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HIROSHI ENDO

i Tntrodnction. The following two results are well knowa, that is,

1 Teb (Mo E o g) be an abinest cosymplectic maon-

Theorens A (14]).

ol Foonstant p-sectional curvature I Then dhe scelur curveture S and
the ehronel v uregiuee Hosatisfy the fnoguelity s 4 1VH 2 5.0 Bgualidy
Rolis ol anid only ij [ af. f, f,.‘{j} 15 r'r;.‘iym,plr:: 1.

Theorem B ({4 Ted (Moo Eon i he o confornadly flat alinest
cosypdecfic monifeld w2050 Thoen the scalar cursnture

cobis mon-postiece and the monifold is cosymepicetic if and only if

(af ¢
it 7s o alls fal.

St purpose of Shis peoer s to geneyalive Theorems A aned B by using

the Liiee o i o non o'y way (5
T, Almwest cosymnieetic manifolds. Lot (M0, 8, ¢) be a (20 +
cual phuest centet meirie gyanfold. that s W< a differentinble
' C cooy almost contaet metrie strueture o AL formed
Js oot of tope {L010(1,0) anad (0,15 cespectively. and a

Wiy mtrie g seh that

RRITe ot

E, wf=10. nyod=0 nl&=1,

2
S

(X)) =g X&),  gleX.0l) =g(X. V) —y(X)n(Y).

el (Mo £ n, ) s setd to be an alinost cosyieplectic manifold if the forms
and ;e closed. e, dd = 0. dy = 0. where d i the operator of exterior
detion In partiealor,if the almest conraet structure of an alinost
ymplierin manifold is normal, then it 1s said to be a cosympleetic man-
€. A5 it i known, an almost contact metric structure is cosymplectic if
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and V¢ vanish, where ¥ is the covaliant differentiation
we have V6 = 0.

and only if both Vi
see [1). also see [3] and [4]). However, if
ily.

ALMOST COSYMPLECTIC MANIFOLDS 7T

with respect to g (
riant differentiation of ¢€ =0, we cin see V=0 cas
1nit.

by taking the cova
We necd in the sequel the following lenu
Lemma 1.1. ([4]) In an almost cosymplectie manifold M, we have

(1.1) Vexé = —$(VxE)

(1.2) (Vpx )oY + (Txa)l —y{(Y)Vexg =1

d(R(X.Y)Z.6) = (Rl X, Y )Z,6) + gl Rlod 1)oZ, £}

(13) 4 g(R(X,6Y)62,6) + AT 00N

ihe Riemannign curvature tensor of M.

ou an almos! cosymplectic manifold we
£ denotes the Lie differentiation.

vifold M, hows symmetric.
d Vg = 0. Thus

X ¥)=0

where B 13 _
Here, define an operator b
by h = F%quﬁ, where Then we ect the
following two lemmus.
Lemma 1.2. Inaen ¢
Proof. From (1.1) and (1.2),

Imaest cosymplectic ma?
we have Ve& = 0 an
we find ) ’
_9g(hX,Y) = g((£ed) X Y) =
= ¢(Ve($X) = Vaxt — P(VeX) +
= g(—Vex§+ $(VxELY )

ST xE),Y) =

XorYisé Fo
X, 0¥ =0. Continuin

which vanishes if either
g the computation, we

leads us to n{[¢X,Y]) = ([
get,

g (hX,¥) = (L)X, V) = a(Tax ¥ H T x (6T =

H(Led)Y X ) = 297, ),

1.
(L4 oy (X)) + n(VerX) =

which completes the proof.
Imost cosymplectic manifold M, the following

Lemma 1.3. In an ¢
relations are satisfied.
(1.5) V&= phX

. hE=0

f+oah

+ X and ¥ orthogonal to £,dn =01

3
(1.7) ph+he =10
(1.8} Tr h =0, where Tr It is the trace of h.

Praof. For an alos symplectic i
ot [2]) v alost cosymplectic manifold A, wo generally have
2(Vy )V, Z) = -3dB(X, Y, 0Z) -+ 3dP(X, ¥, Z)+
9 (N0 20,0X) + NOE 2
4 (@Y, X Z) = 2dn(¢Z. X n{Y)

(1.9)

e ,f[” . T o T -

o (X,0) = VoY1) 4 25X, 1) (No(X,Y) = X, 7] +

HEX, oV ] = ¢[X. Y] — ¢1X. #17]) and J\-'”)(X.)"):(ﬁ(l,\.,])}»'_:.fg.;,])x
; S LAY .

