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1. Introduction. Let 3, denote the class of functions of the form

1 (s & k I .
(1.1) f(:)=::P+Zm.-f: (peN={12_}
k=0
which are regular in the punctured dise U7 {0 < |z] < 1}. The
Hadamard product or convolution of two funéctions fog € T, will he denoted

by f*g. Let
(1.2) D" f(z} = gl CONRTR

Lt (n)
(1.3) = I (if(z'l) ,

P r!

1 {n+p)! n+p+1} .
(14) T * nip! wt nl{p+ 1)t Gz

In this paper along with other things we shall show that a function f€e,
which satisfies one of the conditions

D f(2) ; n
5 —— - . L EN, = N
(1.5) R.e{ D f(=) (p+ 1)} < pn+ T |zl < 1. nE Ny = N U {0}
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is meromorhically p-valent starlike in U*. More precisely, it is proved that,
for the classes M, of functions in T, satisfying (1.5),

(16) Mn-i—l (_:. Mﬂ

holds. Since My equals T} {the class of meromorphically p-valent stailike
functions), the starlikencss of members of M, is a conscquence of (1.6).
Further for ¢ > 0, let

F4
(1.7) F(z) = — / ¢e+P=1 f(4)dt,
z 0
it is shown that F € M, whenever f € M,. Alsuit is shown that if f € M,
then

1 E4

belongs to My for F # 0 in U*. Some known results of Bajpai [1],
Goel and Sohi [3Jand Ganigi and Uralegaddi [2]are
extended. In 5] Ruscheweyh obtained the new criteria for univalent
functions.

2. Properties of the class M,. In proving our main results (Theo-
rem 1 and Theorem 2 below), we shall need the following lemma due to LS.

Jack[4].

Lemma. Let w be non-constant regular in U={z:{z|<1},w(0)=0.
If |w| attains its mazimum value on the circle |z] = 7 > 1 ot 2o, we have
zow'(20) = Ew(z) where € is a real number, £ = 1.

Theorem 1. M,1 C M, for each integer n € No.
Proof. Let f € Mpsi. Then

DnFEf(z) n+1
(2.1) R'e{Dn+1f'(z) -—(p+1)} < Pn+2‘
We have to show that (2.1) implies the inequality

D1 f(z) } n
(2.2) Re{ Difie) (p+1) <- S
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Define w(z) in U = {z:|2| < 1} by

D"'Hf(z)
-*-T—-—-(p—i—l):—-i[ n 1 1 —-w(z)
D f(z) ; n+1+n-f-11+w(::) .

{2.3)

Clearly w is regular and w(0) = 0. Equation (2.3) may be written as

(2.4) Dt g _(+ 1)+ (n42p+ Dw(z)
Dn f(z) (n+1)(1 + w(z))

Differentiating (2.4) logarithmically and using the identity

(2.5) D A=) = (0 + DD f(2) — (n 4+ p+ 1)D" (2),

we obtain

D+ f( 2
D”-H_;E*; e+ 1) +p” +1 _ (n+1)+ (n +2p 4 Thw(z)
f(z 142 (n+2)(1 4+ w(z))
_n+p+1 2pzw'(z)
n+2 (n 421 +w(z))[n+ 1+ (n+2p + 1)w(z)]
that is
D2 f(2) n+1
(2.6) Dn+if(z) _(P+1)+P;+2"'
__p {-_1 —w(z) N 2z10'(2)
n+2 | 1+w(z) (1+w(z))[n+1+(n+2p+1)w(z)]}

We claim that [w(z
zg in U such that

(2.7)

)l < YinU. For otherwise (by Jack’s lemina) there exists

zow'(29) = £a0(2o)
where fw(zy)| =1 and £ > 1. From (2.6) and (2.7), we obtain

D11+2f( 3[))

D7 f20) n+1
(2.8) D+ f(zg) {p+1)+ Pn+2 =
_.P _ 1-w(z) 2fw(zg)
n+2 | 1+w(z )+ I+
o) (T+w(zo[n+1+(n+2p+1w(z)i |
Thus ’ |
D2 f(z)
Rc{ o) ( n 4 1}
nFlf p+1)+ 2 P
Dol f(zg) pn+2 ‘2(n+2)(n+p+1)>0
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which contradiets (2.1). Hence [iw(z)| < 1 in U7 and from (2.3) 1 follows
that f € M,.

Theorem 2. Let f € &, satisfy the condition

i D"t f(z) 1—2n{c+ p) .
(2.9) RL{ D f(z) (p+1)} <p{—-——-—2(“ " 1)("+}’)} (z €Ll

for a given n € Ny and ¢ = 0. Then

C 3
(2.10) Fiz)= — / e YfiE )t
= +]J Jo

belongs to M.
Proof, From the definition of £, we have
(2.11) 2(D"F(2)) = eD"f{z) ~(c+ P D" F(z).

