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The suboptimal feedback control is

ws(t) = —sgn(@i(t, 1)), = € (7 = 1)e,ig) i =10, e = T.
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ON GENERALIZED PSEUDO PROJECTIVE RICCI
SYMMETRIC MANIFOLDS

BY

M.C. CHAKI and S.KOLEY

0. Introduction. In a recent paper [1] the authors intraduced and
studied a type of ron-Hat Riemannian manifold { 1/* ¢) (1t = 2 whose Ricei
tensor S of type (0.2) ts not identically zero aid satisfies the condition

(1) AVXSHY.Z)=24(X)SIY.Z) + B(Y )S(X, Z) + C(Z}S(Y, X)

where A, B.C are non zero1-forms and ¥V denotes the operator of covan-
ant differentiation with respect to the metric fensor g- Such a manifold was
called a generalized pseudo Ricei synunetrie manifold, the 1-forms 4, B, C
were called its associated 1-forms and an »n-dimensional manifold of this
kind was denoted by G{PRS),. If. in particular, B = C = 4. then (1)
takes the form

(2)  (VaSNY.Z}=24(X)S(Y,2) + A(Y)5(X.Z) + A[Z)S(}, X }

which reduces to a pseudo Ricel symumetrie manifold introduced by one of
the authors (C b a k i) [2] who denoted such an n-dimensionnl manifold by
(PRS),. This justifies the name generalized psendo Riced syuunetric mani-
foid for the manifold defined by (1) and the use of the symbol G(PRS), for
it.

It is known [3] that in a Riemannian manifold the projective crvature
tensor 1V is defined by

1
1—1

where R and S are respectively the curvature tensor and the Rieei tensor.

If
(4) 'W(X,Y,2,U) = g[\W(X.Y,2).U]

(3) WX, Y, Z)=RIX\Y,Z) - , [(SIY.Z)X ~ S(X, Z)Y]
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then from (3) we get
W(X,Y,Z,U) ='R(X.Y, Z,U) - — [l X. )50 z)
7 —g(Y, ) S(X. Z)% where
(6) 'RIX,Y,Z.U) = g[RX. Y. 2L
Let
(7) PX,U) =" W(X,e;,e0.U)
where {e;;i = 1.2,....,m} is an ()I‘;jl(lll(ll‘lnill Dasis of the tangent space at

i / The ane (O, we get
each point and ¢; in (7) is stnmed for 1 €7 < n. Then, using (9) :—»
<

n . T
P(X = — SN, U} - ——g{X. U}
(8) PX.U) = —=S(X.U) = =0
where r is the scalar emyvature. The tensor P shall he ealled the projective
‘ k . H I Ga(E B
Ricci tensor which is clearly a symunetric tensot of type (0,2). ’ e
. The present paper deals with a type of non-Hat Runn:!fuu{{u manifo 1
> 'l Oiective Ricel tensor is not Wlentically zero ane
(M",q) (n > 2) 'v~thosc projective Riccl tensor
satisfies the condition

(9)  (VxP)Y,Z) = 2A(X)P(Y.Z) + BINP(X, Z) + C(Z)PO° )

where A, B, C are non-zero-1-foris and \_".lm.a th(" plvztn.m%{;n?1:f'ilfl:1:tlilft(;f,il(:
Such a manifold shall be called a gcner;}hm‘(l prc)_;m-t..nv ! '1((1 hi\hm(.mi“_
manifold, A, B, C shall be called its associated 1 f()[‘l;llb and an n 5
nal manifold of this kind =hall be denoted by G‘(PW RS, R

Let £ and L be the symmetric (-‘nflomorplnsms of t1-10‘ r:mg(Rn s]l ;(f“.%:u..
each point of G(PW RS}, corrcsl_)on(hng to to the projective Rice :
P and the Ricci tensor S, respectively. Then

(10) g(¢X,Y)=PX,Y) and
(11) glLX,Y) = S(X,Y).

