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1. Introduction. Let & denote the class of functions of the form

o
+ Z “n:" (”n 2 0)

n=1

(1.1) fz)

b | o

which are analytic in U* = {z : 0 < |z| < 1} with & simple polc at the origin
with residue 1 there.
A function f € ¥ is said to be meromorphically starlike of order « if

it satisfies the condition

- ft . =1
(£ (£2_)
fz) =)
The class of all such functions is denoted by Ta).
For the class E[a] Uralegaddi 3} showed the following lemma.

Lemma 1. A function f defined by (1.1) is in the class S[a) if and
only if

(1.2) <a, <<l

oG
(1.3) Z(n + 1+ na - ala, < 2a.
n=1]
In view of Lemma 1. all functions belonging to the class {«] satisfy
the coefficient inequality

1.4 < o >1
(1-4) S T ltnacae M2
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Making use of (1.4}, we now introduce the following class of functious:
Let T,,[a] denote the subclass of T[] consisting of functions of the furm

k o0
1 2¢ z I ”
(1.5) fz)y=-+ E AP ey Z i
=1

7 141+t —a
= n=k+1

wherea, 20, 0< p, <1,and 0 < Ef_lp,- < 1.

For k=1, the class Tp, [a]=Z;[a] was studied by Uralegaddi
3]

In this paper we obtain coefficient estimates and closure theorems for
the class Ty, [a]. Further the radius of convexity is obtained for the elass
%, [a]. Techniques used are similar to those of Silverman aud Sil
via[2,Uralegaddi[3and Owa and Srivastavall]

2. Coeflicient Estimates.

Theorem 1. Let the function f be defined by (1.5) Then | is in the
class Tp, (o] if end only if

00 k
(2.1) Z (n+1+na—a)a, <20 (I—Zp,-) .
i=1

n=k+1

k
where 0 < p; <1end 0 < ZP‘ < 1. The result (2.1) is shurp.
1=1

Proof. Putting

2ap, .
2.2 = T :1325“'1}‘:1
(2:2) ¢ i1+ 14—« (@ )
in Lemma 1, we have
k oo
(2.3) S 2ap: + Y (n+1+na-a)ay < 2,
i=1 n=k+1

which clearly implies (2.1). Further, by taking the function f of the form

k
2a (1 - Z p,)
20‘P¢ i =1 n

k
1
(2.4) f(z)—'z"‘*';i.{.]-!ria—az+T+1—|:na—a~

3 . :
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for » > & 4+ 1, we can see that the resnlt (2.1) is sharp.

Corolla . Le Y . .
. ry 1. Let the function f defined by (1.5) be wn the cluss AV [a]

k
o
2.5) ty < 2a (1 — Zp,-) (n+l4na—a)! (n>k+1)
i=1 a .
The result (2.5) is sharp for the function Fogiven by (2.4).

3. Closure Theoremnis.

Theorem 2. Let the functions

k
(3.1) fi(2)iE 1 " o 2(1:]), " oo
=t et 2 @ (e 20)
n=k+1
be in the class T iy
by class Ty (o] for every j = 1,2,...,m. Then the function F defined
3.2 I
(3.2) F(z) = Zd,fj(z) (d; > 0)
=1

1 also in
the same class T, |, where
"

(3.3) Y di=1.

=1

Proof. Cowbining the definitions (3.1) and (3.2), we have

k

1 2 o
(34)  F(z)=-+5 P
: ;i+1+in-—a~ i Z Zdia”-f 2",

n=k+1 =1

k) 110!.(‘ wer hﬂ.\'e '\150 ll‘;C(I t]l 1 8 1 ) :; c y (3"
.\J < v e r(‘]atl()ll.‘lll - i :
? - l- -.-: ey e, I h(‘()l‘(‘lll ]- )r].( ldS I ( 3)' Slll = fJ E Pk [(Y] f(')r - 'CL‘)’

e o]

{3.5) Z (n+14+na—a)a,; <2 (l-—zk:p)

n=k+1 ;
=1
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for j = 1,2,...,m. Thus we obtain

o m

Z {(n+1+mna-a) Z diaay | =
k41 J=1
m (o) S
=§:d_, ( Z (n—]—l—%—nn—-n)n,._j) = 20 (1 -Zp,)
j=1 nmhk+41 =1

which (in view of Theorem 1) implies that F € Zp, [ee].

