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Corollary. ¢ is H-map iff @7 has a specificadly solid image i the
strong scise and 2(1) = 1.
The proof can also be simplificd. sinee the balayage assoctated witly

@ can be constructed using [2.prop.2.2.10]. Also. the nse of the theory of

measure on completely regular spaces is not necessary, the extensions being
H-integrals by [2,prop.7.2.7].
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MORSE THEORY ON GRASSMANIANS

BY

LIVIU I. NICOLAESCU

o.Introduction. The poper (13]0 while studyving adiabatic deforma-
Hon of Ditae operators on maeiolds with Domndary. we were led to the
following fnite dinwnsional dynaics probiew.

Consider Afp) the grastisudan of Zagrangian subspaces i the
Ranouical sympleriic space B BV D - B s asclfadiomt op-
Briitor anticon mntin g with the canonical complel structare Joun E then A
1

Belones to the Lic abuchbrn of the sy lectie group SplD) and thns ¢ 1s

£ emndectic aiatriees T badaees o Hoow on (i) vin the transitive
Btion of Spll) on Lin grassuwudin, This How proscuts inany sunilaities
fth o graciont Uk ow. In partiendsr Lrs oo ut

ore procisely lon 2o Alw oL conrergs S L st A
' gocs bdivTt In faet whea oo

Bth (sce g2 Coell) resemnhles the phase porieait of the gradient How of
perfect Morse B viow on A pevieal guestion arises. Is the fow the
fdicnt flow o con firction ou Aln) 7
The wathor was
Tiswer e ciaal hope

payinptotic behavionr

variand lagranglan

so thei A1) ~ 5 ihe phase por-

anprocrate wevie) of & Mo

This is ol of the guestion woe adiess o Fose auies,
Bplease | o ol ot thie

Indecd tlis is the gondiont flow (i o naterad

this rpustion bas e e
rietied ol sowmne Morse
a cnaple desertption

Bon. Tlis Movetton enieloranat Gopend oo 1 ha

Faldy == =kt Al )

B/ 15 e orthagon: ! neojeciion onas Lo 1o eridieal prines ave the A
Bant Lagianainn subepices and “len adnat aovery nice » nubinatoric
Bbior. Tor a pariicular choiee of (L this fugsion s selfindexing and

Bfect. s allowed ue to derive the £y Pobcard polyaomial of Afr).
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The paper is diveded in three Sections. I Sectionl we study The
dynamics of this How. Tu particular we deseribe 3ts stationary points and
sheir stable and nustable manifolds, They have s juteresting combinatorial
description and we speud some time analyzing it This study s conztder-
ably facilitated by a vary nice faet: the How hecomes linear i Arnold's
coordinates.

In Section 2 we do some Morse theory on Alp ) Here we compute the
Morse function. We show it is selfindexing and perfect and thew we compiste
the Poincaré polynoinial of A(n).

Section 3 is devoted to the study of a stnilar How on complex grass-
manians. Again we get o sclfindexing I - perfeet Morse funetao anl as

a sonsequelee we can compute the Poineard polynomials of comples griss- -

1111 ALLS.

Note: After this work was completed we found oud that these types
of Morse functions appeared in snethematics i poriows aller contoris. The

first references on this problem seem to be the classical by wow [5]. (7] Thus §

wuthors construct perfect Lorse functions on G/T where G o1s u compict

Lie group and T is a marinol forus (see (2] p 65 -00 for un credlent |

description of these vesults). The techiniques of Dot were cotended by
Talkewchi in[15) [16] to symmetric flag manifolds. Move recently

Duistermamat et al. ([10]) studied sonilar Morse functions ao connections '
Chandra functiona. These)
considerations extend to wfinric dimensional sivialions. more precisoly tol

to stationary phase approvimations for Harish -

loop groups (ef. [14]).

other than the “encrgy”™ of o loop and the resalting Morse plotur

developments can be found in [6].

1. Dynamics and combinatorics on lagrangion grassinanians. |

Consider the standard svinplectic space E = (IR wy) and let S IR —
R4 denote the canonical comnplex strueture

R
J“[L, 0}

wolar,y) = (. y)

so that

where (. ) denotes the eunclidiene scalar produet on 327
The svinplectic group is defined as

Sp(n) == {T & GL(?.H,R)/L&‘u(T.I'.TU) =] "-"[‘-(-r-.")') A+ e E?

e
e

The perfeet Morse fonclion constracted (3 none,
ool nees |

the fomous Boti prefodicity theoren, A splendid synihicsi of these reeent,
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T e Spln) & T IT =1
The Lie algebra of Sp(r] is
.-«'p(n] = {4. = ﬂ(2n J‘R)/-l*f + JAH U}
s s o Cantan decomposition (see [31])

sp(n) = k(n)wp(n)

