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O~ THE EKELAND AND BORWEIN - PREISS PRINCIPLES
IN FINITE DIMENSIONS

BY

AURELIAN BEJANCU

LIutroduction and statements. Let (X, d) be winetric space and
- {—oc. +ee] o boanded from beiow function, net identically +o0o.
mani-

Fox

Aoy tanes, mstead of looking for the existence of a sofution to the

rrr st pro blen
(1 flay =it f,

one has to study approsonefion solulions, Le. to consider for some & > 0
the points oo for whicls.

\(2) flad <+ i!\l_f £

In analogy with the problein of scarching necossary propertics {like Fermat's
principic} inhertted by a winimnm poirt, the question is now to find what
onditions are necessarily satisficd by the approximate sobitions.

An answer was provided by tire cclebrated Ekeland™ variational priu-
iple: whenever (X oY is complete, we always can find approginmate solutions
ith the property that they are sfriet solutions of certain perturbed mini-
zaticn problens For o geucral and short proof, as well as for connected
ults and literature we refer the reader to 13],

Here is the statenont of Ekeland’s prineiple in the Euclidean case
= R

Theorem 1. Let f: IR" — (—co,+0c] be a lower semicontinuous
e)) function, not wdentically +oo, bounded from belew. Then for cvery
WA >0 and every epprozinete solution x, satisfying (£). there ezists
stch that:

j(r's) < flre),

PrToTImate solution wl
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(4) [l = el < A

1

| . . ¢
Lo — ot || for any - & R r#r,.

(3) flal) < fla) 4 2/ A

Urruty [2] used a speeiiic
} by means of which he prove

Tu this context, Hiriart - Auite - dimensiona
argument (coutained in Leunna 1 below Jd only
a weaker conclusion.

Namely, insteac
- strict one for all ¢ €
associated perturbed function

gl2) = flo) + {efMl|x — e .

he obiained just a non

1 of the strict inequaiity in (3)
he mininization of the

. His proof relies on t

(6) o I!?n
by using:

Lemma 1. Let
cally +o00, which verifies

g:R" — {—oc0, +oo] be o [s.c. function, not identi-

(7) lim  g{z) = +co.
folff =0
Then ¢ admals an absolute manimazer (i.e. o R
will modify the Hiiatt -
new and complete proof for Theoremn 1.
The idea of our proof is to consider not just
g (like in [2]}, but the sct A of all absolute minitn
of (5) will then he obtained as an optimal element for the
f on this set A (sce relation (8) helow).
In addition, by using the same Lemma 1, we give a sp
a finite - dimensional variant o
principle (see [1] for the genera
analogue of Fkeland’s principle in w
of norms, p = 1. This is our precise
R — (-—OO, 400
Suppose that xe catisfics

In this note we

f the Borwein -
| statement). Tlis princip
hich the perturbations are

statement:

Theorem 2. Let f -
e>0,A>0,p21 be given constants.

flme) <et 11;5 f.

(2')

Then there eztsts a neighborhood U of e such that for uny %

ezists ¢! € IR" with the propertics:
£y < & +inf .

30
I

Trruby's ap swroach to give a
3 }

a single mininnin point of
sers of ¢. The solution w,
original function

ecial proof for

Preiss’ "smooth” variational
le is a smooth
p th - powers

] be e Lsc funcetion and

¢ U there

3 INELAN y
ERELAND AND BORWEIN - PREISS PRINCIPLES
. Al 65

(4') "
el — mel| < A,

FG A (Ve — well” < fle)+
+ (/M| — 2L||P for any r e R,

Here we will minim
: minimize the associ:
Land side of (-rl)ml{;, lt:llr associated perturbed function given by the right
: ICHLE D). [ e z fthe
(5'). but rather in ol f“ lk( Theorem 1, the problem lies no more n ‘:rovgl
will e e85 ;1ti 1 (f)]) alning the strict inequalities (3') and (4')’ Tll m%‘
} S0 allv the sawme estimstes f \ . 12 Proo
: . o : » from [1] (Theorem 3.
~dimensional setting : . ) wcorein 3.2), but the finite
Eran ‘ ting atlows one 1o obtain the stronger ¢ ) : : finite
neighborliood T, 5 nger conclusion with the

2.The proofs.

