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ON SOME INEQUALITIES OF THE WEYL TYPE

BY

B.G. PACHPATTE

1. Introduction. Onc of the most interesting and fundamental
mathematical discoveries of Hermann We y1[8] (see, also 4, p. 165})

iz the following inequality:
o oo 3 oo =

(1) / frde <2 (f :r'zfzd.r) (/ f"'zdzﬂ> .

Ju 0 0
where fis a continuously differentiable function on (0, c0) and the inte-
grals on the right side exist. This inequality is remarkable in terms of its
simplicity, the large nuniber of results to which it leads, and the variety of
applications which can be related to it. In the past few ycars some useful
generalizations and extensions of the inequality (1) are established by the
varions investigators. sce [2,3,6.7). In view of the importance of this inequal-
ity in the literature, it 1s natural to expect that the inequalities of the type
(1) would also e equally impoertant, in certain new applications. The aimn
of the present paper is to establish some new integral inequalities involv-
ing functions sud their derivatives which claim their origin to the Weyl's
inequality given in {1). The analysis used in the proofs is elementary and
our results provide new estimates on these types of ineqnahities.

2. Statement of results. In this section we state our results to
be proved in this paper. In what follows, we assume that all the integrals
appearing below exist on the respective domains of their definitions.

Our main result is given in the following theorem.

Theoremy 1. Let a > 0. p = 0, ¢ > 1 be real constants and f be
& real-valucd continuously differenticble function defined on (0,0) for fized
eal numnber b = 0. Then
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Remark 1. It is interesting to note that. 1 thee fuetion [ 15 con-
tinuonsly differentiable on (o). then letting &= > T 12543} we pet
respectively the following iregualities
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In particular, if we take o = 0. p = 0. ¢ = 2. then the inequatines hitained
i (4),(8) reduce to the shight variants of the Weel's ineaaality gaven in (1),
A slightly different version of Theorem 1 in catablished in tue following
tlicorewm.
Theorem 2. Let a,pnq. f be as defined in Theoron 1 Then
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where M ds as defined in Theorem 1
Remark 2. If the function f is continuously differential on (0, 00},
then detting b — oo in (6){7) we get respectively the following inequalities

[a ] o0
(8) / t STt < M / AR HC VRIS
S0 S0

{0) / f,,lf(t)tiﬂ-ddt < _1\1”’+"'/ tu-{-p{-q,f.'(t)lp-{-qdf'
P S}

Here we note that the inegualitics obrained in (8) and (9) are similar to that
of the Opial's type nequality (see [5]) and those of the well known Hardy's
inequality (see [4]).

We next establish the following inequality inspired by the interesting
ecneralization of the incquality (1) given by Beuson in (2, p.297].

Theorem 3. Let a,p.y be as defined in Theorem 1 and let' f be @
real-vatued continnously differentiable function defined on (a, b} for fized real
numbers a < b, Then
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(12) H= P [b“’“(.ﬁ'gn D FO)PFT = @t sgn )| f()FT]
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Remark 3. We note that, in the special case when ¢ = . the -
equalities obtained in (10} and (11) reduces to the following ine qutuln\

J ]’+1 N N 4
(13) ]|f|"|f(t>l*'+‘dts|HU|+(~ /m L)

where H is defined by the right side of (12) by taking ¢ = 1. fwepinta=10
and hence Jt| = ¢ and let b — oo in (10),(11), then we obtain
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Here we have used the that that [lim Wt AT = 0, In order to observe
) — O

that H = 0. This can be shown from the existence of the integrals (see (8,
p.393)).

3. Proofs of Theorems 1-3.
following identity:
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Integrating by parts, wi have the
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By u<ing the Holder’s incquality with mdices g,
jnequality n (3). T
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Now by nsing the Holder's inequality with indices ¢, q—z—,, we get the required
mequality in (2).

Tn order to establish the inequality (3], we rewrite the last inequality

i the following form

~h

j FFITd <
o]

3 'V rfan
< M/ [t"*‘lf(r.)ﬁ (i}_""

._"l_
-1
s completes the pmof of The'ou,m 1.

*""'(”')] [I7or+o1=5] at

we get the desired

By following t]w same arguments as in the proof of Theoreu 1 we hiave

with indices . Tr—LT7 we have
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Rewriting the inequality (16) and usiag the Holder’s
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If fob te|f()|PHedt = 0, then (6} is tnivially true, otherwise dividing both

5 .
sides by (fb t"]f[t)|"+qc'li) " and then taking the gth power on hoth sides
' )

of the resulting inequality, we get the required mequality .in.(G). _ -
Rewriting the inequality (16) and using the Holder’s inequality with
indices p+ q, Fﬁ"—r_’—l we have

fb L FETd < M ‘/b [t“‘“ ) (%” N Uv(f)_)] .
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Now by following the argiuments as in the last part of the proof of in(iqunlity
(6) with suitable modifications, we get the required inequality in (7). The
proof of Theorem 2 is complete. . o

By rewriting, and iutegrating by parts the integral on the left side of
(10), we have

b b
/ ENFHOTaUE f 1 (sgn t)" | ()"0t =

s (H ,,) / I bsgn F(1) g 1)
a+1 .

Thus we obtain

b b o
/ |t|°|f(t)|*’+*fdts|H|+(ﬁi‘i) [ e isortiy e <

Y 4 J atl o 0 a=t avptg—1]
< a1+ (! “).[‘ [ o] (e e ar

a4+ 1

o . L o
Now by using again the Holder's incquality with dices ¢, T_‘—] we get the
required inequality in (10). - .

The proof of the inequality (11) is similar to that of t.hu‘ 1;.1001’ of
inequality (10) given above with suitable modifications, so we ot it here.
This completes the proof of Theorem 3.
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Remark 4. The multidimensional integral inequalities of the Weyl
fvpe are also established by the anthors in [1.3.6,7] by using different tech
nigues. Here we note that the techuigue emploved to establish the mequal-
ities given in Theorems 1-3 s quite elementary and onr results vield in the
ditferent special cases various inequalities, most of which. we believe are
new to the literature,
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