) . 2 5 5 ¢ R - . .
where k(1) consists of skewadjornt matrices 1 fp('n) and ﬂn) conststs of

ST ONes. Alternatively
i(n; =1{4e ﬂ(?n,ﬂ?)/_-{ =47 . {40} = 0}

where {.} denotes the anticommutator of two matrices.
If 1 C E a subspace then its anuthilator, denoted by V0 is defined as

1’{] = {_1' [ E/Lu‘[;(.f‘.l‘} = 0 v & V'}

or equivalently
VO =gV

where V4 is the orthogonal completent of 1. 1 is called lagrangian if
V = V" Iu particular if ¥ is lagrangian din Vo= 1/2 dim E = n. The
ondition that L C E is lagrangiau can be given an operator theoretic
pscription as follows. Let fiy denote the (orthogonal) reflection through L
efined by Ry - 2P, — 1, where P, denotes the orthogonal projection onto

Then
L lagrangian < {Rp,J} =0

note Ly A(n ] the grassmanian of lagrangian subspaces of E. It is known
) that A(n] is a homogenecous space for Sp(n) of dimension n{n + 1)/2.
srpatively. nsing (1.1}, one can show that

Aln) = U(n)/O)

given A € p(n) we get a flow of svinplectic matrices et and thus o
n A(n).

Any matrix A € p(n) has real spoctrum and sinee it anticommutes
its spectrum is svinmetric with respect to the ongin. Such a matrix
called nondegenerate if all its cigenvalues have multiplicity 1. In
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L
particular 0 is not the spectrun of a nondegencrate matrix. ndeedif Av =0 Lo -
then AJu = 0 so that dim Ker 4 > 2. The subset of nondegenerate niatrices
will be denoted by p(n)*.
Fix 4 € 1_1(:1)‘_. Its spectrum is %

o(A) ={Ay <A < A <BCA <L <A < ALJA; =
=—A_;Vi=1.n}

Fig.1

with corresponding (normalized) vigenvectors
: - Lo

N . =+
(B8 {ens o tontry e fie =y V=1 "y e on Lhe k - thspot & k€=,
We will veserve the greek letters o, 3, 5.8 to denote such diagrams.
A stationazy point for the fiow M oon Aar) s an A - invavian Tagrangian. o o/ toa dingrain 8 of length v {thus producting

Denote the seb of A - invariant lagrangians by C4. H L € L then it 15
spanned by a collection of 1 cigenvectors of A Set

\
358

The n]wl'::tim‘l of attachin ‘
w diagram of ongih el ol be denoted by & o/ e ‘
To study the behavionr of the How near the stationary points we witl
trodieed by Arnold m [1) m his deseription of
e coordinates Arnold coordinates.
To define them fix Ly € A} andd denote by Ay, the famly of lagranglans
wh lagrangian L oean be represented as the graph

ﬁj . LU - Ld‘ {Flgl) S(‘t S = —-]T: L() — LU 50

of a linear operator T = f
that

use the local cootdinmte:
1= I,a = { —?7,-..,_1:1...-1H}, 1'+ = {-’ &« I,l’l,; = 0} the Z\’Ii\-\'](‘\' e, W a1 eall the

define the indicator functinn of L Ly transvorsal 1o L. Ay
5 . f ]. R e .L‘

L £—= {1}, ) = Y . .

1-1. ¢l [= {w+ JSr€ Ly&Li[x € Lo}

and the jndicator set of L he fact that L is lagraugian imposes restriction on S, More precisely

ZL = J-Ilﬂl) L lngrangian < 3 syietric
The condition that L is lagrangion is then cquivaient fo tiwe foet 1ts mdicator If we -1\"‘““’{‘ by SyielLo) _tll“ ‘il"l““‘ U—f “-li.‘\fllll‘n.(if‘.llt operators Ly — Ly
is an odd function /11(j) = —ep(=4). ¥ j € I. Tims there is o Lijective | e that the whove constzuetion defines a hyection
correspondence between £ and the set of odd functions Z -+ {1}, Such 3
a funetion is nuiquely determined by its restriction to IF and i parricnlar g, Ay, — SymlLe) Loy
the set
e arc the Arnold coordinates \
In the paper [1] it 15 shown tlat the opel sets {A /L € L.} cover
so they form an atlas for the lagrangian grassutaiian. We now analyze
ow ¢! i a neighbourhood of some A - mvariant lagrangian Ly, £ L
grangian close to Ly then it is transversal to Li since Lo s This
ersality is preserved for all lagrangians L, = ¢MI with t sufficiently
IUSillg the Arnold coordinates over Ap, we ged

