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REMARKS ON THE ADJOINT OF A H - MAP
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i. Introduction. Onc of the main features of the theory of H-cones
1w that it allows a good duality theory. Namely, the dual of a H-cone 1s also
a H-coue. Morcover. for standard H-cones, there exists a. conmumon space of
representation (for the cone and its dual), such that "inany™ elements of
the dual can be repiesented as measures on this space.

As for the definition of the adjomt of a morphism, there are some
difficulties and it must be accepted that noet every morphism of H-cones has
an adjoint.

The aim of this paper is to investigate the properties of those mor-
phisms, which posses as an adjoint & H-map. The main results arc th.1 and
th.2 from Scc. 3. which give necessary, resp. sufficient conditions. in order
that the adjoint of a morphism be o H-map.

The authors express thelr gratitude to prof.N.Boboc and Gh.Bueur,
~for many stinulating discussions.

2. Preliminaries. All notions and notations connected with H-cones
are used in accordance with [2]. The morphisms of H-cones are defined in
[5]. We recall [3] that. 5" is said to be an adjoint of the morphism ¢ if

Vi€ TH Vs € S0 o™ (p)(s) = p(ws)
en S and T H-cones of functions on the sets X and ¥V, then we call a

ap (from S to T } any function » : ¥ — X, which has the following
rty:

¥s e S.s bounded = sopeT

H-map induees naturally & morphism of H-cones. Conversely, a mor-
L@ of H-cones, satisfying: ¢(1) = Land ¥s,t € 51 @(sAt) = ps At
ced by o H-map.
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In order to characterise the sitwation when 0* is o H-tap. we vecall

the next resalt. Er S stands for the set of all the olements of the Hecone
5. belonging to an extrome ray,

Proposition 1. Let S5 and T be H-cones and v he o sewa-finele
morphism from S to T possesing an adjoint, [f:

D(@™) O Er T"separates T

then the following properties arc ryuinalent:

(1) Vit € D{e): ¢{s A)y= 25 At

{i1) Ve F.'-_D(‘;*} NE:T* = o (n)€ Ex 5.

Prc.)of.. {1):,\' (i) Let i€ D )N Ex T il 5,1 € D). Using the
characterisation of the clements belonging to an vxtrete ray [2, cor2.3.9]
we have: - o

P At = plp(s A = plps A pt] = vinf p(yes ) pe(et)) =
(@ ()5 ) @ ()
{(il)= {i) Let s,7 € D(y) and 1 € D(*) N e T, We can wrihe:
plels AR = @™ (s A ) = min(e™ ol g (1) =
= nanf (s} p(et}) = plees ~o2t)

. . S . .
The converse inequality s obvions. Since D) Ex T sepuaates Tt |

results that (s d 1) = ¢ A ot

An muportant 1dle i the main rosules plavs e
pliism commutes with arbitrary infing, We reenl! 1L
sition [6,th.11:

Proposition 2. Let S and T' be standard 1
nearly saburated spaces Xoand Y. Lot o e o
that 201 =1 The followsng proporiies are cyaronlent

po of funeiions g the

(P VECT D{e): olAF) At
(1) V3T X sermt = polar o= Ay 3 sinii porbiey in ¥
(i) Moo Pt nearly continuoiis == =1 b 14 rearen - dome b s
We recall also the following wuselul prapestv of o phisizs eoniinstin
with arbitrary infima [7.th.1]: '
Proposition 3. Let S and T he stossenr cones ai b et o
Ll |I'IIIr "|| i

X oand ¥ Let o beowomorphism frove S ba T Lt #

VFEC Doy AP = A g

condition fhay o nor- |
following charaeteri- §

I i ;
s Jrom S do T such |

i REMARKS ON THE ADJOINT OF A H - MAP 19
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There erists then a balayage B on S, uniquely defined b ps = @s
B Moveover, o[ 5} us canonically isomoryhic with BLS), henee @ S5) s a
]l{- [

There exists o large elass of morphisms. namely the morphisms of
Dirichlet cones. which conunuate with arbitrary infima. We recall next the
necesary definitions and resnlts.

