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ON THE CONTINUITY OF MINKOWSKI FUNCTIONALS

BY

G, APREUTESE]

Tutredietionn, Let X be o cal noraed linear space. For every

monerupty vet A and r € X one defines the Minkowski functional by

Cinf{A > 0 € AA)Lf there exists
one posifive Asnch that x € AA;

n0, otherwise.

, we denote

a, =4{A>0; € \A}

A; = {o € 4, there exists A = Owith x = Aa}
vious thal A, a4 and A,

is the radins 4,
Pl el oy

-4, ¥t > 0 whenever 4, # B,
(v ¢ X; there exists A > 0
= Fyvecalio wustder tuf § = 400 and
he Functicnnl Anclisis uses the Minkowsk: functionals to endow
orms” o1 topologieal spaces with special propertics. This suggests
idy the ~lass of 1 convex closed bounded subsets 4 © X which
the origin. Do thiz class by Col.¥ ;. We note that, if A 1s a
osed honnded il wbsorlent set (fur every ¢« € X there exists one
with joe £ 4), then 4 2 Ca( X)),
A € Co(X). we shali prove that v, is a real closed unbounded
rthe right hand.
iflter('stiﬂg' to investigate the behavionr of Minkowsk: functional
100, 4 v p,y{r). when we endow Ca{ X'} with certain hyperspace
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Tho aim of dhis ppr is 1o fd the weskist topologs on Cal) for | Remarks 2.1, Wo have 4, = A0 d, aud 4, = 4, U {0} 1t 4, £ 0
which the function 4 — pa(e) is continnous for all = € X, We shall also | then A, is o bovwded 1 dimensional set, so 4, is relatively compact sch.
introduce some covergences on Ca( LX) which assure the sequential continnity |
of this function.

Similar problems were exinined [3, 4‘5.0.7.8,9] for other function.

XD be a
)=y € X

3. The couvergence of Minkowski functional. We introduce
e foliowing convergenee for obiain the sequential continuity of Minkowski
funetional:

Deinition 2.1, Dhe sequence (A") C Ca(X ) s upper convergont in

2.Preliminaires and notations.In the sequel, let (X
: the direetion @ © X e AY € Ca{ X)), denoted A" — L5 aY, if

norticd linear space. We denote the origin by 0 and 5'(
||y = r” < 6} Let A be ihe elosedness of a set 4.

The tnp()]()vn,s] dicd of X = bnoted V. Fore* ¢ VY and 2 € X we
ses o= et >= wt(e) I o sequence (o) converges wenkly 1o x, then we

e

write ., - o the convergewre 1w s denoted by oy, — e We detine

cupifiall co € A} s snp{fjal co e AT

Xz
I Ixnm‘vm Bob Led A" A 2 Ca(N) for all n. and « € X such that
AL{_,{'-,'_ v he followie g staterenits e rq(m’u! ni:
{ z*.-t'(") SN NTI &

ioT.r

Fo)oAn T

the radins
dy = {y € XNithere exists A > 0 witlue = Ay},

Lot C((\\ Le the family of convex closed subsets of X We reendl the fol-

lowing ronvergenees ou Ze{ X {suple™falio g A = suplot{a) o g A%}
Definition 2.1, (47 < ColXN) i Moscor cowveryent Lo A denoted . } Forall o XU with o () > O
An M 4 7f ( A illf{i"fﬂ‘) Dt _‘iif} - 15l { (er)r 0 C 4?}
e} for cach o € A theve ds o sopuenee (a,) drongly consergent o o l forall vs e X7 weth o2 () < O

(4} *"H]){r'*{{'\ s € AN — suplatfa) ta € AYY for wll o* € X* (or

here eoits o™ € X ) annth ¥ () > O
- Proofl. (1)<« (2)
e =0 then p, (.:') =0 and sup{lla| e 4.} =0

If % Othend 4, dpd we nse the following result: for every A € «,
re oxivts ay € A, sm_h that o = Xay. the correspondence A v ay being
dijection: theu A = el /ol and pa(e) = e/ sup{]||al] : a € A, }.
(1) & 13}
o= Ao forall % € X with o () # 0 we have A = o7 (&) /2" (a)

such that «, & A" for coviy n.

i) wheneocr wfk) is an wnereusiing seqnenace of positree andeger wnmbers
and ap € A" for coery b sueh that ag <5 0 then o € A

The Kuratowski convergenees of (A7) 1o A0 A" 5 40 is similary
defined, replacing in it) the weak convergences by the norm couvergeuces. d

Definition 2.2, A" @ colled scalor {or week) convergent Lo A(4" 1
AYif for wliat € X' supla®(n) ca € A"} — sapla{a) ca € A} i R

[ {3], was introduced a topologe "hit and miss™. 7y, compatible witl
the Mosco convergence of the seqguences, neied Moseo topology,

We mentioned that, i & is 0 convex closed subset of X, then th
following assertion are equivalent:

10€ 4

2) A =UxgogAd (or A = U Ad )

N AAC A forall Ae(0,1]

4) for every, Ap, Ay with 0 < Ay € Ay we have Ay A © Ay

Now , we give a result concerning the structure of the sets o, and 4
which will be used in the next sections. :

Lemma 2.1, Let 4 € Ca(X).