=t _ {; + — i + i) =
=f={jeIt/;el}={iel"/uly)= 1}
uniquely determines the Jagrangian L. We denote that £,y has cardinality |
2”, (B
The above discussion can be conveniantly ancoded i a Dlack & white |
diagram as bellow. It is a sequence of » black | white circles: of 0. :

L—d§Lly=|-0o—e—e—-..—0

o on the j - th spot & jinZt\Z7; L={c+JS/ce Ly} (5= ¥ 10(L))
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Thus | IETRG i)y=—1. (In terms of the duagram of Lyw; as the nuwmber of o " whach
1 jollow the e sitting on the j - th spot). Then
L= {eM(w+ JSe)/x € Ly} .
I . - .
= {r:“":r: + Jc_mS:i:/.z: e Ly} siwee {40} =0 i (L7 p(La) = (= MY — b 1)/2 4+ L

={u+ Je~t .S'(:—'Au./u =" g Lo} sinee ALy C Ly | -’E:‘Lo

30 MORSE THECORY ON GRASSMANIANS it o

Proof. Tudeed A, + .3, with . j € 2. £ can he negative in two

instancees:
() cither Lot ¢ and  are negative ad

Thus the Arnold coordinates of L, are eS¢ In particular we deduce ¢

(1.4) LeA,=c"LeA, VieR |
¢ i (1) or J is positive and —7 > ; with r,:“{—:) =-1
A simplc computation shows that ] coree spomlmgl\ woe pet the two terins i kl )
Fxamples 1.1
d
[ —tA
ai::((’ Se Yy = {4, 5} j(|-o—0— - =0)=0
so that in these coordinates the veetor field X generating the tlow is linear ! sothat Ly =1—9—2 - - —&=span {r1.....en} is au attractor.
(1.5) X:Swm —{4,8}. pl—o—o0—- —o)=unl(n+1)/2
. e T P e B (1t Loyur =] —0—0— - —a=span {t _y.p €y} IS 2t repeller.
To compute the eigenvalues of X we use the busis (ei)iez,, of Lo. When o= 1 so that A1) ~ 8§ these are the only stationary potuts

and the phase portrait of tle flow is depicted in Fig 2,

Sz(-*})i:je':"z.a . sj-:, AL, =diag (At € Zp,) s
<>
Then
—{A4, 8} = - ((Ai + A))x)) jezu,
e

so that the eigenvalues of X are

Torrri A ra

[—(Ni+ A7)/ €20, 1 <J} Fig.2

For any A - invariant lagrangian L define ity enery

r(L) == > juds)

JEN

An eigenvector for A, + A; is the clementary synunetrie matrix £, w hose
entries are cqual to 1 ou the (i,j) and (j3) spots and 0 elsewhere. We now;
define the index p(Ly) of Ly as the nnmber of positive cigenvalues of X (Lg)

(multiplicities inchuded). Thus

I
energy is related to che index by the following nice formula (sggested
merical experimentations).

(1.6) i(Lo) = #{Ai+ A, < 0fi,j € Spgyi < j)

We can write down a more explicit formmla for tins index. Proposition 1.1 For any A - invariart lagrangan

Lemma 1.1 Let k = k(Ly) denote the nwmnber of o's in the diagram

of Ly. For each j € _AI denote by w; the number of indices { > j such that (LY = (w(L) + n{n -+ 1))/4
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Proof. We will give an inductive proof. Let L € L. An element |
j € ZF will be calied mobile if j 41 € A=} and s called inmmobile if
either j = or j+1€& 3"}:. Using the ofe diagram associnted to .I.', We Cnl
rephrase the condition that j is inmobile if there i a e on the j -th spot]
followed by a0 on the (j + 1) -th spot

mobile o ;| - * —0---

A mobile elensent  defines an clementary transition which e he casily

deseribed in terms of the diagraom

(1.9) e R =

s | e =
.

B 5 o . q B s . 5 = |
A lagrangian L € £ is ealled limobile il alt jo« = o neanobiie. The

diagram of an inunobile lagrangian looks as hediow

(1.10; o (be samlin—=1In

|__0__,..._‘__.

