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A UNIFIED THEORY OF PERFECT
AND RELATED FUNCTIONS

BY

M.N. MUKHERJEE and S. RAYCHAUDHURI

1.Introduction.Perfect functions and certain allied types of func-
tions refered to the literature have been studied thoroughly by several au-
These types of functions have similarity in many aspects. Certain
quite analogons. The aualogons features existing in
pes of results obtained in the process of their
a unified theory. The purpose

thors.
characterizations are
their definitions and the ty
study point to the necessity of promoting
of this paper is *hus to present a unified theory by agglomeration of the
individual findings.In the next section, we display the development of the
unified theory in a general perspective. In Section 3, we bring about certain
coticepts viz. those of 3 -scts, y -sets and 4 - continuity to find other charac-
terizations of g -perfect functions from an altogether different perspective.
In the concluding section, we intend to show up the individual behaviours
in particularized settings where the underlying spaces under discussion are
topological spaces.

2.4 - perfect functions in general.

Definition 2.1. Let X be a non - empty sct a
subscts of X such that each point T of X belongs to some member of B, and
thet B is closed under finitc intersection. The set of all members of B, each
containing a given point x of X denoted by Br. In eddition, lel us consider

an operior o on the power set P(X) of X such that

nd let B be a family of

() AC B(C X) = a(A) Ca(B)
r simply by X (or Y) we mean o non-

rrd
Henceforth by a space X (or Y) o
tated

|.
empty set X (respectively Y) endowed with an operator o and assoc




58 M.N. MUKHERJEE and 5. RAYCHAUDHURI e

with a collection B of subscts of X (or Y), where a end B are defined ws
above.

Definition 2.2. A point z of ¢ space X is called a B -adherent point
of e set A C X of for each U € B,,a{UYN A # 0. The set of all 3 -adherent
points of A is denoted by [A]s.

Remark 2.3. It is clear from the above definition that the operator
B is increasing. i.e., whencver A C B(C X)), (4] C [B]s. When we consider
a function f from a space X to a space Y, we usc the same notations a, 3,
etc. for the space Y as well, with the hope that the context will leave no

scope for confusion.

Definition 2.4. A4 pont x € X 13 called a § -adherent point of a
filterbase F on X, written as € f -ad F, if r e O{[F]g: F € F}.

Definition 2.5. A filterbase F on X 1s said to § -converge to a point
z of X, written as F —% &, iof for each U € B,, there exists an F € F such
that F C o(U).

Definition 2.6. A filterbase F on X 45 said to be § -directed to «
subset A of X, denoted as F —P~4 A of for each filterbase G finer that
F,ANG -ad G # O _

Proposition 2.7. For o filterbase F on X, of F B - converges to
z € X, then e € 3 -ad F.

Proof. Let F —" r and if possible, v ¢ f# -ad 7. Then there exists
F ¢ F such that = ¢ [F];. So there exists U € B, such that o(U)NF = 6.
Since F —? », there exists Fy € F such that F) C o(l7). Let Fy € F such
that F € Fy N F Then Fy C Fy Co(U); but by (1), Fa Noa{l7) = . Hence
F5 = 0 which is a contradiction.

Proposition 2.8, If v € [A]y, where v € X and 4 & X fhen there

ezists ¢ fillerbase F on A such that F =7 r.

Proof. Forcach U € B, a(UJNA # 0. Let F = {a(V)NA: U € B, }.
For members F1 = o(U)NA and Fy = (V)N A of F (where U,V € B,),
Fy=aUnV)NA€EF (since UNV € B, } such that F3 C F; N Fy, using
(*). Hence F 1is a filterbase on 4 and clearly F —F 2.

Proposition 2.9. Ifz € 8 -ad F, for some filterbuse F on X (where ;

z € X ), then there ezists o filterbase G on X finer than F such that G —7 z.

Proof. If x €' 3 -ad F, then a(U} N F # @, for all F' € F and for all ,;.
UeB, Pt G={aU)NF:UecB,,F¢&F} Itisecasy to see that G isa

filterbase finer than F such that G —# 2.
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Proposition 2.10.For « filterbase F on X and z € X, F —8 2 off
F f-d g

Proof. If 7 —¥ r, then for every filterbase G on X finer than F,
it is clear that ¢ —# x and hence by Proposition 2.7, @ € # -ad G. This
proves that F —#~% r. Conversely , if F does not 8 -converge to x, then
there exists U € B, such that F ¢ «(U), for all F € F. Consider ¢ =
{IX —a(U))NF : F € F}. Then G is a filterbase on X finer than F and
clearly ¢ 8 -ad G. Hence F is not § -directed to x.

