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From (2.9). we Lave

R i
(2.14) VicoNi =) aiNi+ ;l S Er.
1=1 =

Since V:;XdaNl is normal to M, we have B =0, k=1 ....q.
Also, from (2.13}, we have
Vé‘;\-q)_ﬂ 1 N,

o LN ().
Making use of it in (2.14]. we get a, = 0. :=1.....5 Henee Vgpahy =0

i.e. V_Jg-gf)N, = 0. whick completes the required proof.
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ABOUT M - TANGENT CONES IN LOCALLY
CONVEX SPACES

BY

CONSTANTIN BACUTA

L. Introduction. Let € be a closed subset of a Banach space F and
z € C. The Clarke tangent cone , T(C, 2z} is the set of all y £ E such that

(1.1) VY eV(y), 3X € V(@) A = 0 such that
’ Ya'e XnC, e (0A): (2 +pY )N C £ 0,

where V(z) is the collection of all neighborhoods of T, respectively v, The
contingent cone N(C,x), is the sct of all y such that

(1.2) VYeV(y) A>0:[x+(0,XY]NC +#0.

J.S. Treiman (8 gave a new chracaterization of the tangent cone, derived

using the method of Bishop and Phelps [2). Also is proved the
following inclusion:

(1.3) liminf K(C,2") C T(C,x).
+!—ur
where B{y,¢) is the open ¢ - ball around Y.
To obtain similar results and their consequences 1 the case of alocally
convex spaces, we used a new concept of limit for the multifunction. This
concept (for a locally convex space E) uses a class of bounded subsets of E,

and tries to substitute the fact that the neighborhoods of a point are not
always bounded.

2. Limit concept. Throught this paper, the topology of the linear
space E is assumed to be locally convex and separated (Hausdorff). Let §
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he a topological space and let M be a elags of subsers of E.We denot [
V(z). V() the collection of all neighbourhoods of v € E. 5 € S respectively.
Definition 1. Let F be any multifunciion from § to B The s

As)=M= li:p inf F(s")

§'—3

consists of all y € E such that:

21) {VY € Viy), IM € M, AL C Y. U € V(0) such that

s £ U, .\IOF(N’) -‘,é w

Remark 1. A(s) will not be affected if V(y), Vis] are replaced by
a fundamental system of neighbourhoods A ), A(5) respeetively, be. the
condition (2.1) is a topological property of clement y.
Remark 2. If M, M, are the classes of subsets of E. My o My
and &,(s) = M, - hm inf F(s'),7 = 1,2, then
8 —§

A(2) C Agls).

Proposition 1. Let Mg, M be the classes of subschs of I7 swch that
Mo C M and for all y € E exists a fundamental system of nedghbowrhoods
N(y) such that

(2.2) VY € My), M e M, MCY, 32l My, M C My C Y.

Then
M = hminf F(s') = Mg — liminf Fish.

4 —3

Proof. It is obvious that Ag(s) C Als) if My C M. where

Ayls) = My — liminf F(s").
al—3

In view of condition (2.2} we also obtain that the reverse inelusion
holds and so A(s) = Ag(s).

Remark 3. In the special case when the family M is the cluss of all
bounded subsets of locally convex space E. then M can be replaced by o
fundamental system of bounded sets. In partienlar, we can consider only
the class Mg of all bounded, convex. closed scts of E.

Remark 4. For any multifunction F from S to E and for any class
M, according to Definition 1 it follows that M — linxinf F( s 15 always a

¥ —J3

closed set.
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Rel‘llcl[‘l‘\ 5- lf T 5 P b H Qe seLs ¢ H s easy t
3 1s th( ..I(L'. ()f ]” :
I 1t »CLs )f E ‘-ll(.]l It 1s ¢as O

li:l‘f.l i_ilf Fis'y=7 - lim inf F(«")
where liminf F(5") is defined (

we [T by definiti
s see [7]) by definition as the set of atll y € E
such rhat ' _

o L
(2.4) M l]I}llllfF(.\")i_lil}lillfF(.\'),

8 =N L

If F is nor g near s i 55 5
v srmed linear s pace and J\/I is the class of all I)Hll[l(](.‘fl S'.E])S(Jt of £
L 1

then (2.4 is an equality i .
Sl juality sinee for every Y e ¥ T o S X :
that A7 © Y and M € V(s). 4 = V() exists aoset A7 & M such

In general case the inclusion (2.4) can he strict

For example, let be $ = F = R and
et bhe S=FE =R Plr) = ), Va ¢
Me {[a.0)NQ|u.bh e R}. We have el ) = DAINEA G g

M-luninf Fie' 1 =0
rf—r B

and

1i}_}1_{1:f Fla)=1[0,1],Vo € R.