Using (2.11) and the identity (2.5). the condition (2.9) may he written as

—{(n+2—c)

Jl-l—l
(n+2)—-—(-)5

l+|}:‘(

(1)< { 1*'211(:;-’:-;:)}
) 1 e———— .
DPF{=) J J 2n+1Xe+p)

(1) =+ 1= 5

We have to prove that (2.12) implics the inequality

DL R(:) n
Red —— — —_p—.
t{ D F(z) (P+1)}< 1n+1

Define w in U by

n-i-] — ol -
(2.13) b E)——(p+1)=—p[ n 11 ”("}.

DnF(z) n+1 w4+l 14m(z)

Clearly w is regular and w(0) = 0. The equation (2.13) may be written as

D HIR(z) (et 1)+ (0 k 2p+ 1)ew(z)

DnF(z) (s 4+ D)1+ (2]

(2.14)

5
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Ditterentiating (2.14) logavithmically and using (2.5), we obtain
Dn+2F 141 .
(1 + 7}—D—“_H—Z —(n+ l)w -1=
(210 Fiz) DrE(z)
_ 2pzw'(z)
(T+w() [+ 1+ + 2p + Dw(z)]
The above vql!u.tinn may be written as '
Drntip(-
(n-+ Q)W*(—) —(n+2-¢)
F(z) (4 1) DRz
n —p = Thhmra )
(m+1)—(n+1- )DD+{?( ) D F(z} o+ 1)+
(2.16) e
n TEEmet 2prwe’(z) 1
w(zPn+14+(n+2p+1w(z "
) (n+1)—(n+l-c¢) D Fz)
| D P(z)
which. by using (2.13) and (2.14), reduces to
DR
gy TS
(n + ')DJJ+]F(:) —(n+2-¢)
== (P+ 1) —~
(n+1)-—(n+1—c) ()
(2.17) r "‘HF(:
-, n N 1 1—wz)
nt+l o+ 1 14 w(z)

N 2pzuw’(z)
(n 4+ 1)1+ w(z))[c + (2p+ chw(2)

l llll 11'\. [H ( I 1 1 1) I }] 1T J 1 l( ] ‘ (& 518
.\..\(‘ cla t e t < It Or o ¢ WIS( I)y
I ' - ( ac l( “l]lld) }]. e (,\1 t

‘) %)
(2.18) 200’ (zp) = Ew(zy)
where fie{zp)| =1 and € > 1. Combining (2.17) and {
D"t2F(z)
D"+lF(20) - (” +2- (.')
D"F(z()) _(])+1)=
Dn+lF(:U)

2.18), we obtain

(n+2)

(1)~ (41— c)

o n 1 —w(zy)
p[ + 1] }-]— 2])610(20)
n+1l n41 14 w(zy) (n+1)(1+‘w(zu))[c+(2p+r')w(:u)]'
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Thus
n+2
(ﬂ.‘l"g).—-—gu*_liiiui __(H+?."‘(') 1 _2”((._{_1)) }
fe : D" F(zy) —(p+1)e >0 e+ 1)(e 4+ )

(?L+1)-—(n+1—(')m

which contradicts (2.9). Hence [w(z)] < 1in U and from (2.13) it follows

et Ff’leltﬁﬁtg p =1 and n = 0 in Theorem 2, we obtain the following result

of Goel and Sohil3]
Corollary. If

(219) fy =t Y et

and satisfics the condition

(2.20) Re{z—fj(;)} < 2 (e>0)
then |

(2.21) F(z) = 2(‘;7 fu e fiE)dE

belongs to T* for F(z) #0m 0 <|z[ < 1. | |
For ¢ = 1. the above Corollary extends a result of B ajpal [1].

Theorem 3. If f € M, then

N ]'1+1_ /Mfr:+jlf(t)rh
(2.22) F(z) = 0

zn+p+l

belongs to Muyy for F(z) £#0m 0 <|z] <L

Proof. We have
(2.23) ¢D" f(z) = (n+ )D" P F(z) = (n + 1= ) D" F(5)
and

1] - . _ n+1 =)
(2.24) eD"H f(z) = (n + D" PF(z) — (n + 2 - ) D" F(=]
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Taking ¢ = n 4 1 in the above relations we obtain
e (n+2)D"2F(z) = D" F(z) | D™ f(z)
. (n+ DDIRG) D)

which rednee to
D0 (n+2) DPH2F(z) 1 D"Mf(z)
o (n+1) D"FEY n+l Drf(z)

Thus

n+2 D"F() 1
fie {7?+1 DntlF(z) - — —(p+1), =

B D"-H_f(:) | ) i

(2.27)

from which it follows that

w2 g
(2.28) Rv{D =/(2) (p+1)} i

DH-I"lf(:) nt o

Remark. Taking p = 1 in the above theorems. we get the results
obtained by Ganigi and Uralegaddi {2].
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