[ Definition 2.11. Let X and Y be two spaces. A function f: X — Y
§ 15 called B - perfect iff for each filterbase F on f(X),F —Af=4 B(c f(X))

implies f~H{F) —=F~4 f-1(B).
Theorem 2.12. For a function f: X =Y, the following are equive-

lent:

a) fis B -perfect.

b) For each filterbase F on f(X) such that F -7 yle fIX)),
FHF) = )

c) For any filtevbase F on X, B ad f(F) C f(B — adF).

Proof. a) = b) : Follows from Definition 2.11 and Proposition 2.10.

b) = c): Let y € B — ad f(F). Then by Proposition 2.9. there
is a filterbase ¢ on f(X) finer than f(F) such that ¢ —# y. Let U =
{f"HG)NF : G € G and F € F}. Then I is a filterbase on X finer than
FHG). Since § =P y, by b} we have f71{(G) —B8=d £=1(y). U being finer
than f~'(G), we have f~'(y) N (B —ad U) # 0. Since U is finer than F, we
have in view of (#), that f~'(y)NF —ad F # 0. Then y € f(f — ad F).

¢) = a) : Let F be a filterbase on f(X) such that F —f-d B
(C f(X)). Let G be a filterbase on X finetr than f~'(F). Then f(G) is
a filterbase on f(X) finer than F and hence BN B — ad f(G) # #. Then (c)
implies that BN f(8 — ad G) # 0 and hence f~1(B)}N B —ad G # 0. Hence
F~YF) =P~% f~1(B) and consequently f becomes 3 -perfect.

. Definition 2.13. A function f : X — Y s called 3 -closed of
2 f(A)ls C F({Als), for cach 4 C X,

Proposition 2.14. A 8 -perfect function f: X — Y 15 J -closed.

_ Proof. Let A C X and y € [f(A)]s. By Proposition 2.8, there exists
'a filterbase F on f{A) such that F —f y. Pt G = {f"Y(F)NA: F € F}.
Then G is a filterbase on A such that § is finer than f~!(F). Since f is
8 -perfect we have in view of Theorem 2.12, f~!(F) —#~¢ f=1(y). It then
ollows that f~'(y)N B —ad G # 0. G being a filterbase on A and since j is
creasing , we have y € f([A]g). Hence f is § -closed.



60 M.N. MUKHERJEE and S. RAYCHAUDHURI 1

3.3- and y -sets, 3 -continuity and 3 -perfect functions. We
have just seen in Proposition 2.14 that a 8 -perfect function is # -closed.
This motivates us to find conditions which along with the 8 -closedness of
functions yvield § -perfect functions. For this purpose we introduce 3 -sets
as follows and ultimately characterize 8 -perfect functions in terms of this
type of sets.

Definition 3.1. A subset A of a space X is called o B -set of for every
filterbase F on X,AN B -ad F = 0 1mplies the exrstence of an F' € F such
that AN[F|g = 0.

Theorem 3.2. If f: X —= Y is B -closed such that FHy) is a B -set
for each y € Y, then fis 3 -perfect.

Proof, Let F be a filterbase in f(X) such that F —# y, for some
y € f(X). If G is a filterbase on X finer than the filterbase f~!'(F), then
f(Q) is a filterbase on Y finer than F. As F —F=4 y (by Proposition 2.10},
y € B -ad f(G), e, y € N{[f(G)s : G € G}. Since f is 3 -colsed, y €
N{f([Gg) : G € G}. Hence f~H(y)N[G]g # ¥, forall G € §. f~'{y) being
a 3 -set we obtain f~'(y}N @ -ad G # 0. Then f~'(F) —8=d f-1{y) and
hence f is § -perfect, by Theorem 2.12.

Definition 3.3. A function f: X — Y is called 3 - continuous if for
each z € X and each B € By, w Y, there ezisis 4 € B, i X such that

fla(A)) C a(B).
Proposition 3.4. If f : X — Y 4s [ -continuous, then flA]g) € &
[F(A))g, for A C X. :

Proof. Let for some A C X aud some & € X, f(z) ¢ [f(4)g. Then |
there exists ¥V € By, such that (V)N f(A4) = 0. Since fis A -continuous,
there is U € B, in X such that f(a(U)) C a(V). Then f(a(U)) N f(A) =0
which shows that a(U) N A = . Hence » ¢ [4)5 so that f{x) ¢ f([Alg).