The proof will he carvied onr i two steps,

Step 1. Fauality (131 Lolds for maons a1 |
(].10). We }1?\\"[’
u:—.f.' l \
w(Ly= =20 N (= > qp= )
\ £ = J
j=1 fr=ar=— ke |
(10— 20y = b+ 1) = b
st thiat
1
ALy 13/ -1-((.” AR T TIE S I '

S TRy A T T Y R VR

= |1 — I\'}l?f = /18 - ]_);’"__ ES T P

sinee the second term of the RHS of (1.7} i ndssiing wheo Low

Step 2. Lev L bean A -
clement. Denote by blde Dothe A -
Fror aan cletmentary transifion on the gy - thspot. Then

wvariant lagreaginn od o0 2

favag iand lam aneian obosned iy

(1.11) (L) = (L)1

1 LIVIU [ NICOLAESCU i3

an

(1.12) o(E) = (L)

The proof of (1,12} is an clementary computation. (1.11) follows from the

<mple ebservation that 1 the sum SI.E__..;.H', of (1.7) the only term that
LA

changes after this clenentary transition s "”Ju which decreases by 1.

(1.11) aned (1.12) show that if (1.8) holds for L # holds alse for L.
Perforing o Anite munber of clementary trausition we can trapform any
A - ipsrtant agrangian into an ipueobile one for which the equality (1.3)
wae provec at Step 1o Proposition 1.1 I8 proved,

Dofine now the Morse polyuominal

M=)

e

(1.13)

Note tiat the above defintion is prely combmatorial sinee it mdependent
of the rhoice of a nondegenerace A, We conclude this seerion with @ more
explicit deseripucen of A, (1)

Proposition 1.2

Proof, Ser

d artificiatly detine d(et =0 for b < 0.
We will prove au rhietion formuela for the cocficients belinl from
ich Pioposition 17 will foliow inunediately.
The mdiretion has its origin in same obvious addition fonmuelac. For
diagrim ¢ of length o we have

(84 a) = r(d) — 2(n + 1}

p(& 4 oy = v(8) +2(n + 1)

the relation {n -+ D)(n+2)—n{n-+1) =2(n-+1) we dednee from (1.8)

/

ji(6 +0) = p(8)



and
p(5 o) = a(8) 4 (1 4+ 1
Henee
buln k1) = #{efpie) =1L lenwlt (41

Al fplay = ko longht {0

A3 B = A = (g L den

= I’L'(“) —-} ();\ {n+ |'|:HI

1a terms of the Morse polynomial this e be pew

Moyprbt) = 3L (0L -1 iy

Proposition 1.2 now follows from the obvions egita

2. Morse theory nun lagrangian grassina

(Prop 2.1} that the fiovs studied by Sec? s il

funetion and for a speetal ehoiee of 40t s also soti
i

sie study o degonerate st tion i whiieh the Slors

he perfect This allows to compui the Palner
To start off consider a shighthy wore wones
Vel euclidian space BN and lor Gudd7l denn
dimensional subspaces i 10 Ads o N
determines a flow i GLT) and thus a How in Oy
Any k - plane L2 37 can be lentified witd
P;oonto Lo In this way Gl ) Lievanes a subibe

Syin (V) of svimmerie i operators o= b O s [V

natural sealar produes

21) Dl = (ql.q_*

which indaces o Riciuaaiing el on Gl
Proposition 2.1. The flow Yo Gt
flow of the funfron

oGV} — IR R e o

Proof, We first deseribe the vecior field detes
ML A projection ente Ly (mot Lhe orthona

L e GilV) and sct L,
mal one! } is piven by

(22) lr)f = L ”Pl‘ Al
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\;’\“~ 111

i () =1}

v LY

-~ f.

Do W will

b o drent of -

ot

et

P
| B4 LS
‘.I

orthingis

ol the

' -‘* ”Li' H.l,'a'..'l-'f.'.-'

!

qnaned by has floa

P =P, =0

errie a1

Cop.2.1)

m Turns oud to

Ladtlhie

EP¥

. \
SLONY

Aorse

solvnoaial of V).
Dhenofe ]Jy
o k

e

g

Chen
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|

ez (el W], CThap.1z)

(23) Iy,

1.7‘[ f) = }")' !,!-

Gty = Q7

50 tlin

anl
oy g

| PAR

= 4.0 -

. r‘—.‘\[(‘)r'é.'\l(’)?—-;\f {(") .