3. 4 _td o t; cones. L(,‘t} Fi l)(‘ [U( cl[ CONIVOXN Space dI.(] l(. -
M llbell n HE I ¥ Q X > ‘/[
bf a s l(l-‘:h") (){ .5[1])5("5 1 1: ll' E ll 5 i 2 l l 1 rties:
O aving t L { ¢ ]. ONW lllg 3 ”l)( b

(ML) YV e V{0), M € M such thet 0 M C V.
(AlL) MeM, a>0, all e M.

A typical excmple w i
Aty xemple we have taxing M = {aM,; o ‘her i
a balanced bounded set in E (81 & > OF whef Mo i

Definition. For any '
. . yset C CE and » - i
C at z is the set defined as follows 4o & O the Metungent cone to

(3.1) M~T(Cx)=M li:!l_i‘ljrlff lCc=),

M':”L Pie»isc[y. f S 3 2 ;
! 5 " A MRCAL spaee C‘ -
| f-’ t- : 7 ' ?. t'lj { tl)Pt J [ l pﬂ((. x [U. !“C) fL”,(l I ' .S‘ y Lows the

F(-’i"f.t): {t—l(cl_'u’)e T’Ift-'h' ]
E. ift=0
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then M - T(C,z) =M —ligl_i}]}f F(a't).
For M = 1 - the class of all open sets of E, we have

r—-T(C,z) - lii_piuft_l(c -2y =T(C.x),

where y € T(C, ) if and only of (1.1) holds (see [3}). By Definttion 1 (see
the relation (2.1)) end Remark 1 we obiain

(3.2) yeM—(C r)=

VY e Ny, IMe M, MCY X¢€ AN sieh that
{V:L" eXNC, te (0N (& +iM)NC £,

where N'(z)} is the system of all conuez neighbourhoods of x & E.

Theorem 1. Let M be a class of bounded subscts of E having the
properties (M), (My) and the following property

(M) VM, Mz € M, o € [0.1]; oMy +(1— )Mz e M.

Then, for any set C C E and any v € C th.fz ..J\/I ~tangent cone to C at
Tisa closc,d convez cone in E containing the origin.

Proof. It is clear that 0 € M — T(C, ) according E(J 1)1'(11)(:11';1;(!81:-;
and (3.2). Also M — T(C,z) is closed b;; Remark 4. ’l_lmtw_:\/i_ :_r-(' Ti‘ih
is a cone it follows by (A3} and (3.2). We show now that ! .,}f,, : ..md
convex. Let be yi,y2 € M — T(C,a),e € [0,1],y = ayy + ({1 — aln
Y € NM(y). By (3.2) we have

IM, eM, M, CY, X, e N(n), A >0,:+=1.2
such that
(3.3) Vol e X;NC, te(0,0): (¢ +tMINC #8,i=1,2.
If Ap = min{A1, A2} we choose A € (0, A0), X € N(x) such that
(3.4) LA, CXiNX,, Ve €X, =12
For any z' € X NC, t € (0,)) we have by {3.3)

(' + atM )N C # 0.
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Chouvse #" € (2! + atM,) N C. Since (3.4) bolds and X; N X, is convex | it
follows +" @ Xy N C. Thus by (3.3)

[+ + (1~ a)tMa] N C # 0

el
{2" +#ad + (1 — «)M[} N C # 0.

In view of (M;) and convexity of Y, we obtain

aMy 4+ (1 - )AL, € M

and
aly + (1 —a)M, C ¥,
anict therefore y € M — T(C r).