Theorem 3. Let the functions f; be defined by (3.1} If [, € Ty, la]

for every j = 1.2, ....m, then the function

1 : 2ap =
3.6 gz P 1 S AL~ b,z" (b, =
(3.6)  o(=) z+;?+1+m - ’_ZW 0 22

is also in the same cluss Ty, [a], where

1 m
(3.7) b, = o Z”n.;-

=1

Proof. Since f, € T, [a] it follows fromy Theorem 1 that

o0 A
{(3.8) Z (n+14+na =, ; = 2a (1 - ZP‘) .

n=h+1 i=1
Hence
o ]
Z n4+14+na—aj, =
n=k+1
o 1 e
(3.9) =) (n+l+na-a) ;Zu,,'_, =
n=hk+1 1=1
1 m o k
= — Z ( Z (12 41+ na— “)"".1) < 2 (1 - z;),)
i) :
j=1 \n=k+1 i=1

and the result follows.

f
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Theorem 4. T} « -
. « The class Ty, [a] is closed under conver I .
- pela] cd under conver hnear combi-

Pr T T ; : :
S I.()F)‘f.. Lz.t .t.hr functions f, (f = 1,2) defined by (3.1} be in the class
=pe (0] 10 s sufficient to prove that the function H defined by |

S H(z) = Mi(z)+ (1= Mfa(z) (0 A<T)

is also in the class £, [o]. Sinee

k
i 20p; 2
(3.11) H{z) =~ 4 =
& ;fﬁ-lﬁ-i(r—u" + Z {/\n,,‘,+(1—/\)u,,'_;}:",
= n=k-41
we obscerve that
k
(3.12) Z (n+14na —a)fra,, +(1 — My} <20 (1 - ]
gy 25 <2 . P
i=1
witl the aid of Theorem 1. Henee H € Zplo]
ik .
Theorem 5. Let
I 20
(3.13) Jilz) =~ + -QI,)E =t ard
o3 '=11+1+mr—n
k
. 20 [ 1 - :
(3.14) fu(z) =2 20 ' ”( sz)
5 ni~ ) = :‘+ i 5 _:r+ — . ( >k
z i_|z+1+m—n 414 o~ " "2 k)

Then f 154 : AT ] f i
J isan the class S, [a] if and only if i can be expressed in the form

(3.10) f(z) = Z "\itfn(:), ‘Vh(:.['(‘ /\" 2 U {” 2 k) Elll(l
nek

(3.16) f: A\ L

n=k
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Proof. We supposc that f can be expressed the form (3.15). Then

it follows from (3.13), (3.14) and (3.16) that
3
2a (J. - Zp!) A
i=| it

7up, ; =
(3.1 == z'
(3.17)  f(z) +Z + Z] n+l4+na—a

i+1l4ia—ao =y
Note that
5 anf1-2n) s
(-518) n=k+1 i
= 2a (I—Zp,) 1— M) < 32a (1 —-Zp,) .
w1

which implies that f € Z,,[a].
For the converse, assume that the function f of the form (1. 3)

to the class £, {a]. Since f satisfies (2. 3) for n > k+1. we may set

helongs

-1

o9
Ap ={(n+l4na—ao) [ ( ZP,)] ap <1 (02 hk+1) and ,\k—-l—z A

n=k+1

Hence f has the representation (3.15). This evidently completes the proof

of Theoremn 8.
4. Radius of Convexity.

Theorem 6. Let the function f defined by (1.5) be mn the class T, {c
Then f is meromorphically conver of order BO< B <) in0< |zl <r
(e, pe. B). where (o, p;. B) 1s the largest value for which

(4.1) .
n(n+2—5)2a (1 - ZM)
I'”+1 S ] — H.

