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CONFORMAL CHANGE OF FINSLER SPACE
WITH 1 - FORM METRIC

BY

MAKOTO MATSUMOTO

We shall consider an n - dimensional Fiusler space F* with the fun-
damental function L{«®), «® = at(x)y’, where L is (1) p - homogeneous
ina®oa =1, n, and «®(e)dat are n lincarly independent differential 1 -
forms. This Finsler metric is called a 7 - form Finsler metric. Finsler spaces
with 1 - form metric have been studied by the present author [7] with H.
Shimada and have attracted several physicist’s attention ([1], [2]).

The purpose of the present paper is to deal with such Finsler spaces
from the point of conformal change of metric and to show a condition to be
conformally flat in a special sense,

The anthor expresses his gratitude to Professor M. Hashiguchi, be-
cause Hashiguchi’s lecture {4] drew his attention to the present subject.
The terminology and notation are referred to the author’s book [6].

1. Preliminaries. We shall sketch the theory of Finsler spaces with
1 - form metrie based on the 1 - form Finsler connection from a previous
aper |7).

The ! - form Finsler connection F1=(T; ¥ ¢, Ty 15,C5 7 «)is defined

i i 1
l“j = uuaka;,
i . ] S . ] iy -
¥ = ¢'T; " ¢ and an arbitrary tensor ficld C; ' &, where (a) is the

rse matrix of (a). Thus the deflection tensor D of F'1 vanishes.
The torsion aud curvature tensors of F1 are as follows: The (h) h -

1on teusor T is given by

= (L:.TJ' “b T Y= ak(r,;' - aja‘k'.
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The (v} h - and (¥) v - torsion tensors R P snnishes, and (1) hy - and (v)
+ - torsion teusors €, S are of the general forms, The h - earvatare tesar R*
vanishes and the hv - curvature fensor P?is wiitton as B ok =—C e
where (1) stands for the I - covariaut differentiation with respeet to FL
Finally the v - carvature fensor §? ix of the general fonn.

As for the b - covariant derivative of netyie. we have Ly = 0 At
1 jik 0 for the fundamental tensot gioy). Hwe ar concerned with
Cartan's C - tensor O ' g, we have C) % g = 0. so the by - curvatare

tensor P? ovanishes also.
Thercfore, from the axiomatical viewpoint ([5). [6]) we have
Proposition 1. (T, ° v Loty )of the - Jorm Finsler conpection 1
are uniguely dotermined by the system of arions of Berwald lype

it

(1) Lo=0, Di=0 Pa=0 T, =l
or of Cartan type.
(2) Gijik = 0. D,'r = (. T‘, e (L:‘TJ g

If the (L) b - torsion tensor T vanishes. then the spaee s locally Minkowski
and an adapted coordinate systein (&) (6] is given Dy D0 100t = at. Thus
T — 0 is a sufficient condition for tli space to e Jocally Minkowskl. but
not necessary. Thus we shall say

Definition. A I - form Finsler space ix colled T - Mankewskr 1f the
(h) h - torsion tensor T of the 1 - form Finsler conneetion vanisles.

2. Conforinal change of metric. Wi ol with o confornml chiange
I — L =c° L of al - form metric L{a®). Or aoenint of the homogeneity
with respect to ¢ we have L= L{e™ 0 a®), s we got

(21) ]-f'\)y) - L(an): (—’n . nl’_[-]”.-..

similarly to the case of (o 3) - metrie [4].
It is well known that Cartan’s € - tetso )t ks conforially invaris
ant [3]. Throughout tle resnninder of the papey we shall denote bt C ;2
Cartan's C - tensor aloane, Ththe - fortn comection {0 g Ta LGk
is ealled the & - Jorm Curtar cornmection and denoted by 7. )
The greatities of the T forn Finsler space with the changed mets
L{a®) will be indicated by putting bar
If we put 7, = Jie(2), shen (1.1) casily grves

(2.2) L, ' r=Tt et o
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whiel is of the form of vre - sided projectioe tounsformation

L ‘l N N l‘ N R N ' Al .

The 1 - furm Cartan connection €1 has ondy the surviving torsiown
!t'llH."'L T zmr‘l the curvaiare tensor 5%, The latter 15 clearly a couformad
ipvariant sl (2.2) gives ' -

23 It = TJ ' s -%—5;-01- — hirrr_

Thevefore, 1f we put

(2.5 ap = (T = Ti)/(n = 1),

at d (2.2) shows that the quantities
2.6 AR TV i1
(2.5 U =T =T (- 1)

cnalide us to define a new connection CC1 = (#17 * ¢, 2T ' ;. C, F 1) which
e u . C, & :
is ipvariaat unrder confornal change of metric.
v _wgt r - 5 5 5
Definition.  The conformally nariant Fiusler comnection C'C1

(el el J-,.C}J ") s called the 1o form Cartan C - connection.
The quantitics of CCL will be wudicated by putting asterisk.