We say that the Hecone S is associated with she Dirichlet space
(H.Hy. T) [9,¢l 7] if there exists an isomorphism between 5 and the cone
Py of potentials from H. fu this case, 5 is called a Divichlet cone,

Proposition 4. Let S be o Dirichlet cone.

(1) If F C S is increasing to s, then:

/\ R(q - t}=0.

tel”

(in) If ' © S is decreasing, then:

VseS: (N m)(s) = rne}f ().

EF

Proof. (i} Since ||B{s — )|l £ A% ||s — ¢|| and [js — t]| — 0, it follows
that R(s —1) — 0. But (R(s — t)}er is decreasing, hence:

== |1 s — 1) = (s —1t
0 12}}}?(5 t) !é\FR( )

(ii) Let us denotes ju(s) = inf p{s). po is an element of V. By
per
[2,prop.7.2.7], j1p coincitles with /\ I
4 el
The morphisms of Dirichlet cones were defined and studied in [1]. sce
Let (H,Hy,T) and (V, ¥}, Ty) be Dirichlet spaces, and:
e : D) CH-=V
densely defined, linear operator. We denote by:
"D(pY)={y €V | D(e) 3 2 =< Typr,y > is continnous} .

efine ¢V (y). for y € D{p"Y) as the unique clement of H, which satisfies:

< Toor 1w w=e ¢ TVaYu > Yr e D)
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We get thus a lincar operator:

V' DpY)CV - H

Let now denote by

De)={sc H | DYy yros o, TV Yy > s continnous}.

Clearly. D{) € D(p); moreover, since for any « € D(e). ¢ is the unigue,
clement of V7 which satisfics:

<Tipa,y >=<2,T "y >, ¥y € D(pY)

it follows that VY, defined on D(), is an extension of (3.

Following [3], we define now the notion of morphism of Dirichlot
cones. Let S and Sy be Dirichlet cones, associated with the Diriehlot spices
(H,Hy T) and (VT s called a morphism of Dirichlet cones if:

v D) CH SV

15 a dinear operator, satisfving the next properties:

Pr € Diy)

o(Pr) C P,

0 15 increasing

If ¢ is a morphism of Dirichlet cones, then Y is also a wmorphisim of.
Dirichlet cones; ¢* exists and is related to ¢V by the formula; ‘

(p\/ — (TV)h] 0(;;* o T[V

w 1s a closeable operator and VY is its elosure @ has the greates
extension given by: -

é= e IISJ)V|[-‘=‘H]V

We remark that the definition above produces only tinite inorphisms
[5]. There exists a more general definition, giving seiui-finite morphisius {8).

Proposition 5. Let © be a morphism of Dirichlel cones. For any
decreasing family F C D(yp), we have:

SNF) = \ o)
Proof. There exists a decreasing sequence (5:)p of 7, such that)

AF= /\ Sp. Nuxt, 5, — A Fin the nona of H and Pleg) = /\ P In the:

é

" it
norut of 17, as decreasing sequences. Since o 15 closeable, it follows t

A‘rgsn ‘r”(/\bn) *'—(,-9{‘, J-‘)

fiat:
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But Aw(£) < /\Q%,,: henee:

Ae(F) < e (\F)

The converse inequality is obvious. N
3. The Main Results. We begin with a defintion. .L'ut. @ ln:l.;}
morphizi of H-cones, from S to T. We say that ¢ has a specifically sohd
i gn the strong sense it
””“ﬂr'f‘:iﬁ’u oxists z‘: dense, solid part 4 € D(} such that:
Ve A4 VieTwitht <es, dsy €50 5 25 ;mfl‘gos, = f.~ |
Wo reminrk that the fact that the image is specifically solid does not
ipstres that =y s specifically sialler than s. '
Theorem L. Let ¢ be a sen-fintte morphism of H-crmcz.‘{.] h(l.'f}’tﬂ.g an
adjoini. If 2 has a spectfically solid image i the strong sense, Hren