Doy =0

Using the above 1elations we

— =0l = PUOYFI0) -+ GLoY ™' -

P.I.P:([)gf),* +- (‘);(‘)1 ]_l

F. One computes casily

. fr‘nf]_‘j( — At I_';(,z'nr

(P =P")
Q")
F(0)= AP = PAP + P3

G) = —AQ + 2Q4Q ~ QA

dednee

FIGEL0) + GOY ™ (F(0) + GON[F(0) + GO)™
= AP = 2P AP 4 PA-
~ P(AP < 2PAP 4+ PA = AQ +20QA4Q — QA0)
A(F) FG =1) =
= AP =2P AP+ FPA-
IPAP 4+ DA
AP L OPAP FPA+(PAP - PA+ PAQ) =
IPAP +PA (Q=1-1D)

PAQ) (PQ=0)=

o

Iﬁl'z”P"* ={4. P} -2PAP
consider the functions o, 8 0 Sym (V) — IR given by
a: S tr (A5%), #: S tr (ASY)
Iderivm.:: a and B at a given point 5 along tiie divection S we gt

da($)§) = tr (A(S, §}) = tr ({4,5}9) = ({{4,5}9)

e orthonoriual projection onto Ly cau be obtained from (2.2) via the
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so that the gradient of a is
Va(S)={4.5}

A similar computation shows that

(2.6)

VH(S) = {A. 52} + SAS *

Thus using (2.5) and (2.6) we can write (2.4) as

d o L
&h,__[,PLt = Va(P) = 2V3(P) + 2{A. P} = 3Va(P) = 2V3() (P7 = P}
Note that on Gg(V) we have a = /3 so that

Lo Pp, = Vol P
Jt =047, = Vo )

e et

is the negative gradient flow of —a = f4.

Incidentally Prop. 2.1 gives a different proof to Proposition 6.1 of [13].
We deduce in partiendar that the flow discussed in See.11s @ gricdient How, :
The critical poiuts of the associated Morse functions ave adl nondegenrate
iff A is nondegenerate.

Example 2.1. Consider the case n = 1. Then A{1) S since any
line in JB? is a lagrangian. Set A = diag (1, -1). In particnlar for the line L
of stope m = tané the orthogonal projection is

sin 26

—cos 26
)

cos 28

Pp=|"""
sin 28

-

so that fa(L) =
depicted in Fig, 2.

2c0820. The negative gradient Ao of this fnetion s
Going bark (o the general case consider Ag € plnl® given by
Ag = diag (=n.o,—1,1 00

If L € Ly, 15 au Ay imvariant lagrangian with inlicator fiuction
the orthogonal reflection through L is given hy

Ry = diag {1p{—n), ... rn(=1hen (1), fn))

50 that .
—tr (ARy) =) _jali) = ()

J

13 . EIVIL [ NICOLAESCU 37

Ginee Ry, = 2P, — 1 and #r (4a) = 0 we deduce fa, = :;—rf(L) so that
Proposition 1.2 nuplies

Corollary 2.1. For any L € £, we have
(L) = faulL) + 1l + 12

i, fa, is selfindexing.

Wo now consider a depencrated situation. Let eg € E be a unit
veetor and denote by E' the orthogonal complement of span (co. Jeg) in E
Natnally associated to this decomposition is a degenerate matrix 4 € p(n)
defined by -

[ 1 f =
Au = 1 iw=.ey
10 we £

For cachi it € E define for later use the skewsynuuetric operator Jyu B —

E defined by
Ju
Juv {U

v € span {eo. Jeo, v, Ju)

i') -

=) e : RN

( | , v € span (o, Jeo u, Ju)

The 1 - parvancter group of symplectic masrices ¢ defines as before a

flow on A{n) which is the negative gradient flow of the funetion f(L) =
—tr AP We will prove the follwing 1e wnnreable fact.

Proposition 2.2. The function ddfined alove is o Z, - perfect Morse
- Bott function i.c. its Morse polynomial cquals the Dy Poieard polynomaal
of A(n)
Proof. We will use the completion principle for degencerate sibuations
*) 5 .
n the form presented i (3]
The critical points of £ are the A - invariant lagrangius whicl in this
e are grouped ewo eritical manifolds.

C_ = {L' s (en)/ L' lagraugian in E'}

Cy =4L" i (Jegd/L' lagrangian in EY

e in particular that both C.. and Cy are diffeoinorphic to A(n — 1) and

Co =N (=-1) . Cy=FH1)

Lennma 2.1. €' 45 o nondegenerate eviticel submanifold and more-
@ stuble bundle s orented.
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Proof of Lenuma 2.1. Since (' is difeormorplite to Ao — 11 has
codimension n and this the normal Lunedle has ronk n.