3 . ol =B AOcrats H :
Se. in an alinost cosymplectic manifold {1.9}) turns out

H N roe 1
(1. iC} Zq((v \(b).‘ L) == G(I\T(A)(}‘:Z)- QSAY) + ,Vw)(}"’ Z)n(—};)

drere WU XY V) =N . .
where NUNX, 1) = Nyt A.Y). Putting Y = ¢ into (1.10), we flud

29((Vx0)E. ) = (N(€,2).6X) + NONE Zy(X) =
= g(Ng(&, Z2). 6X) — (Lpzn (X)) =

= g($2(€, 2}, ¢ X) + g($(6 Z, €], X)) + ([ 2, n{X) =
=g([€. 2], X) + y((¢2,€,X) = —y{Led) 2. X).

Thus. by lenuna 1.2, we get,

1.11 '

(1.11) (Vx)f = hX,

f hich — WX

(1'1011111 “x\ ‘:1;): Siglf-v ffé] Tl gz\.;fherefore we obtain (1.5y. From (1.2} and
A1), we easily fiud (1.6). Next, we prove (1.7 X P

D t‘l“)it Next, we prove {1.7). By (1.4), for X and ¥

g{lhd X, ¥ = (VYY) 1 Vex(@Y)) and

g(h&,9Y) = n(Vor (X)) — (Vv X).

n the cther he Iy = e c e
R er hand, Jn = 0 leads us to y([X,Y]) = n([¢X, 4Y]) = 0, from

~ (VXYY 4 5(Vy X))+ 0(Vex{$Y)) — i Ver (X)) = 0.
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v [ oAbt [
).

inking é-basis, we fve {1
1 i

(l 1‘ i tlld‘
A hiodd o ol sinos

Therefore we obitain
Moreover. we prepare sind
Fust of all. by (1. 5

relitions whic
plectic manifoldl. we gt

Vo, Ny, = Il

(1.12)
The following lemua 18 gotten by (13 ) and Olsvak Theoren 4.2
Lemma 1.4, Four any elinos geynglectre afoid e i
(1.13) S(R(E._\ NS LS SRR W)= dim.
{1.14} (e ! i
where € 13 the fored operalor,
We also have the foilowing
] f 1.
(AT VAR A R IAT EI | et

Lemma 1.5. LTha Riciy tunie
M sailsfes the followng

(1.1:” .Lli'-ll;l =%k -:'- WALy
R SN oL Lot VN e, =
AN ,.O,JV:':,f"A. + By 2RI Bt + ?h.;,.h"h.
Proofl. Toutructing Ll = VN - V8wt respedt to ¢
AR o verity Le second cqualtty
whore we

and k. we obioin the fst puiniey ol {
we rewrite V'V, 1~\—\—1 = T g lies we get i1.15).
used Y.y — V,m =0 gyt ()[)t!."uxl‘d.', TV, b0 @t e = T

get

T e e v -c’osjvr(.’-}"'k =

Q“Y’ V {}J;\.,—*—(‘)
= V'V -n,n,;_-%—r;,\ g+ 2V, 1,V

wo obtain (110
e lmu ease 2R
“s

tmantm
ay HE ]H th(‘ I\.:ll
Ry = s wrilten

Applying (1.12) (1. 15) to the last ¢
Here, we define R by the satie w
—R,-,.Hé'_,cﬁk'. B\ Thc‘ Biancly  1ed urm _
R*;; = —Rigred J,« CWe detine 5 by 97 = R* gt
Lemna 1.6. R i sabisfies the following e an

?ﬁanifold.

alrizus

o [ R V.«s'. V{*(p\‘l] 1 hu-il‘rj.

ALMOST COSYMPLECTIC MANIFOLDS

Foip k. WE

Lo y‘mph cise )

e

- S
Proof. By the Rical identity. for o, we gt

\7V.(,5‘-_ '*.. s Farl)
(Vid'y = ViV j = =Bl + B e’

Contrectine the las . .
ine the last equation with respect to ¢ and &, we Hud
o 3 L

1.18) Ry s
’ ViVid = = Rug"j 4 Rayred"™

Tranoverting (1.18) by — e, we gt
1.19; PRV V' = Ry o' v = R i
Traw-veeting (1.18) by ¢/ p, we also have
(1.2 — 37 ViV = Riy = Ria€yp = R
Changing t to 5 in (1.20), the result and [1.19) imply
Q"L (Vb =V jbo) = ‘R’,-k +' R,.;qsr ' 'Rj;gwk —2R" .

:]"](( W sld.\' ; z ; (") I : P = ]
q’;_} ar }')r} ) tll(_ aDOve (&34 tdfl(}ll 15 WI]. tEIl dS

—¢ k\_? vm')j" - Ri’“ + Bped’ jo'k — stf.s'f]k = 2R*3k.

