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DISCONTINUOUS AUTOMORPHISMS IN
COMPACT RINGS

BY

M.I. URSUL

Tt is known that for sowe classes of compact rings, like: a) the class
of sanisimple compaet rings [1]; b) the class of left noetherian compact
rings [2]; ¢} the class of totally disconnected compact topologically finitely
generated rings [3]* (sce also [4]), the compact topology is unique. The
question about uniqueness of compact topologies on rings is closely related
to the question about the existence of the discontinuous automnorphisms in
compact rings. Namely, if the topology of a compact ring is unigue then
cach of its automorphisms is continuous. The author does not know the
auswer to the following question: Has a compact ring R whose topology 1s
pot unique a discontinuous automorphism 7 .

Tn the paper. the sufficient conditions for the existence of a discontin-
ueits automorphism for a compact ring ave given: Lot R be a conipact ring,.
If a1l idempotents of R arc central and the component of zero 15 different
from {0}. then R has a discontinuous antomorphisin.

All tepologieal rings in discussion are assumed to be Hausdorff and
associative. The set of positive integers will be denoted by N, The com-
ponent of zero of a topologiral riug R will he denoted by Ry, If  1s an
element of R, then the subgroup of the additive group of R generated by
is denoted by < o >1 .

Lesmna 1. If R is ¢ compact ving, Ry # {0}, R/ R 15 totally discon-
nected and R has en clement o of imfinite order. then R las w discontinons
autormorphism.

* R , L . . 5 5 5 .
Every compact left Noctherian ring is totally discornecred and topo-
logically finitely genreratedl.
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Proof. We claim that there eXists at least one discontinuous home-
morphism « : R/R2 — Ry, Assume the contrary. If a € Ry, then the map
T+ a can be extended to o homomorphism wi<e >ty st Sinee iy
is a divisible group, the homomorphism @ can be extended to certain homo.
morphism & : R/R* — R, Then <a>f C < >%) and so < a >F iy
totally disconnected. We obtaiy that Ry is also totally disconnected, whicl,
15 a contradiction. Now we try to obtain a discontinuous automorphisi o,
using & and the canonical homomorphism 3 : B — R/R*. Then v = a o Il
is a ring homomorphism, having the following properties:

1) v(R?) = {0},

2) 7 is discontinous;

3) ¥? =0

4) ¥(R) C Ann (R).

Here, 2) follows from the fact that 4 is open, and 1) follows from
the construction. It is obvious that R} C Ry. Since R/R? iy totally
disconnected and /4 is coutinuous. B(y(R)) C B(Ry) = {0}, or 3(5(R)) =
{0}, therefore a(B(7(R))) = {0}, i.c. Y (R) = {0}. 4) follows from [5] and
the inclusion y(R) C R,.

The map 6 =1 + ¥ is a discontinuous endomorphisin of the additive
group of R. If =,y € R, then 6(zy) = 2y + 1(zy) = (x +v(e))y + v(y)) =
8(z) - 8(y), ie. §is a ring endomorphism. Since 7 =0,6=1+ Y 18 a ring
automorphism.

Lemma 2. If D is an Abelian torsion - free divisible group, then it
can be equipped in o unique manner with a stry

Q. Subspaces are exactly divisible subgroup of D.

Lemma 3. Let D, und Dy be two vector spaces over() and o D) —
Dy a group homomorphism. Then @ s a linear map,

Bellow we shall use
groups: If f : 4 - B is
fAo) = By.

Lemma 4. (see (6], 25.23; we give here another
compact connected Abelian group C contuins 4 sthgron
(in the algebraic sense) to the group R of reals,

Proof. Let \ be a noutrivial character of the group C. Then v : € —
T is a surjective map (where T = RIZ It HT) 1s the subgroup of the
elements of finite order of T, then T'/4(T) is algebraically somorphic to I,
We get a sequence € =Y 77 & T/HT) of howomorphisms. where & is tho
canontcal homomorphism of T onto T/t (T). The group C s divisible. Let
C = A®t(C) be the direct sui, where t(C} is the subgroup of the elanents
of finite order of C. Let ) = k- x. Then AMC) = A4) + ML) = A(4).
Therefore A| 4 is a homomorphism from A onto T / HT). By the lemma 3,

cture of a vector space over

the following fact from the theory of compact
a surjective continuous homomorphism, then

roof ). Bvery nonzery
p which is isomorphic
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A is @ linear map from the vector € - space ;\ fmmltlle' \'f:(;-tt.ui:(il;‘:::;c T
/(tT}. which is isomorphic to the € - space . Tl zazt,t part is ol .

Lemma 5. If R s a compect ving and RfRY s not totally discon
neeted, then B hes o discomtrnuons antomorphiso,

Proof. If v : B — R/R? » the eanonical homomorphism, t_i;t-’n
roof. 2o |
(R (P/R?*)y. By the lennna 4, there exists stubgroup L C i(];/R J)C(,
o J;lm' shiie to IR Therefore there exist two subgioups 4 © L i C L.
ROy SIF /IS

? i
1 i aned o subgr : (I such that R/ R
aleebrs teally 1somorphic fo€) aud a subgroup € of /1

4000 0 C (diveet s, ' _

! LT g U( RS — 4 B bhe the projeciaon of RJR: onto A 63 B
i \“ 4B - Il projection of Ao BB oento 30 The homomophism

andd B 4 Lo

I;l; AL = A DB g sunjection.