Further, let

(12) g(X,p) = -‘4(-\’.)
(13) g{X,\) = B(X)
(14) g(X. 1) = C(X)
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for every vector field Y.
Then po Al g shall be ealled the basie veetor fields corresponding to
the respective associated 1-forms A, B and €. From (8) it follows that if in

a GIPWRS),,.r =0, then P = - " 15. Wo shall exchude this possibility.
-
Henee ju this paper v shall be different. from zero.

In this paper it is showu that in a G(PWRS),,, P(X, A+ P(X, pp=4q
for every vector field X. Since the scalar curvature of o G(PWRS),, is
not necessarily a constant, a necessary and snflicient condition for con
stant scalar curviture of the manifold is obtaiued. Considering the forms
AN BLYX), C{LY). denoting then by :f( X 5( ), C(X) respectively
and calling them auxiliary associated 1-forms, it is shown that if any one of
these forms is closed, then the remaining two are so. while if any oue of them
15 not closed, then the same is true of the other two. The question whether
m G{PIVRS)Y, the tensor P ean be o Codazzi tensor or a eyelie tensor has
been answercd negatively. Further, it is shown that in a G(PTWRS), the
curvature transformation R{X,Y) and the projective Ricel transforimation
¢ do not in general commute. In view of this. a sufficient condition for
commutativity of such transformatious is obtained. Moreover, it is shown
that if a G(PW RS), admits a wnit parallel vector icld ¥, then V' caunot
be orthogonal to auy of the basic vector fields p, A or 4.

1. Preliminaries. Contracting (9) we goet

0=P(X )+ P(X. ) or BUEX)+C(EXN) =0 or
(1.1) BIX)+C(X) =0

Again from (8) we got

(1.2) X e [ X=X
-1 n—1

[by (10) and (11)]. Differentiating (1.2) covariantly. we have

. (Y} .

(1.3) (Vy O X) = ——(VyLyX) - Ty
n—1 =1

Again, from (9) and (10}, we get

(1.4) (VxOY) =24(X )Y + B(Y X + P(X,Y ).
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Now, contracting (1.3), we have

n—=2

(1.5) (div€)}(X) = mdr(,\').

Next, contracting (1.4), we get

(1.6) (div 6)(X) = 2P(X, p) + P(X, ) = 24(X) + C(X).

From (1.5) and (1.6), it follows that

(1.7) P22 ey = 2A(X) + GLX).
2(n—-1)

Since ddr(X) = 0, from (1.7) we get

(1.8) 2A(N, V) +dC(X. ¥ =0
Again, from (1.1), we have

(1.9) dB(X, V) = dC(X,¥) = 0.
Combining (1.8) and (1.9), we can write as follows:
(1.10) 24 A(X,Y) = dB(X,¥) = —dC(X, ).

These formulas will be used in the sequel.

2. Auxiliary 1-forms of the associated 1-forms. From (1.1) we
find that

(2.1) B(x)+C(X)=0.

Again from (1.10) we sec that if any one of A,B.C is closed then the
remaining two are so. On the other hand, if any one of 4,8,C 15 not

closed, then the same is true of the remaining two.
We can therefore state the following theorem:

Theorem 1. In o G(PWRS), the wuziliary 1-forms B and C are
connected by the relation (2.1). Futher, if any one of the auziliary 1-forms
is closed, then the other two are so, while if any onc of the augziliary t-forms
is not closed, the same is true of the other two.
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3. S C lc Y o ]
I calar curvature of a G(PWRS),. We can write (2.1) as

(3.1) PX, )+ P(X, ) =0.
Sinee MUY ¥ o " L r L
e MY, V) = - 13(.\.) ) - :—;ﬂ—lg(.\',) }, we have
9.9 ; _om . r i
(3.2) P{X.A) = _—ra.—IS(’\‘/\)_n—lg(‘X’/\) and
(3.3 P(X ) = ——S(X Lg(X
} ( !!’) — I‘S'(-\M”} - ??_—hfq(:\”“)