1) If £ =0 then ap, = (0, 400) end 4, = {0}.

2)Ifx #0 then o, =0 (and 4, =0) or there is a A, > 0 such
ar = [Az, 400} and 4, = (0,(1/A;)x].

I £ L}Hll[) (uy:aed, }oifer(r) >0

palrt = | - ]“{'{1 (a)yrae A afu () <0

(3 < (4) is ehvious.
Theorem 3.2, Let 47, A" € Cu(X). for all n, and = € X. Then

}HJ

AT 5 A0 o g g
Proof. The first implication resalts from Definition 2.2. and Theorem

onversely, if A" = () confinally then 4% = @ and sup{z*(a)} : e €
sup{a*(a) 1 a € 4%} = —co. If A" # § eventually then A% £ §. Let
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o € X sueh that #7(r) > 00 the assertion follows from Detinition 3.1, and |
Theorem 2.1. Now let o+ € X sueh that o7 () 7 O, then supfae'{a} @ a € |
A} = sup{a*(a) ag A} =0

Remark 3.1. We have sup{fioli: o € A} = sup{ljae| : v € o} I
Ay # W, the set A, = 4, 0 {0} being compart. there exists o'y G oL, such §
that sup{|lel| : @ € A} = fad|l. Morcover, o’y € JA0d1f v # 0. and |
ah =01f r =0. 4

In the sequel we find necessary conditions for the directional wppers
COLVETZOenens: {

LI

Proposition 3.1, et A" A" = Ca{ X)), Jor ail n. such tat A" =5 40 8

for all v € X, Then we have the followong assortions:
(1) sup{||e]| -« € A" < Bimnd, sup{lfed s a0 AT
(2) sup{{sgnae™(a))e{a) rae A"} <
Limoand,, sup{{syralajer {al s a e 4}
Proof.
(1) It 4 £ {{]}1. then AV{0} = Uiz, and so sup{|le]i + o - A} =
sup{llail - @ € A0} = sup e o e Ay} s 0)

. For 4Y # {0}, et ap € A%\ {0} Tihm renn o sapd|lall a2 A%,
using the upper convergener i the diveetion oy we Lave sapfjlel] - @ €
A > 0 eventnally, so A" # {0} cventually, i

]\"m\': lu‘n':nf,, supd[fel] : e € A"} = lmnd, sup{sap{l|ajl 0 0 = AR)E
r#£ 0} = hminl, sap{|lall o £ A0 = supdflal| oo A} Torali o A0

Passing to the suprevan for o & 00 we obtanr th e desived iegunlity,

Four AY == {0} sup{!a|| ;

cally sanistied.

. i . . .
ANV =0 and e nequali v oas antomatis

(2) 1s analogousy.

£

Propositiion 3.2, Lo A" 4" ¢« Ca{ X)) foe ol 0, woil A" i 2

— [{ ! = !

Then Yuy = A3, € A0, < .53“ stele that o, —« .
Frooflf ay = 0. then a,, =0 2 A4

If ay # 0, using Remark 3.1 . theve exists oy 10 A7 snel tha o]

sup{flafl © o € AT b and o, & A ok that Lo wplhe]l o € AP
where fa 39 clowaent of the bownd of 4% Sooog = vy o 002 Ay < 1

(g = Antly, A, >
Theorem 3.1, implies Ja, ]| - o] L.
N/ Ao and @, (/g Jay; then g,y — Lo, — . Since N, = Ay, < prg.
have ay € (0,{1/A)ou] = Ay,
Proposition 3.2 suggest us to Bad sufficiens candifions for the dir

Voo-s A We desote fiyg

Henee the destrod seovence 15 (a0
tioual upper convergence (similar to Mosco or Kuralowsii convergeng
We introduce some delinitions: i
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Definition 3.2, The seguence (A" C CalN) is Mosco (respectroely
K ratomski ) connergent e the diveciion o € N oto A" e Cal X)) if:

i) Vg € :'Ll} Ter, & 0 much that o, — ay:

i Nuik)y S o ¥y € AT b ap S oag. we have ay €AY respec
fruely

wi Vuk) S es Vg = AR it g - ay, we hene oy € AN

shadl denote 4" L 40 respectiocly A" hyg

YWiocompare this notipns with the standard nottions of Mosco and
Jonritooyski convergeness i the following resnli:

