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HOMANI and of X ¢ D, Fle constant angle @ is called the slant angle of the
Iy

distribution I
Remark that the compien and totally real distributions on M are slant
butions witl, # — 0 and § = 7 /2. respectively. A siant distribution is
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said to be proper if it is neither cowplex nor totally real.

Suppose there exist ot A two differentiable orthogonal distributions
D, and Dy such that the following conditions are fulfilled:

(1) M = Dy b Do

(i1} rhe distribution £, s a complex distvibation, e (L, )= .
for cach x € AL

(iti) the distribution D i o <ane distribution with the sl angle

9 £ 0.

Definition. A submanifold M or ¢ Hernatian maonefold 3 cndowed |

with the parr of orthogowal distrebulvo w1 20 DoV satisfying condibions (i),
(13), (w1} rs called o semi - slani se namfoeld of A
Suppose the dimension of disteibation Dy (respe Dy ) ds 2p (respe g ).
Then it s cosedy seon that we have the follverng perticular cescs:
(o) when g = B, then A 2s o compler subuanifold.
(b) when p=0 and 7 = w2 e M s w talaliy veal subianfold.
(c) when py # U and 8 = x/2 then M s« proper CF - submansfold.
(d) when p=0 and § £ 5 /2, then A ts o proper slunt sebivandfold,

A semi - stant subwcosfold is called o proper serm - slant submanifold |

if pg # 0 and # £ =/2. Remark that if the real dimension of the adinost

Hermitian manifold M is 20 and AL is & proper sewd - slant submasifold of

A then we have v > p+ g ond g = 1.
In order to get an exmple of proper sewi - slaut =ubmanifold, we

denote by E*" the Enelidean 2o - space with the standard melrie and |

with the almost complex straetove S, defined Ly Jy{ar gy, i by ) =5
(=D, oo =ty oy @) Then (£ y) is complex analitically isometric to

the complex number space C7 with the standard ot Kahlerian metric. Con-
sider M = C? = (E*. Jy)and fer auy # < (U, 72 consider the nnmersion f
EY — ES defined by flug iy, uy, g = {ay nycosBoug sinfous g, 0). De-
note by D; the distribution on M = f{E*) spanned by X = (1.0.0.0,0,0)
and Yy = (0.0.0,1.0.0). Also. denote by D, the distuibution on M =
fIEY) spanned by Xy = (0,conf sind,0.0,0) and ¥, = (0.0.0.0,1,0):
The normal bundle to A is spanned by 2y = (0.0.0.0.0.1} and 22
(0, —sinf.cos6.0,0.0). It s easily scen that Jy(Xy) = ¥7..06(3)
= X, Jo(X2) = {cos @)Y, + (sinb)Z,. Jy(Ya) = (= cos8).X, + (sin8)Zg
Lence we obtain that the submanifold A7 = f(EY) of (E".J,) is o prope
semi - slant submanifold with the complex distribution Dy and the slaf
distribution Dy with the slant angle 6. 3

In the following we are dealing only with semi - slant submanifolds
a Kaechlertan manifold.

Let M be a (2p + q) - dinensional semi - slant submanifold of

[

Kachlerian manifold M. The projection operators of TA on Dy and D

3 SEME - SLANT SUBMANIFOLDS OF A KAEHLERIAN MANIFOLD 57

denoted respectively by P oand 20 Then we have
(1) XN =PXN QX

for any vector feld X tangent to A,

Denote by T{TA) the module of all differentiable vector fields on Af
and by D(Dy) (vesp. T{Dy)) the module of differentiable sections on Dy
(resp. D.). For any X € I'(D3) we put

(2) JX =1 X +n¥

where X and nX are the tangential and the normal components of JX,
respectively. From (1) and (2) we have

(3) JX = JPX +tQX +nQX

for any X € T'(TAL).
For any vector field N norinal to the submanifold M, we put

(4) JN =BN+CN

where BN aud CN are the tangeutial and the normal components of JN,
respectively.

Let V and ¥ be the Levi - Civita connection on M and M, respec-
ively and denote by I the sccond fundamental form of M and by 4n the
undamental tensor of Weingarten with respect to the normal section N,
hen the Gauss and Weingarten formulas of M in M are given resectively

VY = VY + h(X,Y),

VN =—AxyX + ViN,

I any X Ve I"(TJU; and N € T(TM*), where V1 is the normal connec-
m induced by V on TML 1t is known that

g(MX,Y),N) = g(AnX.Y).

we state the follwing general lemma.

Lemma 1. Let M be o semu - slent submanifold of a Kachlerian
ifold M, Then we have

P(VxJPY )+ P(VtOY)= JP(VxY)+ P(Anoy X).
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. - VY e T ,(_\:_}".
(0 Qv rm'w(Q(T\f.f,u“):tQ(V.\Y)'*QU"‘?‘"\)*m‘ o
N ’

v v nOES Y
(10) WX TPY) 4 h(X QYY)+ NG 0)! — CWN. Yy QN

for any XY € ["(TA) o ren i weine (3) and Nx
‘ Proof. Substituting 17 D J1an (B) au e
JV Y. we ebtain

Vi JPY + h{X. JPY 4+ SN tOF + LN T )
(11) = .'SLRQV:\': + V'kll())' = JVyY 4 JHIXY)

i ' e 181 - (10). by identiiymg
y dneg (1), (3) and (4) from (11) follows (81 - (10)
Next, by using {3, - ) from b
IR e 1_i in the coralality conditions of o
’ ] : ¢ call ohiam the o ') . o
- using Lemma 1, we caln . gty con
1 B} llD g‘md . which are nvolved o the ceimon
tributions Lh 2
cubmanifold. We Lhave | o R
S o 9. Let M be o semit - shigmd sbrramaby a;." i Al
osition 2. Letb il o erable af wnd onl
fplrfo?f Then the comples dictribution Dy s ooted?
manafold M. Then ihe ¢