Vi v € D(p*): e A r)=¢"{(j) A (1)

such that:

S A vHs) = plt et and gs =14 +
Now. there exists 37 € § such that s; <= and £y = s Let us denote by
3>2 =5 - 21 € 5. Then: f5 = s and we con write:

@ (A )(s) = pi{ps) + v(psy) 2 (@t At i)(s) + ot Aptv](s2) =
= (@ (1) A" (D)

i
N * 'ﬂ* £ ’
Since A is dense. we obtain o (pe A v 2 () A ()
ainequalit_\' is obvious, ’
~ ‘ inite orphis -cones, hoaving wn
Corollary. Let ¢ be a ‘-u,"m,v.-‘ﬂmt.( .n.u'Tphr,.slr.rr, nf H r,ntr;ra,' s i
djoint. If 5 is injectioe end has o specificolly solid vnage, then:

The converse

- . e o
Vv e D"y oM pani =g (pyAe™()
Proof, It remains 1o verify that o has a specifically soud image 1
r S - ] ~- & R 10t
strong scense. Dut. if s = £ 4 fa. there exist s1;00 € b,.m.mh-tl.u
=t k=1,2. Henee: s =ty + 12 = (5 + s2). Frow the mjectivity,
S 1 e Qess . I 2 y
get now: s = 5 ¢ ovo and this o S s ‘ . _ -
For thie converse resudt. we cousider the following sitnation. S ane :
) . . W anose e 1 € S,
H- cones of munctions or the sets X oand V. We bll-_rp(.)b(,\ thiw 1 €
F = X 15 Hewap, coramuiing with arbitvary infima. Moreover, we
se that 7" is endowed with a completely regular tupology, such thas:
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the continuous clemenis of T form a dense part in 7% and auy bounded
H-integral from 77 is o measure on ¥, Then:

Theorem 2. Under the abouve assumptions. o has o speei teally solid
plions, ¢ peeificall

unage i the strong sense.

Proof. Let p e TV, p(1) < 400 and 1 7 € §* he suech that:
v v = (). We deline first vg,04 0 o(S) — R as follows: UMCERY:
v(s), Vs € D{e) and analogously 14, This definition is correct: if o

) i & A ¥

then ¢{s A s') = @5 and:

—

=N,

v(s As') 4 /(s As') = @ (1)ls A sy = s A 5)) = o)
=@ (ps) = 0(s) +/(8) 2 0 Ay 4+ 0 (s A S

hence: v(s) = v(s A s").

By prop.3, ©(5) is a H-cone and 1y, 1) vesult H-integrals on 2(S). The
contimuity of 1y and i can be shown using the balayage associated with CX!
Morcover, for any t € o(S), t = s, we have: '

vo(t) + vy(t) = molps) + vyles) = w(s) + v'(5) = " (1))
= p(ps) = (1)

We prove next that vy and vy can be extended to H-integrals 7y, 7, € T* such 1
that: &y + & = . We use the idea from a lemma of Choguet [4,¢h IN,T3].
Let us denote by Cy(Y) the space of real, hounded, continnons functions on
V" and define the convexe and monotone functionals o on Cy(Y) by:

mf
SE[S’} s

p(f) = ()

2]

(where [§'] stands for the linear space of differences of continuous and |
bounded functions from ¢(S5)). Analogously defiue p'. 1 € [5'] shows that'|
the definition is correct. Since ¢(S) is min-stable in T, it follows that: |
Ve >0 and f € Cy(Y) there exists 1 € (S) such that v > £ and;

-

1) < g = o) + vy(u) < p(f) + p/(F) + <

Moreover, p and p' has the following property: if FeCY)and s € [5"]
then: p(f + s) = p(f) + p(s). Indeed: '

p(f s S) - tJE[S"i]l,];lf‘Zf+‘s V[}(“) - tE[;Eisf“zf UU(U i “‘) .
=w(s}+ inf >f!/g(‘{)) = p{s) + p(f)

vE[S'}u2>
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Let now be f € GV [S'h we extend 1y and 1 to the linear space