Theorem 3.5. If o A -continuvons functivn f: X =1 25 3 -perfect, |
then fis f -colsed and f7'{(y) s a B -sct for each y € V.

Proof. It has already been proved in Result 2.14 that a [ -perfect |
function is g -closed. Let now y € ¥ and F be a filterbase on X such that
fFiyynp ad F = 0. Then y ¢ f(3 — adF) so that y ¢
B -ad f(F), by Theorem 2.12. Thus y ¢ [f(F))g, for some F € F so that
there exists V € B, with (V)N f(F) = §. Since { is # -continuous, for cach’
z € f~1(y) there is U, € B, in X snch that f{u(Usz)) C aV)C Y — f(F)3
Then f{a{U.)) N f{F) = 0 so that a(U;} " F = 0. Hence © ¢ [F]g, for all
z € f~¥(y). In otherwords, f~!(y) N {F]y = ¥. Consequently, f Hy)isap
-set in X.
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Combining Theorem 3.2 and Theoremn 3.5 we obtain:

Theorem 3.6. A 3 -continuous function f:X =Y s f -perfect iff

fis B -closed and FU(y) is a B -set, for each y € Y. -
It now follows from the above theorem and Proposition 3.4 that

Theorem 3.7. A § -continuous funetion f: X =Y 1s A -perfect iff
f([A]g) = [F( AN, for cach 4 C X and f~(y) is o B -set for each y € Y.

Definition 3.8. A subset A of X s said to be y -set of for every
cover U of A by members of B, there cxists a finite subset Uy of U such that
A c u{a(B): B €lp}.

Theorem 3.9. For u subset A of @ spuce X, the following are equiv-
alent:

a) A sy -sel.

b) Bvery mazimal filterbase on X which meets A 3 - converges to

some point of A. o
¢) Every filterbasc on X which meets A, has @ 3 -adherent point in

A.

Proof. «)= b): Let Abeay -set and suppose that U 1s a maximal
filterbase on X which meets A, but does not 7 -converge to any point of A.
Then for cach x € A, there exists @ B, € B, such that UN(X — o B;)) # 9,
for every U € U. The maximality of U implies that (X — a(Bz)) € U.
Then U, N o(B,) = 8 for some Uy € U. Since {B; : + € A} is a cover
of A by members of B and A is a y -set, we have A C UL, a(Bz;), where
{.'vl,...,a'u} is a finite subset of A. We can find U e U suc!\. that TN A C
(N, Ue ) 0 (Vi o(B,,)) = 0 and this is a contradiction, since i meets A.

b) = ¢) : Let F be a flterbase on X which meets A. Then F is
contained in a maximal filterbase F, which meets A Since Fo B -converges
to some 2 € A (by b)), for every V € B, there exists an Fy € F. such that
Fy © V). Since FNFy # 0 for each F € F, we have o(W) 0 F # 0. for all
Fe Fandal Ve B, Heuce z(€ 4)isa 4 -adherent point of F.

¢} = a): If A is not a y-set, there is @ cover U of A by members of B
such that for cvery finite subfumily Uy of U, A — Vyeu, (U} # 0. Then

F = {X —Upeau,alU): U is a finite subfamily of ¢}

h:
\is a filterbase on X which mects A. By ¢). there exists & € A such that

Lz € 3 — adF. Siuce Y is a cover of A, there exists U, € U such that o € ‘UJ..
 Then U, € B, and X —a(l,) € F so that = ¢ (X —alU; J]¢ which 1s a

contradiction.
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Theorem 3.10. If f: X — Y s 3 -perfect, then inverse trnages of
y -sets are y -sefs.

Proof. Let A be a y -sets in Y and to avoid triviality we assume
that f~!(A) # 0. Let F be a filterbase on X which meets f~'(A) and set
G={f""(A)NnF:F e F}. Then f(G) is a filterbase on Y which meets A
and f(f—ad G)NA D B —ad f(G)N A #0 (by Theorems 3.9 and 2.12). 3
being increasing, we have § -ad F N f~!(A) # 0. Hence f~!(A4) is a y -set
by Theorem 3.9.

In certain usual situations it is found that there remains no difference
between the notions of F-sets and y -sets. For exawmple, as we shall see in
the next section, such a collapse takes pluce when the operator « is taken
to stand for the identity operator and B for the collection of all open sets
in a topological space X. Under such a condition which we shall denote by
"Condition C’ (i.e., when the concepts of 8 -sets and y -sets coincide), the

requirement of B -continuity in Theorem 3.6 can be dispensed with, i.e., we
have:

Theorem 3.11 Under 'Condition C’ a function f : X — Y s 3
-perfect iff f1s 3 -closed and f~'(y) is a y -set for each y € Y.