1
Tht-

we have
(12y WX JY) = WX

| XY el : o g LJY) =
P f F( roall XY € (D), from {100} we .H-‘t f[:(,\’_:‘( ]. gnm‘
J'P\I:(g('))'-} ((2)('{7 Y Qipee B ois @ syt pre 11"1)11(:.\111. '\1’ ;u .IrDl)
= Ch(X. Y)Y +nuiVxYy 2 i i el
dli :é tollows chat (X, TV B{JX, Y = nldl v
i and only if (12} 18 satistied. PR
- cition 3. Let N bo a semt - slant :u.!.n'uu,n_u f.':n. Ll
'fP"(}Of}\ffc’h Then the slant dostribution Du e apdegrabes o £F ;
snanifold M. Then the

heve

. SN — A, i)
(1'7\- P(\T_\f) _VytX) = Pidny X dant

G R0

rany X.Y € (D2). s e L) )
. Proof. From (8) we obtain PV atY) = TPV Y ) E Sl
any X, Y € T(D2) Therefore, we get

e oY — Ay X
(14) urP([X.}’l}:P(v\-ﬂ'—\»'i-\)'*"-4""1 AN

e o i

1 - Deonartion 3 follows from (14
CY -y Thus, the assertion of Proport

for any X. Y € T(Dy). Thus,

(18)
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Remark. in the partienlar case when A 13 o CRO- submanifold
with the torally veal dicteibution Do, we hove 'Y = 0 and 0N = JX for
any N € T D) aud e velation (133 hecomes Py YY) = P4y X) for
arst ol T(Ds) Muio e this casc we have AjxY = Ay X for any
N 2 DDy thaciove the totally resl distribuion of a CR - snbmanifold
ot Kaelderian manifeld is always integrable.

New. ot Y e aosena - slant submanifolld of a Kachlerian manifold

Forho, from the decomposition (3) of JX for any X ¢ ID(TAL), we have
thar T2 and £Q are codomorphisues of the tangent bundle TAS and #Q 15
ool bundle velued 1 - torey on T M We denote by 7= TP+ () and
revai vk that when A 1s o proper =ewal - sleni saounacifold of AL then Fris an

at cnorphis of the tapgent huandle TAM. Concerning vhe endomorphism
Foondd the normal bundle valued 1- form 2@, from Lemea T owe get
Leunnma 4. Let M be o sems

- slant submanifold of a Keellerian
santfeld M. Thon we have

(161 TAF)Y = Bh(X,Y) + Auor X,

(17) (Van)) = Ch{X.¥)— h(X,FY),

for any XY € [(TAL), where (Vy£)Y
(VxaQ)y = VEnQY —nQvyy.
From (16} and {17) we easily obtain

= VyFY — FVxY and

Lemuina 5. Let M be a semi - slant submanifold of o Kechlarian
manifold M. Then we have

(+) the endomorphism Fis parallel. i.c. VF =0, if and only of

Ay X = Ao Y

for any X, Y € T(TAM).

(1) the normal bundle valued |- form 1) as parallel, 1.e. V(nQ) =

if end only if

19)

Acnv Y = —AnFX
any X € D(TAM) and N € (TM*).

“Remark. If A is cither a complex submanifold or a totaly real sub-
iifold, or a CR - product, or a Kachlerian slant submanifold of a Kaelle
manifold Af then VF = 0.

A proper semi - slant submanifold M of a Kachlerian manifold A is
to be a Kaehlaerian semi - slant submanifold if the automorphism F

M is paraliel,
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5 - paraliel Dheu (16) ppples
Proof. buppusye [~ s paralied

N
o

5

e

Xk Bin X,1 )=

e . { £y \-_—:!}
(20 Bl N} )

=Y

V2 DITAM). On the other hand, by using {29) and (7) we get

4

j=4

TAcor =00 XY eTTAD

. B . [ 3 w oot
for any %V € T(T £y, From (20] we g

FA.oy X =0 w28 and {30) implly that the endowerpliism J P s parallel, ie. £ =
(21) AnQ) X

AT F 0 15 parallel too mud she proof s complete,
- ¢ p(TM) and From Lemma 6 it follows that a Kachleriau sewni - slant submanifold
N o ; ) Alv' o . - - . N g - . . . -
for apjy rye i Moo a Kachlerian manifold A5 19 a4 Kaehlerdan manifold with respect to
. my.r = ‘C ',: . 7
cvy =0 X eT(TAT), Y elld th
(92) BRX,Y = i {

wdueed metrie and with the almost complex strocture J defined by
e

—— 1. where 8 deuotes the slant angle of the slant distribution

4
. and
: Y = O for anv A= F(TAM) a e bl
ing (22) and (10) we obtain (Y vl y = 0 {o ) o ..l.m ) . .

By using 1= \11 - Fiaally, fron the proof of Lemma 6 and by taking mto account the

- 7YY e, we ave I s . . . . . .

Y eT(Dsj e definition of a Kachlerian seini - slant submanifold we obtam.

(23) VY eT(Dy); X eTTM), Vv e LD

Proposition 7. Let M be a proper semi - slant submanifold of a
Keachicrran manifold M. Then M is o Kaehlerian semi - slant submanifold

if and only if M 1s locally the Ricrnannien product My x My, where My 1s
o leaf of the complex disiribution Dy rmmersed in M as a totally geodesic
compler submanifold of M and My is a leaf of the slant distribution D
immnarsod in M as o Kachlerion slani submanifold of M.
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