Proof of TI :
teorem 1. Given &, A ¢
(G o g, A and x., we consider the per
(—co -I—oc()] )1s [1;) the hypotheses of the theorem, it follows tll'lt‘ 1()( ltﬁ;‘]bed
; s Ls.c. idlentic: : o :
ensures that t.hc'(s';tm-')lt (i?"lﬁl"‘{l:}’l-{-m and (7) holds. Then {,emma_l)
spiitel. all absolute minimizer i :
A =1r Ho. N inizers of ¢ is
{S( G{Hl? : .r,'(..r) =iulpn g} = {w € R": g(a) < iufﬂJ q}llonvold. But
)J iy N Jeves ” bt . _.".“ e e -
Henee 4 18 a mnlllll)l-ll)(l-lthz ;1 . (l‘l;)hodl and (7} implies A is bounded in JR"
. ‘ompact set and by the Weierstrass theor : )
A Y e‘ illz\t:rilss theorem applied to the
xl € . he

(8) flal) = in\f f

W( Sll(“\ ll(]t: t] 15 18 flie (84429 [ (l(_l ¢ t ol the l(.lllh {11,
N
1 1 h I (l 111 (l 11¢T1 f }1 T Col 1
: 11

(n

Flel) + (/Mg = well < fla)+

(9)
+ (/Mo — el (V) x € R™.

aking » = . in (9) v + — =
x. ve get f(r! ' ' H
llows and by (2) we (1('(111%':1' Heo) + (gpodtee Sveell £ el Hance (3)

I = el < (Vo) Flire) = F(at) €
< (Melle +inf £ — f(el) <\

. (4), g o Tetd
( ();)’Il‘f(‘) 1.:-..11. ¢ (5), we distinguish two cases:
= o, and » € A4, then by (8)

F(a2) S Flr) < fla) + (e/Mifx — 22|
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-'ié e ° SV ¥ ll;'l e :‘\'tpl':l(.-
(‘11) Ii i r \Il(l EN C{ “;._ t\h.l..ll !]‘(.’E,\} < q'(‘. A B Wt i t
: ‘ 3 B i : TR ;11 aws Tl .

{ -f ] l 14 el 1310 \1211]‘1 . LG i

11(‘11 A 11 (0) 3\ t]] \1lh ] \] t li W ' 1t

so (12} aned 113) 1mply (39
) Secondly, {11} awd the first part of [13) noply
ine

Nf) g 2 f('?) 4 AV ||Ar"; -l | S

ﬂﬂ}éﬁw+wﬂﬂw—mmﬂmﬂ“hm§
< fla) -+ (/A =l

- ,

iy Ceonpieto.
Thns (3} s true 131 any Case anned the proof 15 con
R st . 3

. Licnee
- el 2w tl ' ' )
Proof of Theorem 2. Fix constants £y ane Zy WD (/A =2 = fae) - l,ﬁ.‘,t 4z -
Fla -11}}£_f<5g<£| C apd
: e e satisfies (10) and (11 ) . SN g st

We will prove the thworem for U = {r € R - satisfies (10) (1<) al =)l < Ales/e) fr,
B | );’I”l Fronn (14) and {30] we hove now

llr — el < Ml = (e
(10) il:'_’ £l < H:::"EJ = tre|| 4 ||r's - z,l; <
and <AL= (o1 /) #] 4 Mer [)F = A,
(11) e — xf) € Mey — /el

= i~("- *} ':l :!Ilfl 1‘-h(: Lll(‘f‘»l’l'[][ I I!I‘() Y(Jtl.
“ 110 + plowe 1o 3 S0 3

A N 5o s h(,]\ llll\ (,].U. X

) W11 choose &« 3

(Note that (when £, 15 fixed

£ (11) = (10)). _
o (;1:)\ noxsi any xh € [ oand consider the

Aknowledgement. A first version of this note was completed while

hed funetion the aethor attended the Summer Courses in Mathematies, Perugia 1993,
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P viurhed

hx) = fla) + (e/ A Ww — allft. w € .

B o = i:.\c I8
I;( alse O 3 H‘l!t 11EC] L [ 1 Wikt bl i ) [1[111 ‘,1( ]l]~l| .

) l e is ol ¥ l WY {
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I.Borweio, JA Pro!l
Firstly, by (10)

a0 = A smoot): variationel principle sith applications to
sobdifferentiability and (o differentiabiiity of conves functions, Resenrch Heport
ltept. of Matle, Dathousie Univ., Halifax, Canada, FH86 irn-l.\.. Amer. Math.
Sue, 303, LUBT, 5T - 52T,

Fle) (/N = el <

(12) P f('.L‘;) n 5[1 — (g /E)ih'lf‘ & 8 1[1{‘1'1' f. 2. Hiriar .1‘ - U r. ru 1..},. J .H.—' i short proof of the vartational prineiple for approximate
S solutions of # mininnzation problem, A, Math. Mon. 90, 1883, 206 - 207
i,".u‘lﬂ}

- Penat, Jolt = Fhe Drop Thearem, the Petal Theorem and Ekeland’s variational
Oun the other haned, for:

because f{z:) = f gen f < €1 =S - (e1/¢) principte. Nonfin, Anabysis T.MOAL 10 (9), 1986, 813 - 822

1 i = S . ""1'5(‘).
(the last inequality 1s an cusy calenlus exercise,
5 ol o
T o= de 1 (o ) we get

e+ (f/Nre —el 2
(B > fla) + (5/)\‘)][:': — i) = Sl )

ceived: 28, X, 1993

“ALMyler” Mathematical Seminar
vised:28.11.1994

University of lagi
6600 lagi
ROMANIA