Proof. Follows from Proposition 2.14, Theorem 3.2 and Theorem
3.10.

Definition 3.12. A space X is said to be a -separated if for each
pair of distinct points z,y of X, there ezist U, € B; and U, € By such that
a(Uz)Nna(Uy) =0.

Theorem 3.13. Let f : X — Y be 8 - continuvous and Y be an o
-separated space. Then fis § -perfect iff for every filterbase F on X, if
f(F) =P ye f(X) then 8 -ad F # 0.

Proof. Suppose f is 8 -perfect , and f(F) —=* y € f(X). So
FTHS(F)) -~ f~Yy). F being finer than f~'(f(F)), 8 -ad F # 0.
Conversely, suppose G is a filterbase on f(X) such that ¢ =% y € f(X),
and suppose H is a filterbase on X finer than f~'(G). Then f(H) is finer
than G. Hence B -ad H # 0. Let z € Y — {y}. Y being an o -separated
space, there exist U; € B, and U, € By in Y such that a{U,) N a(U,) = 0.
Since f(H) —* y, there exists H € H such that f(H) C a(U,). For each
z € f71(z), there exists V, € B, such that f(a(V:)) C a(U.). Hence
ol Ve )N H = 0. It follows that f~'(z) NS -ad H = §, for each z € Y — {y}.
So B -ad HN f~!(y) # @ and hence f is § -perfect.

Corollary 3.14. If f: X — Y is 3 -continuous, X is y -set and Y is

o -separated, then f 13 3 -perfect.
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Proof. Since X is a y-set, then every filterbase on X has non-void
adherence. Now the corollary follows directly from Theorem 3.13.

Theorem 3.15 The composition of 3 -perfect functions is § -perfect,
' if 'Condition C’ is satisfied.

Proof. Let f: X — Y,9:Y — Z be § -perfect functions. Then
in view of Proposition 2.14, g o f is clearly a § -closed function. If : € Z,
then ¢~'(z) is a y-set. As fis § -perfect, by Theorem 3.10 it follows that
F~Y g™ (2)) is a y-set in X. Hence g o f is B -perfect, by Theorem 3.11.

4. 3 -perfect functions in some particularized settings. In this
section we tabulate and illustrate the special behaviours of our unfied theory
under certain well-known sets of conditions. We start with the collection
of open sets in a topological space X, and put B = UgexB., where the
members of B, are open neighbourhoods of x (for z € X). We discuss
below the behaviours of 8 -perfect functions between topological spaces
X.Y and the associated notions for three well-known situations for different
interpretations of the operators o and f3.

When a stands for identity (closure, interior-closure) operator, the
operator 8 becomes the closure (resp. @ -closure [11], & -closure [11]) op-
srator. Then tle notion of A -adherent point of a filterbase reduces to 1ts
adbereut point (zesp. 6 -adherent point {3,2], § -adherent point [11,7}). A
filterbase is A -directed towards a sct A or a point x becomes equivalent to
il being directed [12] (vesp. @ -directed [2], & - directed [7]) tewards A or x.
8 -closure of a set takes the meaniug of its closure (resp. & closure [11f or
almost closure [3], 8 ~closure [11]) and f# - ouvergevce of a filterbase becomes
its ordinary convergence (resp. 8 -couvergence [11] or almost convergence
(3], & -convergence (11]). @ -continuity in the three respective cases stands
for continuity, § -continuity [4] and & -continuity [8] respectively. In the
first two cases o - separated spaces hecome identical with Hausdorff and
Urysohn spaces respectively, while in the third case 3 -closed functions are
nothing but the § -closed ones [11]. Finally, the three widely studied types
of functions viz. perfect, 8 -perfect and § -perfect functions are achieved
Bs special cases of 8 -perfect functions iu the three respective cases under
consideration.

We sum up and summarize the above discassions in the form of the
llowing table:
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Table - A

When o Pstands B — set y — set B8 — per fect
stands for becomes becormes function
for becomes
Identity Closure Compact Compact Perfect
operator operator set set function

12, 10]
Closure 8 — closure 6 —rigid QRHC 8 — perfect
operator operator set —sel Sfunction

[2,3]
Interior 6 — elosure N — sef N — set & — per fect
closure operator function[7]
operator

We now tabulate below certain well -known results on perfect, 8 -perfect
and § -perfect functions, which follows as special cases of the results that
we have derived here by taking the operator a to stand for the identity or
the closure or the interior - closure operator. In the following table, the
theorems, propositions ete., in calumn - I refer to those of this paper, while |
the theorems, corollaries ete. shown in column - IT denote the results that
are the particular forms of the corresponding ones in column-L.