For each w € E' the matrix J, defined af (2.7) definess T-parunseter
group of unitary tranformations etand thns o How on Alr). Denote by
Y, the vector ficld generaving this fow,

Tue proof of the Iemima will be carried out in several steps,

Step 1. ¥ u € E' the veetor Held Y, defines o stable direction along
C..

f(_L;)_ We will prove that

dE R
i

(2.8) (0) 20

Denote Py = Iy, and for cacks j = 00000 = 1 set f, = Je,. We have

n—1 n~—1
F(t) == (APic;.c,) = Y (AP S f;) =
p=t i=0
n—I1 —1
== (P, A)) = Y (Dfy A L) =
=0 =0

and since Ade, = Af, =0 for ; > 0 we get

(2-9) F(f) = (P, fuo, fo) — (FPren, eo)

Py can be equivalently described as Pyo= e Pe= e (P = ) and nsing
W

this in {2.9) we get,

(2.10) F(t} = (PCL]“ f()ﬁ_“’u f“) o (.PCI,J" (.‘“r:_r'j" I,’[])

B . _ - N 4 i
A simple computaiion shows that ¢ fy = costfy +sintey and e 'uegy =

costeg — sint fo. Since Pfy = 0 and Pey = ey we deduce from {2.10) that
(2.11) F(t) =sin®t —cos’ t = —cos 2t

so that ,
TE gy =as0
dt? )=4>

and (2.8) is proved.

Pick L € Co.L = spun ey ea ooy and set Ly = LR =

LIVIU L NICOLAESCU 39

Let as before L e ©_ L = span{cg. oo cp)and for 0 <A <n—1
sot jr = Jop and Yo = 3o (Yo, = Y, with v =0 ).

Step 2. The vector fields ¥ are huearly mdependent at L.

Set Le(l) = % L. The orthouonual projection Fi(#) onto Li(t) is as
Lefore ¢ P I we view A(n) as an embedded subimamifold of Sym(E)
vin e map £ o— Py then the fangent vectors to the corves Le(t)yat t =0
are the selfadjoint operator:

(212 i6) = [ e P
whiett detstos the cocinttator of two wadrices, Now let w0, € IR
sch tht

a—1

(2131 Sow i =0

A=

If we ser 2= S Je then {2,330 B conies

. b
(2.14/ (1,7 = 8.0 =0
whore v i- the orthogonal veflection thiro wgh Ly == 28— 1. Note that cach
T anticomos fes with Roso fher {2.14) Decomes

[ES]

15} LBH=1

fom the cqanlity BRe, = 0.0 <o < o= Lwedednee

Ly oty = {] \7' 1 i: i :': 1
that 7 = ... =0, =

Thus we denote by 1,4, the stabie bundle of O

Step . v, 15 orientahle.

It suwdbees to show that v, cen be trivialized along any loop in C_.
e C.. ~ Aln - 1) we daduee that 7, (o~ & and hence it suilices to show
Uiy ot Do trivialized along o gensrator of whe fundameotal group. It
v-to deseribe sueg o gencrator. Pick

LeC. . L=uspun(ty.iz,oilnl

t B = J, —J., Wegetloop of lagrungians in Co_.

Lit) = LAl A= (0, 7]
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This is a generator of 71(A(n — 1)) since its Maslov index is 1 (¢f. [9]). Set
ex(t) = ePlep. 0 <k <n—1 (uote that only esft) is actullv changing with

t). Clearly () spar L(t) and from Step 2 we deduee that the collection of

vectors Yo, (o frivializes v, along the path (2.16). Lenuna 2.1 1s proved.
Note that J induees o free Zy - sction ou M) and moreover

(2.17) fUIL) = —f{L)

Thus the gradient How of s 7, - cquivariant sud i partienlar

(2.18) JE 6

Usittg the Za svnmnetrie we deduee that Oy is also o nondegencrate eritical |
subuamifold and 1ts nnstable bandie s oricntable. |

Denote by v, the unstable bundle over €720 The level s
naturally the uiit sphere subbundle of hotlo v, and 1,0 Denate the disk 2
bundle of 17, ., vesp. foens YOy N (tesp. AL ) and cerrespondingly the
sphiere Dunddles b 7, and o0 Woe now show that onr funetinn satislies
the Z; - completion principle as deseribed in {310 We luere to show thint the
c_‘()nl]‘u)sifiuu hellow is trivial

H*—n(C'-{-) ﬁ‘;‘ fI;(Amru‘:Em-u' i’ }f.i—l(zumr == S-nun) '—’ hr* '(~AH'5H)

All the homology groups above have Z, - coctlicients. the first arpow is the
hormologiral Thom isamorplism and & 15 the conmeacting morphism s the
long exarct homolagical seguenee ol the paiv (A S

Let 27 some evelein Ho(Ch) and denete by zits iuage i H{E,0.)
via the alove composition, We have 1o show it honnds (mod 27 0 A,