Pl group fry vs divisible and S0 iy :D H: 1’.\': V“-‘h( 11(: DS,I'I‘Z: ‘3112})1}13});
torsior dree stiberoup and Ads a Lorsion :h'\-!::lal‘: hubgun:]n)'.“ i .T_lwr(‘for(_;
('[i‘ Lot follows that 405 12 - !1((fz,/11,'r)u) = [ og(fiy). !
Ad i I W Ru} =1ilo ) g i ) = 1-101.’)(1.)) . S
The granps D oand A ¢ 17 ave divisibie ;;ml. “)lb{(‘)‘}l by -
lemuyes 2 anel 30 D wud A0 0 ave veetor €) - sprees atic 1 -4,/{:,.31.5 (Sim.(, .
mwap fong the veetor ¢ - space I aneo El.}t' vector § - ripm'vl.l | ;.;,T 1; Ubv:u.n.m
and B are divisible groups, by l('mm';.. 2. thun : e () - s J.‘;[):L‘Lll b..'..’tq‘ S
that A and B are one - dimensional over g, Tlu-ri'.m‘c t \((;; t).libsi\rc o |r
dimensional (@ - sibspace £ in D sueh ! at fTogl £ ) f &Bnm' h E |
is an moworphisi. There exists a group ;.-()JIL()IP}:]‘?}H - —; B .]_?2 B

We obtained a cequence of ving homomophisns {? : II/ \» o
ABDB - B - B Ry C Ann (R). whe e hoinomorphisms . L4, L:]_m,
Rato. Let a = yodolloy: B« B Wo list here some properties of the
ring endomworplism o

1) a i~ diseontinuous . o ‘

Indeed. ol B) = I E s conutable and there exist no compact count-
able groups.

2} o RY C Ann (R}

3) o(R?) = {0).

4) o =10.

Indeed, frone al 12y - £
Lhen Mo Ilo oo i) AMAY = {0
B — (0}

As in the proof of 14
morphism.

frec.

t ollows that Hogoatly =11 9’,.‘{5) = 4.
avil 5 o Aol o o) {0} o>

lemma L0 4 o ds o disrontinucus ring anto-

Theorem 1. If v a compuct rony B all id, mpotenty are central end
0 F {0}, then R has o discontinnous wutom irphism,
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Proof. We do not lose the generality, if we assume that R s e
regular. Indeed, lot » : B - R/ J(R) be the canonjeal homomorplisi,
where J(R) is the Jacobson radical of R. If | is the identity of the ring
R/J(R), then there exists (in that case a unigue) idempotent « € R suels
that ¢(e) = e;.

Let R = Re & R{1-¢) be the Pierce decomposition of the ring R. Tt is
a topological decomposition and, morcover, R(1 — e)={r € R:re= 0} C
J(R), Ry C R(1 - e). Therefore it is sufficient to prove the theoramn for the
ring R (1-¢) and so we ay assune that R is quasiregular.

Since R is pronilpotent [7]. 3t is true that R # REI R/R? is ot
totally disconnected, the theorem follows from the lemma 5.

Now let R/R? he totally discouncesed. If R/R? coutains an cloment
of infinite order, the theorem follows from the lemma 1.

Assume that R/R? is a torsion gronp. Then there exists & € IV suel,
that kR C R?. By induction, A" R ﬁm, for every n e V.

Since R is a pronilpotent ring, it follows that for cvery r € R,
limy_ook®r = 0. Let X be a character of the group R such that (R} =
T=R/Z). If P 1S a prime number, P > & then there exists o subgroup Iy
of T such that || = p. We have k™ = 0 for some e € IV and px = 0, for
every € k. Then v = 0 which is o contradiction.

Corollary 1. If in compact ving R all idempotents are contral tredd
the topology is unique, them R s totally disconnceted

Question: Is the theorem true for every cotnpact ring with nontrivial
component of zero ?

In the connection with the theorem 1. it is tuteresting to give examples
of compact rings, all idempotents of which are central aud for which the
component of zero is not an algebraic direct summand, We will show such
examples in the class of nilpotent of index three comnpact rings.

First we shall indicate a construction in the category of topological
rings. Let A be a topological ring. B a topological Abeliay grouyp and
©: A= B acontintous homomorphism. Ou the direct product = 4 < B
of topological gronps A and B, we define the multiplication in the fo Rowing
way: (a,b)(a’,b') = (O.plad') ) a. o & A0 € BT is o routine o pProve
that R is a topological ting. R* = {0}, R? C 0 x B.({0} < BIR = R {0) <
B) = {0}.

We claim that if @ A%) £ 0, then there exists no subring S of R such
that R = S+ {0} x B and SN{{0} x B) = {0}. Assume the contrary. Then
S is (algebraically) isomorphic to RI{0} x B and therefore §2 — {0}. By
the cquality R = $+ {0} x Bt follows B* {0}, On the other L, there
exist a, ¢’ € A sueh that wla,a') # 0. Then (e, 0){c' 0y = (0, (aa’)y £ 0,
Le. R* # {0)— a coutradiction.
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In particular, let F be an arbitrary finite ring with identity and v :

I a character of the additive group of F such that y(1) # 0. Then.
Fo— a character i g e N T
n the group F' < T, the structwee of & compact ring is defined a f
Ly dl 5 t

component {0} % T is not an algebraie direet summand,
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