Adding (3.2) aud (3.3), we get

P

PUA A 3 v . n . .
(XA 4+ P(Y ) = ;-_—1—[5(_'{,/\) + S, 1)) - - 1[(;{.‘(_.,\) + gl X, 1)

i . n i .
o 0= "7 IS(X ) + S(X, )] - = B(X) + C()

P
T —

[by (3.1}.£13) and (14)]. or

(3.4} PBIX) + CLX)) = n[S(X, A) + S(X. p)

]
From (3.4), we get

(3.5) , o MSEYL ) + S(X )
B(X)+ C(X)

, [BX} + C(X) £ 0.

This is the expression for the scalar enrvatnre.

froin (3-') ]t f()“()‘l\‘h t]]t\t s 1 CLesse l\ a consiant. No il( 11
h 1oL 1ee
) r Setll 1 1 11 \ W, N

n-—2 . o -
:’(—H?Ej dr{X) = 24X+ C{XY or
=2

{3.6)

ain = 1; (T X) = 2P(X, )y + PUX, o).

From gS.G_) we s;-(r that if r is constant, then 2P(X P+ PN, ) =0
. ] - H b t i I S B N
Again, if 2P(X, p) 4+ P(X, p) = 0, then r is constant, because n > 2.

We can the e stare the fr I
an therefore stare the following theorem:

Theorem 2. In edf .
e v G(PWRS), the scalar curvature is constant if and

P(X.p)+ P(X, ) =0.
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Note: Sincein a G(PWRS),, P(X. M)+ P{XN. i = 0{by (3.1 )] an “_“_f‘n“_l“
tive form of necessary and sutficient, condition for constant sealar enrvatare
is as follows:

(3.7) IP(X,p) - P(X. A} =0

4. G(PIRS), with its projective Ricci tensor as a (J.odnz'z.i‘
or a cyclic tensor. We first suppose that the tensor P as a Codazzl tensor

{4]. Then
(4.1) (VaPYY.Z)- (VP)Y.X) =0

In virtue of (9) we get

(VxP)(Y.Z) — (VzPYY, X) = [24(X) - C(X)]P(V. Z2)-

S —[2A(Z) - C(Z)P(Y. X) = T(X)\P(Y. Z) = T(Z)P(Y. X)) where
(4.3) TIXN)=24(X) - CLY) # 0.

Let ‘ -

(4.3a) g(X,v) =T(X)

for every vector field X. Then g(v,v) = T(v) # 0.
In virtue of (4.1} from (4.2) we goet

(4.4) T(X)P(Y,Z) = TIZ)PIY.X).

From (4.4), it follows that T{ X }P{c,.,} = Tle WPl XY = yle, v) P, X))
or0=Plv,X)m

(4.5) P(X.v)=0.

From (4.4) we get T(XVP(Y. ) = TPV X)) or U = TP X

by {4.9)]- o
o { Sizltc T(1) # 0. it follows that P(Y. X)) = 0: but this is inadnnssible.

Henee P eannot be a Codazzl tensor, ‘
Next, we suppose thiat 2 1s a eyelic tensor, e

(4.6) (VaPUY. Z) 4 (Vy PUHZ X)HIV 0N V) =0

1 ! GEC s written as [2A(X) + B(Y) + C(X)P(Y. 2+
in virtue of (90 this can be written as [2A(X ].+ , PO 2) %
-:[QA(Y)-!— BY 1+ C(YWPIZ. X))+ AV BZY+CLZ)PY . Xy=0m

{4.7) QIXO\P(Y,Z)+ Quyriz, N+ X2V X)) =1 where

7 PSEUDO PROJECTIVE RICCI SYMMETRIC MANIFOLDS H1

(1.8 QY) =2A4(X)+ B{X}+ C(X) £ 0.

Let gt X&) = QUY) for every vector field X,

Flien g{&.8) = QLE). So Q&) # 1.