2. Conformsal invariants. From {2.6) we get the (h) h - torsion
tensor |

(3.1) o7, o= T g (85T — 6iT5)/(n 1)

19 - - -
O.E E.-'«_.l, w_luch is obvicusly & conformal invariant and also obtained from
(2.3) together with (2.0).
e
0l re 1w (. = ' . 1 1 "
From (1.1) we have ¢f; = 0 and (2.6) iumediately gives

(3.2) = ad T (= 1),

“ifj

T g on Cthe b eovar S, amE '
Bere Y stand for the b - covariant differentiation with respeet to CCL.

We have the Ricei tdentity of CC1 [G]:

(35 a®. O o a P [¢ : .
) ik — @y = mar 2R e v T = aFlek BT i

Where D ' . . o .
o re (]) stands for the v - covariant differentiation with respeet to CCl
rom aff = af (@} we have .

(3.4)

oy _. Vo
'l =—alC 7 ;.
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d a = a™MTie—Ty 11— 1), Thus, by transvect-
From (3.2) we get af ;) — gy = i (T T,/ ) :

ing (3.3) by a we have

(3.5) #Ri " sk —Ci* xR ji= =00 (Tipe = Ty + T2 T ")/ = 1)
On account of #R* i = yts Re e the transveeting of (3.5} by iy ogives
(3.6) «Rh k= —yh(Tﬂk — Ty +Tr+ T, T (a1

Therefore (3.5) reduces to

(3.7) eRi b e = =0T = Tuy + T+ T, 7 )/ 0r = 1),

In the right - hand sides of (3.6) and (3.7) we can interchange qua.nt‘-it.ics of
CC1 for those of Cl: It is casy to show that T — Layy, = Lo — Ty.j and
To*+T; "k = T, T; " 4. and thus we get

(3.6") 2R g = =y (T — Ty + 1T 7 )/ (0= 1,

(3.7 «Ri * g = =80 (T~ Ty + TL, 7 6}/ (0 = 1) ‘

On the other hand, the (v) v - torsion tensor «Pl = Qk*l"g 5 _,'«-*I‘k} S
0 is obvious and the hv - enrvatuve tensor [6] =P, by = 0Ty b=Ci" oyt
C;"nx P71 = -Gt = 0 from C; © ki = 0 and {2.6).

Consequently we have :

Proposition 2. The surviving to-rsiin’u.nrl ()'(ﬁjf"l’fﬂ‘”.'f‘ff {inw”-,“f tf]ue
1 - form Cartan C - connection CCL are T " g, #107 je, vl 7 g groen oy

(3.1), (8.6°), (3.77) respectively and C; ¥ 1, Si " i

4. Conformally T - Minkowski space. The discussion of the last |

section shows us that

(4.1) Ti bk —(85Te — SLT) (= 1) =0,
{4.2) Tik — Tr;j + T, 7" ¢ =0

{
- 3 Ceyn gt et '¢-,.‘~_\.’. av

are necessary and sufficient for a Finsler space with 1 - torm: .m,m}_g to he
all the vanishing torsion and curvature tensors of the cennection €Ol ex P
C; ' and 5" .
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Theorem. A Finsler spece with 1 - form wmetric 15 conformal to a
T - Mukowsks space with 1 - form metric of and only if the (h) b -torsion
tensor T of the 1 - forin Cartan connection C1 satisfies the equations (§.1)
cond (4.2).

Proof. 1lf a Finsler space F" with 1 - form metric is conformal to
a T - Aukowski space with 1 - form metric 7, then we have T = 0, so
thot 7 ==+ R = 0. Sinece these tensors are conformally invariant, we have
#7" =% =0, and thus {(4.1) and (4.2).

Conversely, assunie that (4.1) and {(4.2) hold in the space F". We first
observe

KTy = 8Te = (Tpw + T " 1) = (Thy # Tk )

which vamishes by (4.2). Thus 7% = T)(x) is locally a gradient vector field
and e ave a scalar ficld o+) such that o; = 9,0 15 given by

4.3) o;j = ~T;/(n—1}.

Then we make the conformal change L — L = e”L by means of this ofz).
We now observe

T ° ;=0 - daf = 0(eaf') — 0i(e”ul)

= e"(dju; — 05(1;-' +aja; - al o).

Owine to (4.3) this is equal to e“al{T, ¥ ; — (8}T, - o5Ti)/ (i — 1)} and

vorislios by (4.1}, Therefore (1.2) gives T, * , = 0 and the space with the 1

< forn metrie L = 7L 13 T - Minkowski.
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