ANALELE STHTIFICE ALE UNVERSITATI "AL LCUEAT 1AS]
I Tomnl N, s.la, Matematicii, 1904, 1.

GALOIS CONNECTIONS BETWEEN THE LATTICES
OF SUBMODULES

HY
A.I. KASHU

Lot Us be an arbitrary R— 5 - bimodule. We consider the following
functors between the categories of modules:
M H=Hn£‘“(—,U} R-"‘ ”'=”911H(_‘U)

X = Mg
T=Uog — Ha=Haomg{=,U)

~ Every of these functors determines o pair of mappings between the lattice
" of submodules L{A) or an arbitrary modnle M and the lattice of subinod-
ules of its image. Namely, the functor A gives the mappings L{ M) o

: Bar
VL sH(M)), where M & g M, any(M') {f € H(M)|Imf € M'} and
Bp(N') = S{Imp'{f" € N} for every, M' € L( piAl) and N'e L{ s H(M)).

G
N

Further, the functor T determines the pair L{ ¢ ') &= L{ gT(N)). where

. Bi
Ve s M, o' (N)=Z{l sn' U@ sNIn' & N} and g (M') = {ne
LU ® sn C M’} for evay N' € L o(N) and M € L zTIN)). Fially.
Cl:\r

T l.ﬁhe functor H, (sinslarly for Hy ) there are the mappings L{ M) =

= ar
1{(M)s), defined by the rules: oy, (M) = {f € Hy{{M)|Nerf 2 M},
(V') = n{Werf'if € N} ([1], (2], 3] )

| In the articles [2], these pairs of appings arc examined separately and
conditions under which they determine (anti) isomorphisins of lattices of
1al submodules are shown. Tn the present report some questions related
~the joint rescarch of these pairs of mappings are considered. The
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natural transforimations of fanctors, which are associater
(H,T) and (H, H;) we denote by ¢ : TH — 1 s il & 01— HLH
{for examuple ¢y - TH{M) — pM s defined by the rule (v fay, = wf).
For arbitrary module M € M we have the following dingran:

LigM)
oA M /’"::;7’ \"‘T“;\\ :Y, .4 )

Pro the adjoint pairs

LIHM) = ’ j L (H M)
%

LOGTHM =« oo [ (o Hy (M)

in which R and £ are the operators of 1ight aned
pings #ar and ¢35, are ndueed by o and
triangle of this diagram is well knows and
different questions, in particilar,

lefe anuihilation, the map-
@3y rospectively. The npper
was exannned in connection witl,
cousidering the “triangular Galois tlie
orics” (1], the rings of endomorphisms ete, Obviously, R = « wa and
L= O‘Mﬁh.
The mentioned pairs of mappiugs are closely conneeted berween then-
selves. The following statements arce casily proved by divect verification,
() ) YY) T, _ & !
Proposition 1. a,, = P’H(M) “Pyg s Bar = dag Oy
L t__*"vo ¢ s =1 .f
Proposition 2. ayr =y A = (63)) N Ay
e oy LPEPY < y 0y ohid b y N
It is easy to see that the pairs (o, 93 (R, L} and (
» e A6 e f o o o ey i+ . P I e
are the Gdl(‘)l.‘\ connections. The pairs (a af, B} and O Giianys iy, pos-
sess the analogous properties, but these Mappings presceeve the inclusion of
submaodules, in contrast to the previons ones,

Let M € pM and X € L( ). We use the

¥ e
Viryary P51 a))

fullowing notations.

X9 = Fat(X), " 1Y e I rMN" = N}
A = fa(X), ¢ = {V e L( pih)| X" = AgE

Air=1ImL, A, = IiR:
St = {X € I( gM)|X*
Sy ={X € L( pM)IX“

X} =Imi*R:
‘X} =T
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| For the closure operator a, we obtain the following sitiation:

L(zM)

O

L M) == L, (M);)

fE
b l 3 PPIIES
F I s111l )11( ]tr\,' 11(.1( ci]l(l b( i()u W¢ Wweserve ‘-11('_‘ ]10:.(1141()]1. ()i 1]'!(11)1 &
L§) g a1 el ¥

frages J

Ar

a. 4. .. for their restrictions to the mentioned subsets.

iti iy ngs o q4* pstablish ene - to - one
Proposition 3. (a] The mappings o™ and 4% esi

