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Or
(6.11) g(Y, V) 2raA(V ) — dr(V)+rC(V)] = —rDB(Y) Vo V) = 1

Since r # 0 and B(Y7) is assumed to he no -’\\'11('1’4;7_0%-:). i f(:}lcl)\vs. [1'1Tu.1 .({‘(:.]1]-1”)
that neither ¢{¥, ¥V} = 0 or 2rA(V)— v (v +.r("“ Y= . Thus \\(\m‘.} ‘U
V cannot he orthogonal to p, A or i for (-uth('rwmv g{p. V) = 0or g{A

or ¢y, V) = 0. This leads to the following theorem.

Theorem 7. If a G(PWRS), admits o unit pu.mllr.[ veetor jield V.
then V. cannot be orthogonal to any of the basie wvecter fields p. X or i
Further. the sealar 2rA(V) = drV 4 rCUV ) cannot be zero,
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SOME RESULTS ON (' R-SUBMANIFOLDS
OF A NEARLY COSYMPLECTIC MANIFOLD

BY

M. HASAN SHAHID and A. SHARFUDDIN

0. Introduction. C'R submanifolds of a Kachler manifold has been
defined and studicd by A, Bejancu [} and since then many papers
have appeared on this topic. On the other hand, € R-submanifolds of an
almost contact manifold were studied by M. K o Iy a vashi[6l K. Yano
and M. K o n [8], aud the present authors S 4. D.Blair defined a
nearly cosymplectic structure on an odd dimensional differcutiable manifold
and CR-submanifold of such manifolds were studicd by Tanusi3]. The

aim of this note 1s to continue the study of CR submanifolds of a nearly
cosymplectic manifold.

1. Preliminaries. Let M be an n-dimensional alinost contiet met rie
manifold with an almost contact metrie structure (o, E.n. g} satlsiving

(1.1) o' X = X + (X)) y(€)=1. b0 =0

(1.2) g(o-X,8Y) = g(X. 1) = (X (Y"). 9(X,€) = 51 X)

where X and Y oare vector fields on Af. Further, M is said to be a uearly
cosymnplectic manifold if

(1.3) (Vxe)¥)+{Vyd)X)=0

for any vector ficlds X and ¥ on 3, where ¥V denotes the Ricmannian
connection of g on M.
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Let M be an m-dimensional isometrically immersed submanifold of
W and let us denote by the same g the Riemannian metric tensor field
induced on M from that of M.

A submanifold M of M is called a C R-submanifold if M is tangens
to € and there exists a differentiable distribution D 1 M 3 ¢ — D cC,TA,
such that

(i) the distribution D 1s invariant under ¢ 1.e. Dy C D,

(i) the orthogonal complementary distribution D+ of D is anti-invariant
under @, i€ ¢Di‘ C vz, where vy 1s the normal spuce at w € AL

The distribution D (resp. D) is called the horizontal (resp. vertical)
distribution. Also, the pair (D, D*) is called ¢-horizontal (resp. E-vertical)
if £, € D, (resp. & € D).

For a vector field X tangent to A, we put

(1.4) X =PX+QX

where PX and QX belong to the distributions D and D+
For a vector field N normal to M, we put

(1.5) 6N = BN +CN

where BN (resp. CN} denotes the tangential {resp. normal) component of
¢N.
We denote by u the complementary orthogonal vector bundle of $D+
invie v=¢Dt @ p Then it is easy to see that p is invariant under ¢.
The Gauss and Weingarten formulae are respectively given by

(1.6 VY =VxY+ h{X, Y}, VN =-AnX + VLN
X

where X,¥Y € TM, N € v. Here V is the Levi-Civita connection of M,
h is the second fundamental form of M and V* is the normal connection
induced by ¥V on v. Moreover, we have

(1.7) g(M(X,Y),N) = g(AnX.Y)
for all X,Y € TM and N € v.