Poeposition 3.8 If A7 AV € CelN). for all w, then the followiny
statonents hold:

R . . 1 .
(AR AV e e N wnplics A" S AV ruspectiue ly
. 5 & . i
10 28 A v e X implies 47 S AN
. . Vir h.or
TR o= Nooaof e 20 AN e hane AP AL

. h —
($p¥re X. g A" — AV then A = AR
and, wmee the Moseo wnd Kuratowski convergence of the one dimen-

sponel sois cotnetde. we haor

—_— A
+

L o 0
- A nmplies A= AL

AV

4"
Proof. (1) The second condition of Definition 2.1 and 3.2 is the
k I
e To vrove tlee st condition. let ng £ A% since g € Agn there 1s
. . i
B A A" with a,, = oap (respectively ay, =+ ag ).
(2) 1o 1s clearly.
(3) Let «y o 4% Then either ay € AY [and the propurty follows from
finition 3.2) or oy = 0 (aud the desived sequence is a,, = 0 € AL}
. nik
To prove 111 we chioose n{ 0oy € .‘-Lr.( ) ap — up {the case
1 » )
= 0 iy trivial); siwee ap = (1/Ag)e, A > 0. we obtain that (1/Ag) is
vergeutl, say (1/A¢) — pra.jo = 0.
It g = 0 we obtain ¢, — 0, thus ¢ = 0 € AY I pg > 0 we set
par € AU siuce uy, — dg we have g = ay € 4%
s Remark 3.2. The reverse assertion of {1} is not generally true: In-
let
bl

. 1
A= (o) € R ir Sy 0<y< w2 —yland
1

A=, eR e <y, 0<y<l,x >0}

Al . . . a
A" 5 4% hut (A7) is not Mosco convergent to A% in the direction
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From Theorem 3.2 awd Proposition 3.3 we obtain:
Corollary 3.1. Let A" A" € Ca{ X} and v € X such that A" A? 20,
\ e

If A" 040 for a7 T 40 ) ghen An T 40,
We denote o(A) = {Aa; A > 0.0 € oA}

Theorem 3.3, Let be A" A% € C a (X) with ¢(4Y) = r(4"). ‘fn' if 8
panlx) = pao( XY wnsform wth respeet fo 0 € S(0.1ING(A") then . gn Mo

Proof.The first condition of Mosco convergenee fallows from propa-
silion 3.3. For the sceond condition, let (1.} / oc. . € 4% Lap 5 a. For
this oy there exists #p € 5(0,7) and ;o = 0 suels that o JerL . Since
{a;) is weakly convergent nml [lx 0 == 1. we have that (5 s 0 hounded
sequence. Lence theee exists Bmg(po (o) — paolag )y = T ol poe (i) —
pacla)) = 0. pao s Lseo function, henee p oo lnindy pyofag) <8
lintsup, parefag) < 1 because A iz a closed set, [t resulis that o) € A",

4. The directional upper topology. Now we require the weshest
topology on Cu(X) for which the function A — pai) s coniimons for all
€ X. Tor every ¢ 3 0 we define the sed

L(g) = dASI0.9) = (In/ e ]|y 0.

which 15 an unbounded open interval 1 - dimensionad,
Definition 4.1. We call the dircclional wpper topulogy on Co(X) the
topology qenerated by the following two famnilics of sets.

(L))" and (L(g)¥*.¢ € X\{0}l.n >0
where T={4eCaX):VNA£D
T VE = {4 e Ca(X) d(V. A) > 0}
Remark 4.1. If 4 € Ca{ X} und x £ 0 then
AleDe o0) # 0 @ sup{|la)] o€ 4,) -

d{A (g2, c0)) > 0 & supljefl ta € 4.7 <
Henee

(Ie(n))” ={4€Ca{XN):snpillell 1o € 4.} =

O = {4 o) s smptlol - n & 40]
We note that (L.(n))# = (1,(n) #.

Theorem 4.1. The weakest topology on Co{ XY for which the ap
plication A v palic} 1s continwons for wll 2 € N is tee directional uppe
topology.

’If

R

Proofllf & = 0 or o, = # the assertion is obvions,

If o5 0and o, # 6 then pa(r) =d0.a,).
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Using Proposition 6.1 from: [13] we obtain that the weakest topology ou
{o C o3, such that o = [A,.00)} for which o+ d(}.a} s r:)ntinu(-m.u;
i zenerated by the following famidies of sets: (0.2)7 and ({!,-‘)ﬁ-E (‘:\'hl(lll
‘,,1;|1z'n' the nupper semicontinuity, respectively the lower semicontinuity of
this application).