=)

i

i+ 2 - 7F)2ap; RN
iFltia—a SRS S

1=

for i = k+ 1. The result is sharp for the function f yiven by (2.4).
Proof. It suffices to show that

2f"(2)
f1(2)

(4.2) +2(<1-8 (0€8<1) for 0<|z| <rla.pifi)
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Note that

k
(2 4+ 1)20p; it
Zi+1+gn_n 4 + L r.l+1)(,”.r..lrr:

Zj.”(::) =
2 = n=
43 [f ST s <
EATay 7 . —
1— — — 5t o
DD D DR
Gl n=k+1
<1-8

for 0 < [z] < » if and only if

A.

2 24 o0

(4.4 2ai(i +2 — B)p; it

: ; i+1l4iw —a + > 42— Bt <1,
n=k4+1

Since f is in the class © 2.5
f the class T, [a], from (2.5) we may take

k
2a (1 - Z]’i) )‘n
(45) i=1

iy, = .
' nt1l4na-a (n 2 k+1),

where A, >0 (n> L+ 1) and

(4.6) i N

n=k+1
For each fixed r, we ct
e choose the 0 ST _ .
”_(".ﬂ)_ nt1 I)OSlt_]\L mteger no = no(r) for which
SR p—— ar s maximal. Then it follows that

k
oo no(no + 2 — 8)2a (1 - Zpi)
?."0+1.

(4.7) > n(n+2- Bt < i=1

n=k+1 ng+1+npa —a

Hence f is meromorphic:
phically convex T .
provided that y convex of order J in 0 < |2} < r(a,p;, )

k
no{ng +2 — #)2a |1 -
W7+ 2= 3)2ap, . ) ( ;1’:

t+1+ia—a 0 + 1 + noex — a
<1-4

(4.8)

Ma-

P”D+1 S

i=1
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We find the value ro = ro{«, pi, §) and the corresponding integer rig(rg) so

that

koo

k
1g(no+2— 73120 I—Zp,
plotl —7_3,

(142 3)20p, 44 =1 :
(4‘9) Z i+ 1l+ia—o Tt ng+l14+rngo —e f

i 1 plie onvex of order 3 for
Then this value o is the radius of meromorpluis ally convex

functions f belonging to the class Ty, [a].
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SOME CHARACTERISATIONS OF FINITE 7-SQLVABLE
AND p~SOLVABLE GROUPS WITH THE HELP
OF PRIMITIVE GROUP

BY

A. BHATTACHARYYA

1. Introduction. Oue of the main goals in finite group theory is
to study the maximal subgroups because the knowledge of the maximal
subgroups of the finite group often gives us a good information about the
group itsell. Mukherjee and Bhattacharya[14) introduced
the concept of 6-pairs for a maximal subgroup of a finite group, whicl is
motivated by the interesting concept of the Index Complex defined in D ¢ s—
kins[6-[7}. In [11] , we have shown how some conditions imposed on
maximal §-pairs for a maximal subgroup A of a finite group G, characterize
the solvability of the group. We introduced a characteristic subgroup Sp(G)
in [9] and studied its influences on #-solvable and supersolvable group in
[10]. We also introduced anothier characteristic subgroup B,(G) in [§]. Bal-
lester-Bolinehes[4]studied the structure of a group by using its
primitive permutation representation and the normal index (mtroduced by
Deskins i [6]) of its maximal subgroups. The purpose of this paper is
to obtain some results about 7 -solvable and p-solvable gronp by applying
the primitive group theory. All groups considered here are finite and we use
standard notation as foundin Gorenstein [12]. Sowetimes, we denote
M < G 10 indicate that M is a maximal subgroup of .

2. Preliminaries. In this section, we collect some well-known defini-
tons and results (whose proofs we omit) that are needed in the sequel.

Definition. For a group G, Soc(G), the socle of G s defined to
be the product of all the minimal normal subgroups of G. if G # 1; and
Soc(G) =1 4f G = 1. A prunitive group 1s a group G such that Jor some