J defines aninvohition of ADo) which invarinntes £, = F71{0) aud
switehes a0 N Siee - homeds i ALy, the exvele o will hound
in A On the other band T, defics an involutive automorphisn of the Zg
homology of .., = oo Tiis an clementary algebraic tact that the onlyy
involution of o vcctor space over Z; othe sdentily. In particular this showsy
that Jez = - in Ao S 2z sothar 2 bhomuds nod 2 Ay, Propositiol
2.2 s proved. '

We deduee imediately from Proposiiion 2.2 that

Corollary 2.2, The Zy Powncard polyromael of Mo) sotusfics
-Pu(f) - (-l- '|" f”)IJ”—_Mr:I

Py(t) = J] 1+

k=1
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This computatio agrees with the romputation of the 2, Poincaré poly-
nomial in [12].

Coupling the above corollary with Proposition 1.2 we get

Corollry 2.3. The Morse function fu essorioted to a nondegenerate
qnatrir A € Q(_u)" 18 Ziy perfeet.

12.Morse theory on complex grassmanians. Denote by G, the
grassmanians of complex k - planes in €. Consider the complex matrix

A=diag (1.2, ...}

oA defines s flow on Gy and by Proposition 2.1 this 3s the negative eradient

How of the fiuetion
.i.'Gr.i\,J-_" m I.'_"—fl'(;sj)[_)

where i, s the orthe goual projection onte L oand when we compie the
bpace we Sialk of A and PLoas read epeiators 7Y — 77 comnniting witl.
the cuncuicnl comples strveture o G5

The stntionary poiuts of this How are the A - invariant complex k
‘planus. Denote tlie set of sueh k - piznes by L4 and set T = {1.....n}.

We enn wssocinte 1o any L € £y o cardinality k subsct Ef C 7 »uch

hat

L=spun {e;/] € Et }

We will v’ = [.F Pendicator set of L. As i Section 1 we hiave ay

ociated indicator function

. 1, je=t
i T o= k] IL(J):{ o ST _
E3¥ -1, JE:LZI\:I

in Section 1 it will be convenivnt to represent an A - invartant by a e /o
rain consisting of k e s and (n-kj o s

e—0— - —0-—®

I and o € Z7. Such a dingram will be said to have type (k,n).
For any L, € £, consider the dbpen subset

Ay ={L € Gxu/LN Ly =0

5

€ Ay, is the graph of a nnique (complex) linear operator

S:Ly— Ly
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i jotine the enery of an A - wvatiant k - plane L by
80 bt we can deserile Loas

LYy =— L i)
€7

L={r+ S:z:/‘l' & Ln'?

Set § = ¥y, (L). One ean show inmediately that the open sots (A7 Y eee,
cover Gy so the above construction defines an atlas o the coraples griss S
S 5 g 5 o . N 1
manian {this is in faet the nsual atlas). {
We will analyse the structure of this fow « Mg these coordinntes §

Let L € Ay, and let § = Wy (L) Set 4y = A, and A Ai:.g We

deduce

The veader can vertly nmedintely thar

(3‘3] (L) = (AR, V= —tr (.‘(_).P.l -1l = ?,f(L) 4 B

Froposilien 3.2, For any A - dnavriant k- plane L owe hove the

t d! . )
ML = {{, ity + ¢ A !5.:'/.:' e Lyt =

= {u+ o i'5'(’"‘“*-‘“1/1:. =g Ly)

eqeidrl)
LY = ot L+ a{p =142 =0 = WYor -k +1)/2

- e e R o 1y
so that Sy = Wy, (ML) =-S5 qnd Proof. The proof fellows closely the proof of proposition 1.1, We use

the terrnouilogy defined there.

(3.1) Sp=A.$=54, Ly — Lg T this case there is asingle immobile (k) - diagram o — -+ — 0
' o — - — ¢ it the peader can check imunediately that

Forimnula (3.1) shows that cur cholee of coordinates hinearzes the fow, Th

eigenvalues of the linear operator fo—--—0—8— --—8)=plo—-—0—@— - — °) =

3.4 ) : . g
B4 :qur.-}-l)/Q-m{n—f-f)(n——ff-r;:/l
T:5— 4.5 54, b
) . . hen wo study the effeen of elementary trasitions on the hurlex and energy
are casily computes using the cavonical complex bases (i) oz~ d we discover wsing {3.2) that
(Cj)Je.—I of Ly. These eigenvalues are \
5) .“(. N R o R .)_ﬂ(. = O— .) = ”(. Y T o B ')_V(‘ C0—®- - .) = 2
I D - —— =

(- DU iye =) =27

Proposition 3.2 follows from (3.4) and {3.9).
Proposition 3.2 coupled with (3.3) yvields -