4. A special characteristic of M tangent cone. Let M be a class
of closed convex, bounded subscts of E having the properties (M;), (Mo 1
(My). For any closed C' € E and = € C, M — T(C,x) is a closed convex
cone into containing. Taking the contrapositive of the {3.2} we sce that y
is in complement of M ~ T(C, 2) if and only if there is a neighbourhood
Y e V{y) such that:

(4.1) TMeMMEeY.X eNa)A>0
L4 Fe' € XNCue(0.X): (2" + pM)N G =48,

where A'() is the system of all convex ueighbourhood of ¢ € E. We show
that this condition in the case of sequential complete locally conves spaces
stronger one.

Lemama 1. Let E be sequentially complete locally conves spuce und
let P(E) be the set of all continnons semanormes of E. In avder for y to he

e the complement of M — T(C, ) it 4s necessory and swfficeent that there
be Y & A(y) such that -

(4.9] YVMeM, MCY, X € Nx),
30T e XNC pe(0p): 2 +(0, wIMNCYy = 0.

Proof. Since (4.2) implies (4.1), we need ouly demonstrate the neces-
sity of the condition. Suppose that (4.1) holds for ¥ € N(y) and M € M,
MeY . M#£0, X € N(x). We can find &' € X 1 C, 1 > 0 such that

(4.3) o pudMC X,
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(4.4) (¢ + pMpNC =¥

fas fullows: for auy
Now we order the points in A. = (2" 4+ [0, p]A) ﬂC a‘:ar h>11;) e
Ey.70 € A,z >y if and only if ag € 1y + r,j'ur fm .st)‘u.I.L .,]” .q.()“lﬂ.il:”. =
C(]n‘wex thc‘ relation ™ > 7 is reflexive and t_ran:ﬂtu'«; Using this Iy
define a sequence (2 ) C A n 2 1, l]]dﬂ(‘;t.l\’(ﬂé\: T
Let z; = r'. We have obtained Tn € 4. Since N ; WL
we can syppose that y # 0 and 0 ¢ Y, therefore 00 ¢ AL : ;

am =sup{a > 0|(en +aM}n A # 0}

oy B M
1 ; W areh thint oy € o B
in infinte and nounegative. Choose a E'H}"zle A suely that oy
' ’ a—=Lm- .
were 8m 20 and 0 < app — B &2 e
is 5 i cover for any = = Al 2 S
It is clearly that £41 2 £, INOTEOVC \

We have:
(4.5) 2 € o BM, where 35 '_’“r'”“].

I d fz A 9 + mnA

S + 5 (m+1) thl.‘ll. Py B f‘.l’i," 1+ J,“_;‘H) <

2 if z T f.'Ifmaﬂ>- ; . " F—

lilll {V(C:l’ _l — ,6 "_l 1 i 2 {m 1). it I'(.‘h’lllt-h‘ ol 3 oy + (5 + if,,, .1.‘!1_._ where
and ‘e —1 m — 0 .

6 + -+ oy — i Ot diction to tlll! definttion of iy __'|. . N

ﬁ"! : - el l;; . .1 1 ] = 51 ){ )( lf.:)llf' - ‘\’I} . lll VICGW U{ {'1‘.0} we

NOW, let Fy € (E) flll(l { p = S ) E

have
(4.6) plz —am) < rh,2_('"+“ , forall 2 2 2.2 € 5L

=g ot all & 2 and
o have (by (4.6)) g > o4, fon all b >
— > oo Ve 2 owe have (I : : e
Be:;uS;ed{;:l]c:( rm) is a Canchy sequence in seminorm p. An pl}lh a1h1r.111t1::
b (> .. S . v . . ) ; ) B e
q;(: P(LE) (illnd E is a sequential complet space 1t uf.suh..u. Ulf”. t. l‘-ijC][() p
1(.1“ ) has a limit point +7 € A. So that, »" € ' 4+ 3 for a5 < |0,
m - ] . .
Morcover 3 < gt since (o +“,ufU) ﬁC :llw;uulf‘l' s [ we sppose that
t show now that 7 18 maxm: = e '
1 . ists = € A such that z > o' then = 2 oy, fos all e > 1 (‘.ru; st
o ) Af o i B . BITRL
. (JE}\ + 3 M. ¥YE 2 0and for b — o0 it rosults # € oy FAL A hend
Tm+k S Tm e VA 2 Ui
.1:“ >'Tﬂt' ‘ 'l r‘l. .
For every p € P(E), using {4.0} we hav