N4 R.f hy:
[S] \ = pla) + A

= wh{u) + A

{1t + A f)
ol + A f)
where 0.0 € Roare choosen sueh that
—p(~f)y <@ <plf)
—p(=F) <= <P

ada’ =l f)

This chiolce guarantees that:

I_lu(lf + /\f} S 11( u+ z\}l)

i+ A f) P+ A f)
ol -+ Ay -5 oo + A f) = e+ A f)

<

The possibility of such a chioiee results from the inegquality:
—p(=1) =P (=F) () < plf) +2'()

d the following clementary:
- Lemma. Let o < 3.+ <8 and a € [o 47,3 4+ &), Then, there exist
€ o, A}, o £ [y, 8] such that a = o' a". . -
~ Using now the usual arguncnt hased on Zorn's lemwa, we get linear

ms 7y and 7 ou O {17} such that:

Do <opeoany < 'l ok iy = pon G (Y)

% Co(Y). f < €L thew iy £ < p(fY < 6 shows that g and 7y arc
otone. By [Joor. to prop.d See 5,20 1y amd 7)) resull positive measures
o Finally, [3.vop.t. »See 6] shows that g and 77 are in fact -
ls. The equality -0 = 0 is obwjons from the definition,

emark. The szt oo conside o in the theorem holds, for instance,
& standard H-coue o7 fupetions on the semi-saturated space Y, en-
with the natura! topology.

Cthe case of Dirichlet cones. the conditions can be considerably re-
Let S and T he Dinvehlet cones nned cones of functions on the sets X
Ve suppose morenver that X s “saturated® o the ollowing sense:
T 5%, j(1) =1 i of the forma .. with o € X
friv § e T

o b o Moens o 1 NI
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Corollary.  1s H-map Hf 7 Las a specifically solid buage e the

strong sense aud (1) = 1.
The proof can also be siimplificd, since the batayage associated with

measure on comnpletely regular spaces 1s not necessary, the oxtensions being
H-integrals by [2,prop.7.2.7}.
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MORSE THEORY ON GRASSMANIANS

BY

LIVIU 1. NICOLAESCU

0. Introduction. The paper [13]. while studying adinbatic deformi-
tion of Dirae opetators on maields witli Soundary, we were Jed to the
following finite dimensional dynanics probien.

Consider Alnd the grassigannian of lergrangian subspaces in the

. - A " ’ QRO Ry R
Bhnonical symplectic space E o= 02710200 10— B s s selfadgoint. op-
erator anticorsmntine witl the canorical romplet stracture J on £ t.w:: A
Belongs to the Lic algebrn of the sywplortio group Spl ) and thus e s

B flow of svmmlectic matyiees Tt in lares o How o Aln) via the transitive

. - e . B L - T B B T TR P
Biction of Spf L) ou Lis grassianian. Thos How proseuls aiauy sunllarities

BRIt - condiont o e, In particalor I s & uice asymptoaild belaviour
ore procizdy for D2 At L conrergs s to sote & - mvariant tagrangian
t gocs BT T fuet whea oo 1o that A1 ~ S the phuse por-
Bait! (soe o Coelt) pesembies the phase porizait of the gradient How of
perfect. Mot

itadient flow

Pt lion on < h A& neibaral quescen acises. Is the How the
N 5 N 5 - . r 3
croe approprete we'vic) of a Mo buchion ou Aln)
This i= oo ef the gnestion woe adress i thoese poies, e anfhol Wi
B please.d Lot that this grestion bae e best answer crie can hope
Indecd this i he gensiient How (o nabires

ried ol some Morse
chion. Thi- Dot o vnich et W pod o bolpas o simphe desceription

Faily = —totAfy,

P, is il orth oo b orejovion ovoo Lo eriaead poings ape the A
Hant figiiuing subenaces wned dhey adinedt sovery sice eombinatoric
Biption. Fov » prticular chviee of 0 this fugesion is selfindexing and
Erfect. This nllowed s to desive the

£y Poicard polysnomial of Atn).