Y Corallary 3.1. The function fis selfindering.
L Let My uit) ZLEL. ) ) Qenote the Morse polynomial of £ We

ite it as
Mia(t) = Z g )t
420

and the correspouding eigenvalues are the clemenis v complenairioes B
whose only nontrivial euiry Lies on the (4 - spel. (0 J, € 27 =) Views

PRl =y

over the reals each of these cigenvalues s nndophicir 2,
Define (L) the index of an L € £ us the real ditwension of fhe spas
spanned by the negative eigenvadues of T, One sees innueataiely tha.

|
iill produce o recurrence refation for these polynomials. We procecd as
position 1.2, Using (3.2) we derive addition formulae

ally=2 Z w,

je=

' T

i)

where o, s the munber of clemens in =7 greater thoa j. Using the #f
diagrams. we can visualize i, asthe omnber of o s wlich follows Hu- o sitt
on the j - th spot. In perticular all eritical points have beon index so
Morse's lncunary piinciple we dednee

pu(d + o) = p()

onn : 3 - , 2
Proposition 3.1. fis en Ml - perfect Morse function. p(6 +0) = p(o}) + 2k
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for any (k.n) diagram 8. We put these together ay

i1 (q) = F{ofa — (k,n)diagram, p(o) = g+
+#{A/B— (k4 1, n)diagram, jl 3) g — 28— 2}

Hence

st 1 (0) = 10k,0) + kgl — 26— 2)

or equivalently

(3.6} Mgy s (t) = Mo (8) + 252 Mgy (1)

whcrc‘. we set My, = M, = 1. Ouwe iimmediate consequence of formula
(3.6) is that the coefficients of My stabilize as 11 — co. In particular if we
let n — 0o in (3.6) we deduce

(3.7) Mty ,co = My oo(t) + 2552 Mgt o ¢

so that

1

3. : s
( 8) IUA-+:,F-L. = T j2kee

ﬂfg-gm

which yiclds the known result about the colunology of the elussifving space

of Uik) ([BT)):

1

3.9 AR
(3.9) P(BU(k)) (1 —2)..(1 = 1%F)

The formulae (3.6) can also be used to rederive the Poincare polyvnomials of
the complex grassmanians in the forin presented e.g. in (8. W would alse
like to mention that the Schubert cells which deseriiye tl;(-: ring structuie
of Gy, can be given a Morse theoretic description. They are precisely the
unstable manifolds of our Morse function f. "B

We conclude this section with a different deserintion of oar Morse
function on Gy, ~ CP" "1, _

Example 3.1. Denote by {ek)1cic, the standard basis in ¢ and
set A =deag {1.....n}. Auy complex line m € is deterinined by @ nonzer
vector u. The orthogonal projection onto L = spar (u)is ‘ |

1
Pyu = W{U, uhu
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For cach € C"\{0} lei ju] = fuy -+ uy] denote its image 1 CP* ' Qur

Morse funetion is

Fallo]) = —tr APy = =Y (APeroex) = =Y k{Pueroox) =
: k

k
1 1 .
= —W zk:]t'((?k,?!)(u.{j\-) = —W Zk:nl\'lil}‘-l

This 1s the favorite example of perfeet Morse funetion (see [3]).
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Uiz, BBz 1 wtradiction. Let ¥ be a cal normed linear space. For every
{ha sl . A and & Y one defines the Minkowski functional by

ROMANIA

nonepiy seb
Cinf{N = Ui g Ad], f there exists
one positive Asuch that x € AA;

Foo, otherwise.

Also, wie deno

T — {,\ >0 v e \;‘-1}
4, = {a € A; there exists A > Owith x = Aa}

is obions that 4, = (1/a )4 and 4, = A, ¥1 >0 whenever 4, # §.

d A, 10d, . where d, is the radius d, = {1y € X there exists A > 0
ich that ¢ = Ayjelso. pale) = mio, (e consider inf +00 and

= --r"“]

Phe Fanctioun) Analvsis uses the Minkowski functionais 1o cndow
e "nornis” on topological spaces withi special properties. llua SULEEesLs
to study the alass of ail eonvex closed bounded subsets A C X which
bain the oigin. Dencie this class by Co{ V). We note that, if 4 is a
vex closed bonnded ad absorbent set (fur every x € X there exists one
itive powith e € 4), then 4 & Ca( X)),

For 4 € ColX), we shali prove that v, is a real closerd unbounded
tval at the right hand.
It iy mh"twmn to juvestigate the behavionr of Minkowskl functional
4 i— palr), when we endow Cal.Y) with certain hyperspace