Table - B

I - IT

(with A a singleton)

Result 2 (e} (12}, Theorem 3.1 [3].
Theorem 3.1 [7]

Theorem 2.12 along
with Theoremm 2.10

Proposition 2.14

Corollary 2.10.1 [3], Theorem 2.2
({1) = (3)) [8] and a well - known
result on continnity

Proposition 3.4

——
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Theorem 3.7 Theorem 3.4 {3}

Theorem 2.6 (3], Theorem 2 [5},

Lemma 3.3[7] and some well - known

Theorem 3.9

characterizations of compact sets.

Corollary 2 [12], Theorem 3.4 [7] and
Theorem 3.1.1 (¢) [3].

Theorem 3.10

Corollary 1 {2], Theorem 3 {12] and
Theorem 3.5 (7].

Theorem 3.11 together

with Theorem 2.12
(a) < b))

Theorem 3.13 Theorem 3.7 [3]

Corollary 3.14 Theorem 3.7.1 (3]

Theorem 3.15 Theorem ¢ (1.8)[10], Theorem 3.1 [2].

Apart from those shown in the above table, we derive certain new
results on & -perfect functions from Theorem 3.7 and Corollary 3.14, when
o becomes the interior - closure operator. These are formulated as follows:

Theorem 4.1 Let X,Y be topological spaces and f : X = Y be §
-continnous with Y, (the semiregularization space of Y [10] ) a Hausdorff
space. The fis 6 -perfect iff for any filterbase F on X, f(F) 6 -converges
to y(€ Y) implies § -ad F # {.

Theorem 4.2. Let X be u nearly compact space and Y be a topolegical
space with Y, a Ty - space. If a function f: X =Y 1s & -continuous, then
f i3 & -perfeet.

Moreover, Theorem 3.2 shows that in the converse of Theorem 3.4 of
Dickinan and Porter [3], the condition of § -continuity is superfluous, also

~ the condition of alinost closedness on f can be weakened by the condition

that [f(A}le C f([Als).
We conclude with the remark that many other perfect - like functions

~ than those considered so far, could be accomplished by assigning different

interpretations to the operators o and g and [ or by replacing the collection
B of open sets some other collection like a -open sets [6] or regularity open
s_et.s etc.
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THE REFLEXIVE PARADOXES IN SET THEORY:
THE LOGICAL RELATION OF THE ABIAN PARADOX
TO THE CURRY PARADOX

BY

S.M. KIM

The Abian paradox, formulated in 1985, is a generalization of the
Russel paradox because it applies to both sets and classes.
We formulate the Abian paradox as

(*) (Az}(A €z —r z ¢ 2)

To prove that the Abian paradox applies to both sets and classes, we show
that A4 in (+) cannot be a class, regardless of whether quantification in (*)
is over sets or classes. Indeed replacing z in (*) by @ (which is both a set
and a class), we arrive at the contradiction A € $ — & ¢ P since Ac @
is always false and ® ¢ @ is always true. It is not difficult to show that the
Abian paradox does not totally depend upon the existence of @.

The Russel paradox is weaker than the Abian paradox, since the Rus-
sel paradox fails in cases where the Abian paradox holds. The reflexive para-
doxes have been analyzed by Goddard, Johnston{l},Goddard 2]
as arising in quantified formulas of the form —(3)(¥y)[f(y, z) e = f(y, ¥},
where a property f presented in the formula entails the negation of an quan-
tifier instantiation for the formula containing presuppose any such condi-
tion(s). They argue that resolution of such reflexive paradoxes 1s achieved
only if the value chosen to instantiate the existential quantifier is some how
removed from the range of the universal quantifier. The Abian paradox
exhibits this structure of reflexive paradoxes presented by Goddard
and Johnston andrequiresthe same conditions for its resolution.

The present status of research described above justifies in raising the
open question in the context of Russel’s paradox: How to define a para-
doxical class {or to point to some already defined one), the paradoxality of

* which cannot be generated by the uniform principle which is, in fact, the
sapplication of Cautor’s theorem to the universe of all classes. This question
has not been answered completely but this deserves answer, and giving this
answer is the subject of this project.

Definition. A cluss A for which there is an infinite progression of
classes Ay, Ay, ... (not necessarily all distinct) such that ... € Az € A) € A
18 sard to be groundless.