Froan td.7) we get QUX)P (e, c))+Qlei) Ple;, X)+Qe)Ple;, X) =10 or
(1.9 P(X. £} = 0.

Now fromt (4.7) we have QUX)P(Y.€)+OQ(Y 1P EXVHHOPIY, X =l ar
(4.10) QUEPIY,. V) =0,

Sinee Q(€) # 0, we get P(Y..X) = 0 which is not admissible. Henee P
caunot be a eyelie tensor. This leads to the following theorewm:

Theorem 3. In « G(PWRS), ihe projechive Rices fensor can neither

be o Coduzzi tensor ov be a eyelic tensor if T(X) and Q(X) given by (4.3)
and (4.8) are not zero.

From (8) we can write P(Y, Z) = LIS(} AL —"-T_q(}". Z . Henee

n - 1y o—
(\—’\P?"YeZ)—(VZP)(Y-,-\'):%{[V.\-S)(}ZZ}—(\‘yS)[)i_\ |
(4.11) | 1=
o I[(ll‘(-\')!/(}',z) — dr(Z2)gtY . X))

If the Riced tensor S s a Codazazi tensor, e,
{4.12) (VXSAY Z)—(VaSHY.X)=0

the. from (.12 3t follows that dy [N} = 0. Therefore (4.11) assstunes the
form

I:4.13\ [\7'\])][}-‘2}_';VZP)“'.‘\-} _9

e the projective Ricel tensor is a Codazzi tensor. But by Theorem 3 it is
admissible. This leads to the following theorei:

Theorem 4. In a« GIPW RS}, the Ricci tensor cannol be o Coduzz

tensor,

5. G{PWIS), with commuting curvature and projective Ricci
transformations. In this section we enquire whether the carvature trans-
formation R{X, Y} and the projective Ricei transformation £ colwnnte in o

G(PWRS),. If not. we obtain a sufficient condition for their commutativity.
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In fact, since ¢{(X,Y) = P(X.Y) we have to determine whether
RX,Y)-P=0ma G(PWRS5),.

- 2 "] W) P2, W)
Y- VY = 2V A)Y) — (Vy A L
[R(X.Y)- P2, W) _[([v(yﬁ)(lz(‘} ) A ZIPLY, W4
(3 +H(VxB)2) - BLX)B(Z)P(Y, TV )+
o +(TyOHW) - C(x)CH )]I’(Z,}' }
STy O = CYICW)P(Z, X)),

z C Y Y g not uecessarily
From (5.1) it follows that in a G(PWRS),. B{X.Y) - P is not necessarily
o However, if (VxA)(Y) = AX)A(Y), (W B_)'}")'sz(j}")?’(;)"')} :-:u&
(VYY) = C(X)C(Y) it follows from (5.1} that [R(X.Y)- Kz,
ie R(X,Y) P=0.

Hence we can state the following theores:

Theorem 5. If the aesociated 1-forms 4.8.C of u G(PH R”‘!S ),: ::i
recurrent with A,B,C as their respective 1 fornes of recurience, t. Le Jf
” ‘ " TR PR aTes frei-
G(PWRS), will Lave commuting curvature and projectuee Rrcei tran
n

niations.

6. G(PWRS), admitting a parallel vector field. A V‘(‘f:;,()r field
Vina 'Rif:mannian manifold {M".¢) is said to be paratlel [31, [0 1

(6.1) ViV =0
AR TEIPRT T .“ll‘\.'. L '
o u(\;\;e :i:‘\:“oint[lfp;sc that a GILPIWRS), admits o paralel vector fic 1§
Applying Ricel identity to (6.1} we get
(6.2) RN V) =0
From {6.2) it follows that
(6.3) R(X.Y,Z,V)=0.
From (6.3) we get
(6.4) S(X,V)=0.

Therefore from (8) it follows that

I B
(6.5) P(X,V)= == (X, V).