Therefore we have:
i) Ve > 036(=) > 0 with o € (0.8)7 such that

Yo, € (0.8)7 - (0,6} < d{0,a]) + ¢

e Yo - N34(2) > 0 wizh 30 < Ny < 6.y € A" = Agay such that

Vo e ColX)with 30 <« A< 8. J0 € Avw = Mo pale) < pyolz) e

Bt Ll = (1 30dllel > /ol et = (/A > (178l de-
poting #{< = (T/a{e Pl we obrain:

vz > 03n(2) > 0 with A2 0 5(004)° # § such that VA € Ca(X)

with L0 S0, ) # & implies pa(e) < pp(r) +:.

Bul .4, N S0,i)" £ 0 ¢ AN () # 8, thus we obtain the first type
of SOILECTH LU,
ii) V: > Ga0(g) > 0 with n'{ 1, (0,0)) > 0 snch that

Yoo, with (o, ( ._O} >0 d(0.0, ) > al0,00) —
e Ve > 000(e) > 0 with 3 > &0 A 2 wVA € of such that
Yo, with 3y > & A > 7¢A € o, implies di0.a, ) > A0, 0"y —¢.
U AEa,. e =Aa then lall = (/A = 03 y0)|ie]l < (1/0)|j=]]. We

enote n{z) = (1/0{z))|lr|| 2nd obtain
e > ﬂ:‘lr-' £) >0 ﬁit L d(4Y,5(0.y) ) = 0 such that Va4 € Ca( X)

with (- Q(() 7]} ] >
W Sll'lnhh()\\ that d( A

> 0 unph(s ralr) > pa L) - £
5 5(0,1) ) > 0 s cyquivalent with d(A. 1, (1)) >

For the tirst iuplication suppose that d(:l L)) = 0.
Then there exist two soquetees (o, ) C -s,(u.,,,) ¢ {.(y) =uch that

~ Uil - 0. But AL T-(rl) ave closed sets with Age N (1) = {0}
 Coo = Newmpe(C = ¢).e € € arbitrary, 15 the asymptotical cone of
vex closed et O) and T 77;3 s asvinptoticelly compact (there exist g9 > 0
a niighbohood ¥ of the origin sueh ihat (10,60]4) NV is relatively
pa: t). Usiug one closedness eriterion (see, for ex.. [2] or [10]) we have
- IJ!TH iv closed; the G € A - J—r—_;_) vhns di A, Al =0, a
mdit sk
Conversely, if suppose d{4,, 5(0,1)%) = 0 = d(4,, S(0.4)%) then there
(‘lm) C_ .~L- m(l {a ) C S(0. 173" such that ||um - u,,,|| = 4; anel
iare closed, A, is asymtotically rorpact and (4, Yoo NS0, r])
1enCe, A (1];()\( it follows that 4(A, 1,0} = 0, whu,li W Uuu.mdn,tlou

Thlh the suonrl type of generators is (£, {n ))”“f
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SEMI - SLANT SUBMANIFOLDS OF A KAEHLERIAN
MANIFOLID

By

NECULAT PAPAGHIUC

e differential geometry of CR- submanfolds i a Kaclilerian man-

ifolil yeen it ostigated by mawy people (for veferences see AL Bejan

C 1.

cently in 21 BAL C he n wtodueed and studied the notion of
glant <innanifold in an almost Hermmitian manifold. The particular classes
of comnplex aned totally voal submafolds are contained m the class of CR -
sulonanilslds as well as in the elass of slant submamiolds, but the class of

ropet R subinanifolds is disjoiut of the class of proper slant submani-

ol

purpase of the pregent note is te itrodues a class of submanifolds
- slaut submani.

T
n an o lvost Heraitian manitold. ealled the vinsy of semm
Lt thie elass of preper O - subamiolds and the class of slant

Qe to appen ae particalar onses i the elass of semi - slant sub-

i b aon adipost Henmiting manifold wi
J oahmoss Heonition metrie g and let

cean mamfold wsometricalty imuwsersed i M. We shall denoie by the
aribol ¢ the Fremanaine wetre indueed oo ML Denote by TR and
resoccrvely the tngeny bandle of W and the noriead bundle to AL
A hifferentiable <betribution 2 on A s ealled a shat distribution if
€ M. the angle ALY bavween JX and

Lany nonsers vector X @ Do €
vector space D) is constant, ne XY s independent of the choice of

M aud of X ¢ D, e constant angle 8 is called rhe slant angle of the

th aimost eomplex strue-
[ he pnom - dimensional

b distiibuntion D,
Remark rhat the comples and totally real disteibutions on M are slant
Fibutions with # = 0 and § = 7/2, respectively. A slant distribution is