11} ..
T LS b r (LT ] — '.\' ]'fﬂ'[i’; ,'y ).
A ;1 LT 5 I.C. /-1 .S] A A 1
(:01,'['({)(}'”,(1! T f HATH RN S] L A, ( r

GILE L'UTTC.“]JOTMZETLCCS

(b} The mappings o and F*R eatablish one - to -

1A (e, A = 51 ois w projectivity ).
between Sy end Ap {re A = _

R
= n X = X" = grardalX). therefore
£, {a) f X & 5y, then X ) “Bal oo
" X)Pioz,*f,’*,-.*)Hn(‘\' | = a”Fa(X) = Ra(X) € R = :A,_ 5:1121)1.:
Iet 7 A, Tlu-nl Z = R(Y) for some ¥ Q'H(:”-'[). D(:u(::]lﬂ: X ; ,‘fg (X—)
ﬁ*’R(}’_) and verify that X € S, ie. XM =X, ‘:‘vc l‘m\'c:, X ?R c}\) i ?
= F*Ra(X) = F"Raf*(Z) = B*RLIZ) = BRER(Y) = | (Y) = X,
therefore 3* reflects A, in Sy, ) :
k . . sk o 5 3 ar
Now we prove that 5 f— Ay oare mverse h]_'u tl()fll. r:) fo‘n(*:no \u),
et X € 5. Then X = f*a* Jo{X), henee Ara (X)) = a’{ (}‘7{,;;,(—‘ f) .
B*a*Ba(X) = X. Conversely, for evary £ € A,.- we have Z = [ ‘% 0_1
meY C gH(M)and 3*(Z) = F*R(}} = f e’ A}, therefore a®f (Z2)=
*0 B(Y)) = ot 3(Y) = R(Y) = 7. - o
(ﬁ. ‘(lb)ﬁ%f .23 € S, then X = 30" 3a(X), hence o (_\ ) o [3(1(:\.2 :
“fa(X) € Im{ = A Siilatly, if ¥ € Ay, then 1:3 1111’;1?:1[_‘[‘3(}1’: 0e =
*B(Y) lies in . since [F7a*F(¥))" FarFa{d e pY))
LR(Y )= FR(Y) = 3"a"B(Y).

o .. .
. . Cmappines A = 5 are bijections.
Let us muke sure now thai the mappings A PRI

#

.

C HyMjs and of[f(})]*} =

1 y m Y o@ L0727 for some Z s oy
A Then et Snpilatlyv. if ¥ 5, then

CH(Y)) = LRIYY) = LRUZ) = L(Z) =Y.
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= [Ba(X)]* and B*R(a(X)) = ERSIE
Corollary. The following conditions are
1) (= S];
2) the mappings o and 3% cstablish o dualiby C" (I;‘ A
v ‘:i‘ N
3) the mappings o and #*R cstublish o projectimiy A, \‘— St
e

equivalent:

|

A similar result was obtained by SAM. K bhuri !

the particular case U = A[, j

The symumetrical situation takes
associated operator b

(3. t‘hi'ur(:n) 2.5) for §

'):'li'l

for the pair (e, ) with the

R

L(SH(MJ) e
=

e [ (H (M )

Proposition 4. (a) the nqu?'nqs' a nm" 4 oesteblish one - 1y - onel

correspondences between Ay and Sy (1o Ay = .S', 14 projectymty)
(b) The mappings o* anrf BL establich one

between Sy and A, (ie. S, i Arsds a duality ).
8L '

- ta - g LT Spa H,(lt TS

Proof. Is analogous to the proof of proposition 3.
Corollary. The following conditions are cquivalent:

1) Ct = 5y;
2) the mappings o and B establish o projectivity A, = (b
g

whierne 1

ALl IWASIHN 15

*wnd L establish o duality ch = T A,
AL

Mo geeral case we have the diagram:

31 the mappings o

Tll']"

for every A &

4»

It 1s nteresting to elucidate the guestion

palrs are hijections,

whe & S, in this coase wi ohtain the mashun trianguiar Galols theory
fSp= S AL AN

Propositiou 5. The following conditions wre cquivalent:

115 S5

214 3R (s wisirefion an Ay

ay.4* 18 (us rostriciion on A, )

Proof. 11 = 2). 31 From the coudition 5, = 5, and bijectivity of
pairs (a7 | and fa 4Ry it follows thist 4 = #"R. Stmilarly 1) induces
8 = iL.

2 = 1) { 3) D). i3 = "Rk, men from i 3 = 5; and Im

A*R = 5 1t follows bl S..
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