9
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From (6.5) we sce that, — 15 an eigenvalue of the projective Ricel tensor
K

P and V' is an cigenvector corresponding o this cigenvalue. This leads to

the following theorem:

Theorem 6. If ¢ G{PWRS), admits o parallel vector field V, then
-

7 13 an eigenvalue of the tensor P and Vis an eigenvector COTTESPOTL-
n—
ding to this eigenvalue.

If V is a unit vector field, the question arises whether any of the basie

vector fieds may be orthogonal to ¥, The answer will be obtained from the
following discussion.

From (9) we get

(6.6) (VxPYY.V)=2A(X)P(Y,V)+ B(Y)P(X.V)+C(V)P(Y.X).

Again from {8) we have

(67)  P(X,V)= ="oS(X.V) - —T—g(X, 1) = ~——g(X,V)

T — n—1

fby (6.4)]. From (6.6) and (6.7) it follows that

(VxPYY, V) = —2A4(X)[—59(¥, V)]~

{6.8) e T . : R
—-D(} )[mg(.’\’, V)] + C(V)P(Y. X).
Again
( (VXPYY, V)= VxP(Y, V)= P(VxY. V)= P(Y,ViV) =
6.9)

1
= — 4 "V
~——— dr(X)y(¥} V)

[by (6.8) and (6.1)]. From (6.8) and (6.9) we get ldr(X)g(Y,V] =
n—

- 2A(X)n—il-g(Y, V)+B(Y)ﬁg(x, V)—C(V)P(Y.X) or
(6.10) (Y, V)[2rA(X) — de(X)] + B(X)rg(X.V) = (n — 1)C(V)P(Y, X).
Putting X =V in (6.10) we get

9V VI2rAY) = de(V)] + B Irg(V, V) = (n = DO(V)P(Y, V) =
= (n = VCV)= ~79(, V)] = =rC(V)g(¥, V).
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Il
—

6.11) gV, V)2rA(V) = dr(V)+ rC(V)] = =rBY) [gt4- V)

[17) is assume : here zero, it follows from (6.11)
R 0 and B(Y) is assumed to be no w o LR
tSlllr‘:,(t:LnZi?téhcr g(¥, V) =0or 27 A{V) = dr (} Y4 0OV = . Thus \\(_\m‘t. th 1‘1]
V cannot be orthogonal to p, A or g for otherwise glp, V) =0org(A 1)
or ¢(;1, V) = 0. This leads to the following theorem.

Theorem 7. If a GIPWRS), admats o unit ;J(.'.?'H.”r-l aector field V.
then V cannot be orthogonal to any of the busic vecter fields po X or g1
Further. the scalar 2rA(V ) — dr'V + rCLV ) cannot be zero
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SOME RESULTS ON (' R-SUBMANIFOLDS
OF A NEARLY COSYMPLECTIC MANIFOLD

BY

M. HASAN SHAHID and A. SHARFUDDIN

0. Introduction. C'R submanifolds of a Kachler manifold his been
defined and studicd by A, B ¢ Jaucu {1} and sinee then many papers
have appeared on this topic. On the other hand, € B-submanifotds of an
almost contiet manifold were studied byM-Kobayashi[6, K. Yano
and M. Ko (8], and the present authors (3] In [4], D.Blair defined a
nearly cosymplectic structure on an odd dimensional differentiable manifold
and CR-submanifold of such manifolds were studiod by Tanws 3. The

ainn of this note 1s to continue the study of CR-submanifolds of a nearly
cosymplectic manifold.

1. Preliminaries. Let M he an n—dimensional almost contaet nietyic
manifold with an almost contact metrie structure (. & 1 g) satisiving

{1.1) o' X = X + (X)) p(€)=1. 60€=0

(1.2) 90X, 0Y) = g(X, 1) — (X )n(Y). ¢(X,€) = y(X)

where X and Y are vector fields on M. Further, 37 is said to be o nearly
cosymnplectic manifold if

(1.3) (Vxo)(Y) +(Vyd}X) =0

for any vector fields X and ¥ on A, where © denotes the Riemanmian
connection of ¢ on M.