T 1\]] ;)(l ¥ t ( st o \ ¥ ‘ b 4 [4
4% ” tlll ‘1\1311“1‘ |11( 1t (f ]1 !c (lu: L]( 11 fill(l 15 ll!b (1 }.G) woe Ul)t 1111

(1. !.l '
define (Vqﬁ)( ) for a vector ficld X by (Vo X) = (V,é,.X")

Thl-u W HOe ﬂ \7({)} )“ v
[ o n.uv LXEY T, srer | . '
T = (7, generafly. Tt is .115(; casy to "’Sltfv ) w h(tl ||T|| = T;;TY for

(1.21} I @EM = lIAll.

Thus }u e have the foliowing from (1 7).
ro
position 1.1. An- almast f'm_;m'plrm‘z(, manifold 13 rosympl-:-:iu

I‘anrernlf/ if B+ R ;i = Rij + Revein?
emark 1.1. (1.1 ) and (1. 1:) ive t]l( Olszak'side n*rt} .

it

'22) S —_ ::'I-. : r("l 1 M " .
g, &)+ if.v'ﬁ"-.' = 0 (5 is the scalar curvature).

2. A e
vature]n};oatbcosv;nplectlc manifolds with constant ¢-sectional
. - DY we denote the

ifold M defined by 5 = 0. d“’t“]’?”““‘ of an almost contact metric
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M is said to be of constant $-sectional curvature if at any point ¥ € M
the sectional curvature K{X,¢X) 18 independent of the choice of non-zero
X e D,. In this case, the ¢-sectional curvature I is o function on AM.

Theorem 2.1. Let M be @ (2n+1)-dzmcn.ﬂiunal ulmast cosymplectic
manifold of constant q‘)—sectional curvature K. The Ricei curvateres satisfy

(2.1)

for each unit X € Dy, 2 € A. Equality holds for any point T € Al and for
any uwnit X € D, if and only if M s cosymplectic, where Ric 1s the Ricer
curvature tendoT.

Proof. We

Ric(X,X) + Ric($X, 6X) < (n+ 1Y

define C and D by

Cijn = Rurpsd cd a(8® — £ (05 — e )60k = T G £hip) =
= Rirk.e¢r3¢sl + Rarbsﬁaéhd’rqusl’]mk"'
- RarksEG¢TJ¢317]i - Rirbsgbﬁbrj‘f’sl”k,

Dijr = Klgik — il ga — 1m)-

Then K(X,¢X) is equivalent to

— K for any non-zero XeD;

(2.2) (Cijri — D;,kg)Y‘Yi}"‘Y" =0

for any Y € T,(M). Putting L =C-D,(22) equivalent to

Lljkl + Li]lk + L:kﬂ + LIHJ + L:i‘k; + L:I}k"’"
+ Ljikt + Ljite + Lyiji + Leitz + Lu; + Liigx = 0

Transvecting the last equation by glt, we get

Rix 4+ Res® i6"k = Ruian % — Rarpf € 071876+
+ 3Rt:k + 3R . — R:rgr"]k - erirnx - SR* ri'grnk - 3R* rkﬁr’.'l't'!'
+ 4+ Resf € ik — A(n + DK (g — i) = 0-

Let X € D. such that || X|l = 1. Transvecting the last equation by et
and applying (1.13) and 91.17), we obtain

(2.3) Rie(X,X)+ Ric(¢X,¢X) = (n+ K - ?i;;(w)(xmz - f’—lnhxuz.

e D implies

Equality of (2.1) for any X
0, hX = 0 fo

Therefore, we obtain (2.1).
- s . ¥ & D,. Since h§ =

— e

ALMOST COSYMPLECTIC MANIFOLDS
LK Bl

any X € D implies Ir = 0 :

. = = 0. From this we L .

Therefore, (V . _ s we obiain (Va)E) = . .

.1]‘(‘1f_f”“"' (VAHX) = 0 for any X € D 1m >1i<:.q“v(' (i)(S) n Q ]f“' (1.21).

plectie. ! ¢ =0, so M 15 cosym-
Remark 2.1. Let {¢

Lot {r,, deq. & 1 <o <n} be a d-basis of T(M) of

an alinost cosympleetic manid
\ otie nu 1 ot 4 :
. SRR i :1 Irf (;{fl nf.;..nnhttmt ¢-seetional curvature Iy . Since
e v X = 1o = 1 1 23) ges (VKGN = [(98)O)] for
S, htain ||Vél* = 2 Z NV eallI* -+ i) ;11.1(1 121

43

(4}

- ; ” T .
| 16011, DY (11 ) 1l l (._..3). ].l,‘ whoe lr”. curvature S el V(1 5
fre ] l € 4: t ¢ o8 1 L 15 gl )1 b

S = Ric(6.6)+ > Riclea,ca) + > Ric(gen, dea) =

—[[l* -+ (n i =3 : 2 Sy
(n 4 1k = < > VA el - i Y lheall* € (0 + 1)nk.