R Q= > 1
plz—a"y<plz = em)+plim =LV d, 27 Y

)
Hence p(z — 2") =0, ¥ p € P(E) mul.’~ =" e =
Therefore £" is maximal under 7 2 7 and so. tor s }

[«" + (0, M]NC =0

-1
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As adirect corollary of Lennnn 1 we obtain onr chracterization of

Mo TC ) cone.

Theorem 2. Let B be sequentially complete locally conver space and

et € he a closed subset of E.x € C. Then ye M — T(C,r) of and only of

(4.

M be aclass of subsets of loeali

(ML (ALY, For any set O

7) VY eN(y), M eM, MCY, Xe N{#) such that.
‘ HEXNC, A>0: [ (A0 NC) =

5. M-contingent cones. Relationship between ihe cones. Lot
¥ couvex space B, having the propertics
E aud v € € the M-contingent to C at 1 is

defined to he the set of all y € £ such that

For M = r we have 7 — K(C,r) -
if (1.2} is true.

(3.2). (5.1) and (2.1} we have

f E is & normed linear space and M is the class of
E then,

1) {"i.f' VeNy), IMeM, MCY such that,

YA>0: [z 4 (AWM NC)y=0,

K{(C,x) where y ¢ K{(C,x}if and only

Remark 6. M — K(C.2) is a closed couc in E containing 0. From

M=T(C.ryC M- K{C.z)c K(C.r)

all bounded subsets of
M —T(C,«)=T|(C, ),
M- KN(C,x)= K(C,2).

{see Remark 5).

fM=F = {F C E|Fis finite set }
and F — K(C.r) is as follows.

(5.4)

holds,

For auy set C ¢ E and ¢ € C the cone Kol C, ) is defined by

holC.) ={y € EVu > 0: [= + (O lyf N C 03

then the relationship between Ko(CLr)

Proposition 2. For any set C © E and ¢ C, the following equality

ol Ko(C,z2) = F — K(C,x)
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Proof. Obvious Ko(C, &) C F = K(C.r). Since F — K(C.x) ix closed

we have ¢l Ko(C,x) C F — K(C,z). Let bey € .7:'— K(C.x)and Y € AMy)-
By property (5.1) therc exists a sct F e F,FCY,such that

YA>0:[z+(0,M)FINC#B.
Since F is a finite set we find yo € F C Y such that
(e 4 (0, \yo) NC # D, ¥ A >0,

and so yo € Ko(C,z)NY. Thus shows that y € el Ko(C',r) as claimed.
Remark 7. ILo(C,2) is a conc In E containing 0. From (5.3) and
{2.1) we have

(5.5) Ko(C.z) € K(C,x).

We cam use Theorem 2 to show the relationship between the M -tangent
cone and the cone Kp. | ”
Theorem 3. Let E be o sequentially complete locally conver space

and let C o closed subset of E and v € C. Then
(5.6) M — liminf Ko(C,a"y c M =T(C\x)

for every class M of bounded, closed, convex subsets of E having the pro-
perties (M]) = (ﬁf-;) ‘ )
Proof. We will show that if y ¢ M — T(C,z). then y ¢ M
~liminf K(C,z"). . , |
JEr_i:\deed if y ¢ M —T(C,z), by Lemma 1, there exists ¥ € A(y) such
that (4.2) is true. This implies

Y € N(y) such that VM eM, McY, XN,
(5.7) {

J2' e XNC: M E(C,2")=90.

Thus y € M — liminf K(C,z"). o
The result; TJ; this paper can be used to the study of gcn(‘fu; izec

i er

irecti ivati study of gencralized gradients ot lowe
tional derivatives and to the s | geadients of lower
:;:fﬁcc:;tinuous functions on locally convex spaces obtaining similar results

of those in (71, [8], [9].
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