shows that B
is direct sum of those B, with B; N B # {0}. Let C be the direct sum of
remaining ones. Then clearly B® C = A.»
Lemma 2. If A = {A} and for every nontrivial ideal B of A there 1s
an ideal C of A such that A= B & C, then A is semi-simple.
Proof. The essential remark in the proof of this assertion is that an
ideal of an ideal of such A is an ideal of A. Indeed, if B is an ideal of A
and C is an ideal of B, then there exists an ideal D of A such that A =
B ® D. Because [B,D] = {0}, < B,D,D >=<D,B,D >=<D,D,B >=
=< B,B,D >=< B,D,B >=< D,B,B >= {0} we get [c,a] = [e,b+d]) =
[c,b] +[c,d)={c,b)eCloranya=b+de A= B@ D, < c,az,a3 >=<
¢, by +dz, b3 +dy >=< ¢,by, by > Cforany a; = by+ds, az = b3 +d3 € A
Similarly, we have < aj,¢,az >,< a1,a3,¢ >€ C, Va1, a2 € A Thus, C is
an ideal of A. The remainder of the proof is standard.*
Definition 1. An ideal B of A is called mazimeal if B # A and every
ideal C of A satisfying B C C C A satisfies C = B or C = A
The existence of maximal ideals of A is guaranted by the finite dimen-
sion of A. It is easily checked that an ideal C of A is maximal if and only if
A/C has only trivial ideals (and, hence is either simple or one-dimensional
with trivial multiplications). Obviously, every ideal of A different from A is

contained in some maximal ideal.
Let (B;)ies be the collection of maximal ideals of A.

Lemma 3. If A is semi-simple, then, [} Bi = {0}.
el
The proof is standard and will be omitted.
Corollary. ILet C be an ideal of A. If A/C s semisimple, then

n B, c Cx
i€l
Proof. It is easy to verify that there is a 1-1-corespondence between

.\ the maximal ideals of 4/C and these maximal ideals of A containing C.
Then the assertion follows from Lemma 3.*
The main result is:
* Theorem 5. Let A be BT-algebra, (Bi)ic; its collection of (all)
. maezimal ideals and 5 = ﬂ B;. Then A/S = N & W, where N and W are
k. i€l

deals of A/S, N has trivial multiplications and W is semi-simple. Moreover,
= {3: € A/S; [$1y] = 0: < T,y =< YL T, Y2 >=< Y1,¥2, T >= 0,
¥1:y2,y € A/S) and W = {A/S}. In particular, N and W ere uniguely
elermined.
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Proof.We first note that there are finitely many maximal ideals
Bi,,...,B;, such that § = B, 0...N B, . This, again, follows from the
finite dimension of A. Relabelling, we write $ = Bi N ...N By. We may
also assume that the set By, ..., B, is minimal in the sense that S # ﬂ B;

i#k
for all k,1 < k < r. This implies Bx + ﬂ B, = A, because By + ﬂ Bj is
J#Ek FEZS

an ideal of A which contains By and it is equal to By if it is no equal to |

A. But then ﬂ B; C Byand $ =[5, ﬂ B; which is a contradiction
ek Ik

to the minimality of By,...,B,. Therefore we can apply the Corollary to

Theorem 4 to obtain A/S = (A/By)@&...&(A/Br), and each A/ By is either

simple or one-dimensional with trivial multiplication. Arrange these terms

appropriately to finish the proof.*

Definition 5. Let 7 : A — A/S the canonical projection.
R =n"YN) is called the radical of A.*

Theorem 6.

a) A/R is semi-simple or A = R.

b) If U is an ideal of A and AfU is semi-simple, then RC U.

Proof. a) Obviously, S C R and R/S ~ N. Using the standard [ f
isomorphism theorem we find: A/R =~ (4/85)/(R/S} = (N & W)/N =~
~ W =semi-simple.

b) We already know § C U (Corollary to Lemma 3); hence 4/U ~
(A/8)/(U]S) = A/U, where A=A/Sand U =U/S. Now RC U if and
only if N C U and this is equivalent to (N + U}/U {0}. Let us prove |
(N +0)/0 = {0}. Indeed, (N +U)/U is an ideal of A/U, hence there is an
ideal T of A/U such that AU = ((N+U)/U)ST. Now {N+U} C U hence
{(N +U)/U} = {0}, and therefore A/U = {A/U} C T showing A/JU =T
and (N + U)/U = {0}.* '

IV.Solvability of binary triple algebras. Let A be BT-algebra
and B be an ideal of it. Then we define BT-algebras B (i = 0,1,2,...} 1
inductively as follows: :

B — B, BV = {B}, BU+D — {B(‘)}.