a=]
- n=1
The hn‘;t inequality is due to O ls z a k [4]
3. Conforms almost :
L ol él:;ll{ ﬂ('.lt almost cosymplectic manifolds. Let M
v flat almost cosymplectic manifold. Then the Rit; it
. : : mannian

curvature tensor I3 is expressed as

Ri ikt = 1 b‘i o3 i
i e s CREE Ryt + Rlegii — Riugin)—

S .
Sl — 1) A9~ 81k )-

REer
Thus f1*; 1s given by

R roogd e
2n — 1( ij+ Reyd i@ — Rirl ) — o045 — nigj
] ' 2”(2“ —1) Gij lh?]J).
et X' £ D suchithat ||.V] = 1. Then

R NY = — L (Rie(X, X
] T 1(_RN:(.\,,\' )+ Ric(¢pX,$X)) - 2

(2w — 1)

n the other hand, (1.17) leads us to

R.*i‘_\—i_'\'j — A TR T . )
J Ric( X, X) + Ric(4X, ) + | (V)OI + 0 X"

l- 5
n )1111115‘ th(, 1(!.51. two e lld.t,l“ll‘) we got
l .=l

=3 Ric{X. X (X 5 S
N )+ Rie(o X, 90X )) = _;_(2”_1)(“(V¢)(X)”2+||hX||2)_
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Therefore we obtalu the following,.

Theorem 3.1, Let M be a conformally flat alnost cosymplecte neetis
ifold of dimension 20+ 1 7 0 Then, for any wnil N& D

(3.2) Rie(X.X)+ Rir(oX.6X) S 5
D — 3
halds. Equality harlids for anuy wniit X e D oaf and aly of W as rasneep fir .
Remark 8.1, Let s W.EVbea o-hast of Tr AL ona ven Lo iy
flat almost cosymplectic manifold  Then, by {1 14) ancd (3L we cau see

that tlic following relintlon 1= aatisfied

I — 3 U T
s I owet 4 Sl =
n—1 2::-—1” u Qh\ i '

V]
[R]

X

ot

1

where we have used el = il *. This equation is e to Oz a k(4

(6.4)

Let & be a real number.
distribution of a Riemann

oxt cosymplectic manifold.

4. k-uullity distributions in an alm
denofe the foanliiy

By N(k) 1o — Now) we
van manifold (AL g). where
N (h=1{Z¢€ T (M) R(X. Y)Z = k{y(Y. 20N - (N2
X, Y e TR(M)}

Then we prove the following.
Proposition 4.1. Let M be an an el

If € belongs to the b-nullity distrbution. then 15
admats three smutually orthogonal and integrable di b tions DO D(A)

and D{—X), defined by the eigenaspiecs of B b k.
Proof. By & € N(k) we can see Ric(€.£) = 2w, Then (1,14} implies
k< 0, Now we suppose b < 0. From & € N(k) and {1 L3y we gt lh- = L'(;')z..l

Moreover, by (1.3). we obtain 1

sl eospmplucbee manafold.

(4.1) (Vye)l = —g(h XY A TR L

Sinee hE = € and ho1s synunetric. B = kgt bunhes that the resiric
Wb of b to the distribution D has cigenvidies ok uud =N
D(\) and D(—A) we denote the distiibutions defned by the ciger .f-;pzu'.(‘.sof!f
corresponding to ) and — A, respeetively. By D! we denete the distrilutiol
defined by £ Then these thiee distributions are jusitually orthogonal. ‘Le
X e D(AN). Then hy = AX aud ¢h = —hé nnply hoX) = —MAHX), an
Vo AV & Di=X). This mueans thnt the dunension of D(Ay and D{=

poe . ff k< 0, then M

9 e
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ave cqual to 2. We prove that D(A) {res i 1

re ¢ at p sp. D(=A)) is integrable. 3

i&_/,)ﬁ € (5(}\) (rvs\p. D(=M\)). Then, we have Vi€ = ol \'I;B—li—t\,gf:\' 11‘1::1
&= dhY = £2éY. Therefore, g(VyEY)=1¢ (¢ T
&= ond T (Vi Y) = ¢(VyE X)) = 0holds. Thus

rhrl.)-\,}' )=0 aml B[V Y1) =0 follows. And XY € D and £ £ 1{;((1:) i h]ilh

RIXN, Y€ = 0. On the other hand, ) B

0=VxVyl =V V- Vixy)=

= EAV A (SYJTAV (6X) — 9h[X, Y] =

— FAN{{(TN ) + VY )= (Vyd)X — (Vi N}~ gh[X, Y] =
= FA (V)T ~ (V@)X + 6[X, 1]} - oh[.X, Y],

B;'”(\.L)l,)]' r]i\f}:[s\t ;v}rm of the last line vanishes.  And. so we obtain
ShIX, Y] = £26[N. Y, which together with VYD) =01 aplics XY
i Sy hoy([X, ¥]) = 0 implies [X, Y] €
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