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We find the value ro = role, pi, 8) and the corresponding integer ra{ro)

that

k
ng(np+2-p5)2a | 1 Zl’z
?(3+2 8)20p| a+1 =1 1'“D+i = 1 .".
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Then this value rg is the radius of meromorphically convex of order 3 for

functions f belonging to the class Ty, [al.
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SOME CHARACTERISATIONS OF FINITE 7-SOLVABLE
AND »~-SOLVABLE GROUPS WITH THE HELP
OF PRIMITIVE GROUP

BY

A. BHATTACHARY YA

1. Introduction. One of the main goals in finite group theory is
to study the maximal subgroups because the knowledge of the maximal
subgroups of the finite group often gives us a good information about the
group itsell. Mukherjee and Bhattacharyva [14] introduced
the concept of #-pairs for a maximal subgroup of a finite grou), which 1s
motivated by the interesting concept of the Index Complex defined in D ¢ s—
kins[6]-{7. In [11] , we have shown Low some conditions imposed on
maximal §-pairs for a maximal subgroup M of a finite group G, characterize
the solvability of the group. We introduced a characteristic subgroup Sp(G)
in [9] and studied its influences on x-—solvable and supersolvable group in
[10]. We also introduced another characteristic subgroup B,(GYin(§]. Bal-
lester-Bolinches[4] studied the structure of a group by using its
primitive permutation representation and the normal index (introduced by
Deskins in[6]) of its maximal subgroups. The purpose of this paper is
te obtain some results about 7 solvable and p-solvable group by applying
the primitive group theory. All groups considered here are finite and we use
standard notation as foundin Gorenstein [12). Sowmetimes. we denote
M < G w indicate that M is a maximal subgroup of .

2. Preliminaries. In this section, we collect some well-known defini-
tons and results (whosc proofs we omit} that are needed i the sequel.

Definition. For a group G, Soc{G), the socle of G s defined to
be the product of all the minimal normal subgroups of G, if G # 1; and
Soc(G) =1 if G = 1. A primitive group is o group G such that for some
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mazimal subgroup M of G, Mg = 1 (where Mg is the intersection of ull
G -conjugates of M, i.c., the unique largest normal subgroup of G contained
in M).

A primitive group is one of the following types.

(1) Soc(G) the socle of G, is an whelien minimal wormal subgroup of G,
complemented by M.

(2) Soc(G) is a non-abehan minimal normal subgroup of G.

(3) Soc(G) is the direct product of the two minimal normael subgroups of
G which are both non-abelian and complemented by M.

A primitive group of type 2 with a core-frec maximal subgroup complemeen-
ting the socle is called a primitive group with small maximal subgronps. The
proofs of some of our results depend on a lemna of Lafucute[13]
which we state below.

(2.1) Suppose that G is a primative group with small mezimal subgroups. If
M is a core—free mazimal subgroup of G compementing the socle of G then
M is a primitive group of type 2 and the simple component of Soc{G) s
isomorphic to a section of the simple component of Soc(Af).

Definition. Given ¢ mazimal subgroup M of a group G, let

oM)={{(C,D):C<G,DQG,DCC,<MC>=G<MD>= M
and C/D contains properly no normal subgroup of G/D}.

We call any pair (C, D) wm 8(M) a 0-pair. A partial order < may be defined
on (M) as follows:

(C,Dy<(C, D) if CCC,

no condition is placed on the second component of the pairs. (One notices
that using the definiton of (M), 1t follows that D C D" Also, C = "
implies that D = D'). Obuviously 8(M} will conian mazimal elements with
respect to this ordering. We shall call ¢ mazimal clement o mazitnal 6 -patr.

(2.2) [14, Lemma 2.1] If (C, D) is ¢ mazimal §-pair in 8(M) and NAG,
N C D, then (C/N,DJN) is a mazimal 8-parr m O(M/N). Conuversely,
if (C/N,D/N) is o mazimal §-parr in §{M[N), then (C,D) 1s a mazumal
0-pair in O(M).

Definition. Let H and K be two normal subgroups of a group G wnth
K C H. Then the factor group H/K is called a chief factor of G, +f there
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¢ mo normal subgroup N of G such that K ¢ N — H with ¢

o e ‘ . : proper inclusion.
weoa mazimel subgrowp of G H is said to be ¢ norinal s upplement

”.f.;M. m G of MH = G. ‘I’"hc normal indes of M in G is defined as the
o‘n 11] of o chaef fm.'tor HIK. where H s minimal in the sct of all normnal
wwpplinints of Moin G and is denoted by (G - M) |

‘(2.3.) [1. Lemma 2] If N is « normal subgroup of @ growp G and M s «
mazirnal subgroup of G such that N C M, then WGIN  MIN) =G : -U)‘

Definition., Lct G be «
. . Le 2 any group end p be any prime. Def :
characteriatic subgroups of G as follows: . L o thes

By(G) = N{M:M e p(G))
oiG) = D{M:M € r(C)]
SAG) = N{M:M e Ty C))

where Bp(GY={M < G : [G: M), = 3
, |G My =1 and 9(G: M) is ]
) C) = (M < GG ‘M]; s i s comnposite}
and SpG)={M <CG:[G: M, =1 and|C: M] is composite)

I{n case F,(G) is empty then we define By(G) = G and the same thing is
done for the other subgroups. Note that $p(G) C B,(G). c

(2.4} [8, Theorem 3.6] By(G) 15 solvable and s0 $,(G) is solvable.