Definition. A CR-submanifold of a nearly cosymplectic manifold 13
said to be D-totally geodesic (D*-totally geodesic) i h(X.Y) = 0,
vX,Y € D (R(W,2) = 0, YW, Z € DY) and mized totally geodesic if
WX,Z2)=0, where X €D, Z € Dt

(2.4)
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It is ke : 1 1
},_\-I,(‘l-_.\.m.fm-(.t ::}msiha(tlt[l::,ﬁvc dimensional sphere $%, as a totally geodesic
e ]:_:,“L:il “c:lc; u('falr.l_v cosymplectic structure which is not
hpiectic Ul Each al "13’1)(.1511;{;1(:(- .of nearly cosymplectic manifoled
g » £ 1s typical example of CR -submanifold of 37,

2. Para 3 sgo .
e e f(lilel l.lonzontal distribution of ' R-submanifolds. First
i3 3 ¥ 4 : - =
cosymmplect ) m_\fnll% Ilumn.L which follows from the definition of nearl
i ectic manifold by equati ; arly
: ing horizontal, vertical :
nents fuating Lorizontal, vertical and normal compo-

Lemma 1.

ety Lf” M b; 1 ; -
smanifold 7. Thon ¢ o CR submanifold of a nearly cosymplectic

(21) P(v\oﬁp}-) + P(VY ¢P-Y) P(‘;ldﬂQ)"‘Y) P(A \}'J i
E= aspv/\')’- + q)va“; ‘;)Qa =

(22) ()(V\¢P}')+Q(V3¢PX) (J(A':"QY‘Y)"(-?(‘z]-mQXY) _ 23}1(_\" }j

(2.3) WX, ¢PY) + h(Y. ¢PX) + Vi4QV + VigOx =
=¢QVxY 4 onyX'\Jr 2CH( X, }‘i;ﬁQ‘\ -

VX.Y eTar

Definition. The distribu :
jor X.¥ €D ¢ distribuiton I is said 1o be D parallel if VY € D

Proposition 2. Let M be o &-vertical CR

cosymplectic manifold M. Then the distribution D submanifold of u mearly

i parallel if
h(X,6Y) = h(Y.¢X), VX.Y ¢ D.

Proof. As the distribution D is parallel. so we have

Vx¢Y € D, Vy¢X € D, VX,V e D.

Now from (2.2), we have Bh( 3
- from (2.2), we b X,Y)=0, VX,V
Again, since $h(X.Y) = Bh(X,Y) + Ch(X,T) Ebc?{ve h

aAve

Sh(X,Y) = Ch(X,Y), VX,Y € D,
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which together with (2.3} asseris
MX. oY)+ MY . 6X)=20H X, V) = 2ah{ N Y.

Putting X = ¢.X where X £ £ (2.4) and using the faet that g(X) =0

for £ € D, we have

MOX.SY )+ MY X ) = 26h($N,Y) or.

(2.5) heX, oY) = h(}.X) = 20h(oX, 1)

Similarly. we have

(2.6) hoX,eY )~ HX. Y} = 2wh{XN. oY )

Thus from (2.5) and (2.6). we get the result.
The following 1s an easy cousequence of (1.7).

Lemma 3. Let M be @ CR submanifold of o nearly cosymplectic
manifold M. Then M s mized totally geodesic if and only of Ax X e D,

vX € D.

Definition. A normal vector ficld N # 0 1x D prrallel normal scetion
fVLEN =0 VX €D

grodesic CR submanifold

Proposition 4. Let M be a mired totally
o)t s

of a nearly cosymplectic manifold M. Then the normal sectron N e
D -parallel if and only if VyéN € D, VX e D.
Proof. From (2.2), we have Q(Vy X ) = 0. YYeD YeDt In

particular, we have Q(Vy X) = 0. Now, using {2.3). we get

(2.7) VyoQY = 6QV Y. VIN = =0QVyol.

If the normal section N # 0is D patallel, then VyéN € D.ov\N e D.
Converse part easily follows from (2.7). which completes the proof.