R

Then

i . R T

Theorem 7. For each ideal B of A, B’ form a chain B = B >
BW 5 ... 5 B® 5 BU+Y 5 | of BT-subalgebras of A such that each
BU+Y) s an ideal of B and the quotient BT-algebras BW/BG+ (3 =
0,1,2,...) are abelian. :
Proof. The relations BU+" ¢ BW (i = 0,1,2,...) are clear from
their constructions. Since [B), BU+D] ¢ BG+Y), <« BU+D) Bt B >C
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c BU+D. < B BU+) B S B+ < ) B Bl+1) s B+
hold, we see that BCH!) is an ideal of B'" and each B! is a BT-subalgebras
of A. It is easy to verify that the quotient BT-algebra BU)/BU+D s
abelian.*

Lemma 4. If B and C are ideals of A, then BNC and B+ C are
ideals of A satisfying the following incluston relations:

a) (BnC)? ¢ B ng®,

b (B+C)9cBY+cW+BnC.

Proof. The iuclusions may be checked up by induction on ¢.*
Definition 6. An ideal B of A is solvable if B) = {0} for some

integer 1. *

Theorem 8. If two ideals B and C of ¢ BT-algebra A are solvable so
isB+C.*

PI‘O(?f. If BW = C¥ = 0 for a large 7, then the relation b) in
Lemma 4 implies (B + C)*) ¢ BN C and a) in the same lemma implies
(B 4 C)® ¢ BN CY = {0} which proves the theorem.*

This theorem allows us to give the following definition.

Definition 7. The mazimal solvable ideal of the BT-elgebra A 13
called the solvable radical of A.* '

.Theorem 9. Let R be the solvable radical of a BT-algebra A. The
quotient BT-algebra A/R is s-semisimple, i.e. its solvable radical 13 {0}.

) Proof. Let p: A — A/R the natural homomorphism of BT-algebras.
if B is an ideal of A/R then B = p~!(B) is an ideal of 4 and p~'(B'")) =
=BY 1 R (i =1,2,...). Moreover, if B is solvable, then B(" = {0} for
some integer ¢ and B C R. Since R is sovable, B{¥) = {0} for some j,
that is B is contained in R. Hence B = p(B) = {0} so the radical of A/R

is zero.*
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A UNIFIED THEORY OF PERFECT
AND RELATED FUNCTIONS

BY

M.N. MUKHERJEE and S. RAYCHAUDHURI

L.Introduction.Perfect functions and certain allied types of func-
tions refered to the literature have heen studied thoroughly by several au-
thors. These types of functions have similarity in many aspects. Certain
characterizations are quite analogons. The analogous features existing in
their definitions and the types of results obtained in the process of their
study point to the necessity of promoting a unificd theory. The purpose
of this paper is ‘hus to present a unified theory by agglomeration of the
individual findings.In the next section, we display the development of the
anified theory 1 a general perspective. In Section 3, we bring about certain
concepts viz. those of [ -sets, y -sets and /3 - continuity to find other charic-
terizations of  -perfect functions from an altogether different perspective.
In the concluding section, we intend to show up the individual behaviours
in particularized settings where the underlying spaces under discussion are

topological spaces.

2.8 - perfect functions in general.

Definition 2.1. Let X be a non - empty set and let B be a family of
subscts of X such that each point ¢ of X belongs to somne member of B, and
thet B is closed under finste intersection. The set of all members of B, each
containing o given point = of X denoted by Bx. In addition, let us consider
an opernior o on the power set P(X) of X such that

AC B(C X) = a(A) Co(B)

H:éncefurth by o space X (or Y} or simply by X (or Y) we mean a non-
mpty set X (respectively Y) endowed with an operator o and associated