Definition 1. 4 CR submanifold whose distribution D rs anbegrable

(i.e. involutive ) is called foliate C'1’osubmnanifold.

Finally, we prove
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LI |

T . _ .
o ”}-10916?11} 5. Let M b‘(: a mired totally geodesie folinte C R subma-
@ nearty cosymplectio manifold M. If N £ 0 45 D perallel norn 'l

s rallel norma

seetion. then so is 6V,

Proof. Let & &
Cope ;1 a :E Q bea D parallel normal section in gr. Then for cach
. -5 o = r - . § .
_ sing the definition of nearly cosymplectic manifold. we have
. 3

12.8) (Vyol \} +{Vay HIN) =0 or.

(2.9 S
) V"{(:),\ = L‘«'.vj"\- GN).

).

Stl 3 S0 T h t , L d v

le_ K:)L“_'{(;’\‘}I"l“w N, (..J_'.\ s @N.} bealocal frame in pi- Let us assiumne that
- '\l |J__ 0. Then onr ainis to show that V{ﬁ@b;‘\'. 0. Now., (N, N ‘
aud VN = 0. Then these two equations give e

.
(2.10) g(VLaN | Ny) = 0.

I\l()]'(‘( wer,

HNLN} =0, j=2,.5 and V¥, =0

which give g(N, VEN;) = ¢.
Now, using (2.9) in the form V_J\'-N = ¢(\7$'\.;\") we get

L
YN BV N1} = 0 and consequently gV iy NiioN ) =0
o [* A e T
This implies that
- ;o
(2.11) HVIN N ) =0, j=2,. s
Again, from g(éN . N =0, j =2, ..., ¢ andd (2.11). wor gt
l) u) 0
(2.12) YIVNON . N)) =0, j =2, ...
From (2.10), (2.11} and {2.12), we have
(2.13) VYoM LN, i=1,2...s.
Thus
i - .
VNN =Y b + 5 figEs.
t=]

k=1

where {Ey, ... E,} is a local frame of D.
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From (2.9), we have

3

ki
(2.14) VigeNi =) alNi+ Y AEr.

=1 k=1
Since Vi‘xq‘)Nl is normal to M, we have fy =0, k=1,....q.
Also, from (2.13), we have
ViyeN L N
Making use of it in (2.14). we get a; = 0. i=1,...s Henee Vj‘\—w.\’, = {).
i.c. V¢N, = 0. which completes the required proof.
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ABOUT M - TANGENT CONES IN LOCALLY
CONVEX SPACES

BY

CONSTANTIN BACUTA

' Cl. Introduction. Let C be a closed subsct of a Banach space E and
x € C. The Clarke tangent cone , T(C. 2} is the sct of all y = E such that

(1.1) {V y; € Vr(-‘” 3 3X € V(2), A > 0 such that
Va' e XNC, pe(0,A): (a' +,¥}NnC £ 9,

whcx:e V(z) is thc’ collection of all neighborhioods of @, respectively y. The
contingent cone K(C, ), is the sct of all y such that

(1.2} VYeV(y) A>0:[z+(0,)¥]INC +0.

JS5Treim: ave hur izati
recim an [8] gave a new chracaterization of the tangent cone, derived

using the method of Bishop and Ph 1
the s i clps|2]. 5 18 prov
following inclusion: PR Aot the

(1.3) liJ{p_il;fK{C, )T TIC, ).

where By, e) is the open ¢ - ball around y.

To obtain similar results and their consequences 1n the case of a locally
convex spaces, we used a new concept of limit for the multifunction. This
concept (for a locally convex space E) uses a class of hounded s'ul.:sct:.; of E,

and tlleﬁ t.O SlletltlltC t}]( fa-ct th'lt- t} € ne I [
« 1 1€¢1 h JOr h() (1‘1 « a point e 1ot
g O(1s ){ 1 arer

2. Limit concept. Throught this I
. . paper, the topology of the lincar
space £ is assumed to be locally convex and separated (Hausdorff). Let S