Definition. A4 group G 1s p-closed

. ) if it has a n ;
subgroup, where p i any prime dividing |G)|. normal Sylow p

3. Some results on =-solvable and p—solvable groups.

Theorem 3.1. If ¢ group G has a 7 solvable mazimal subgreup M

such that the index of vach mazimal vair (C 3 vy ‘
then G is 7 —solvable. azvnal pair (C, D) in (M) is equal to |G M]

T .
. mg{l;?noall‘. p:?l- (1(1;?0<1111(111ct{011 on |G| If G is simple then the index of
et nal paist (G - '>2 in G(ﬂf).ls.c‘qua.l to [G: M] and consequently
! < 1 >. Hence G is cyclic and so it is 7 solvable. -
. ‘_Wc' now assume that G is not simple, Let Mg #< 1 > Let ¥V be
g}ni\lvnfmal nolrmlzn.ll 5111)g11‘(mp of G such that ¥ C M'(,-J. Th;:u l)y m(lm.:tim):
v/ v s msolvabie, and m-solvability of M implies that N‘ 15 w-so]ve )
i::(l;mci liita ‘7} -“.c)Iva,iﬂe group anfl the theorem is proved. Thus we 1}:)(1:;1
o - tha A ¢ = 1. Then G is a primitive group. Suppose that G
s a primilive group of type 3. Then Soc(G) is a direct product of two
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minimal normal subgroups Ny and Ny of G, which are both non-abelian
and complemented M. So G/N; = M (i = 1.2) and hence Loth G/N, an
G /N, arc m-solvable groups. Consequently, G is a m—solvable gronp. Next
we assume that G is a primitive group of type 2. Then Soc (G is 1 nou
abelian minimal normal subgroup of G. Clearly Soc{G) € M andd 5o G o=

M Soc (G). It can be easily verified that (Soc(G), < 1 >) is maximal pair
in 8(M). By hypothesis [G : M) = |Soc(G)f and so M (1 Soc(G) =< 1 > .
Thus G is a primitive group of type 2 with a core—free maximal subgroup M
complementing the socle and so it 1s a primitive group with suall maximal
subgroup M. Then, by (2.1). M is a primitive group of type 2 and the siimple
compotent of Soc(G) is isomorphic to a section of the simple component
of Soc(M). Since M is m-solvable, Soc (M) is a w'-group and therefore
Soc(G) is a ' -group. Since G/30c(G) = M, G /Soc(GY is a w-solvable
group and cusequently G 1s & r-solvable group. Lastly we assume that G
is a primitive group of type 1. Then Soc (G) is an abelian minhmal wormal
sugroup of G, complemented by M. So G/Soc(G) = M aud consequently
G/Soc(G) is a w-solvable group. Hence G is a m—solvable gronp. This
completes the proof.

Theorem 3.2. If a group G has two distinei m-solvable maorinal
subgroups My end My such that

(€. D)= [G: M) =[G : M]

for each common mazumal pair (C.D) w 8(0M)) and B(My) then G o1s
n -solvable.

The proof of the Theorem 3.2 is same as that of Theorem 3.1 and so
we omit it.

Theorem 3.3. Let G be @ group with fwo distinct mazvmnal subgroup s
M, and My, Then G is msolvable if and only if My and My wre wosoloable
and C/D is w-solvable for cach common mazimal @ pair (C, D) 6(My)
and 8(M3).

Proof. Let G satisfy the hypothesis of the theorem. We have to show
that (@ is m—solvable. If G is simple, then (G. < 1 >) is a common maximal
pair in 8(M;) and 8(M). So by hypothesis G = G/ < 1> is asolvable.
We now assume that G is not sinple. Let L, = corec{ M) (i = 1.2). First
we suppose that L; =< 1 > but Ly #< 1> Sinee Ly C My and My is
r-solvable, L, is m-solvable. Also L ¢ A as coreg(M)) =< 1 >. So
G = M, L, and consequently G/Ly = M /M N Ly. Since Myis @ solvable,
so is G/Ly. Hence G is n-solvable. 1f L, #£< 1> but Ly =< 1 > then as
above we can show that G is 7 solvable. Next we suppose that L #F< 1>
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and L, :
Hu!“f;‘ 7“9(<f (1 > .. If .'L] I"]rLg =< 1 >, then let N be a minimal normal
3 ;., 1[]]') = such that N C L. So N ¢ Ay and consequently G = Mo N
1.1;:: ‘({:}l)\ltl‘; th_u‘t f}'"/N = My /M, I’.WN and since My is :rr—sr)lval;!c, it foll;;\'a;
g ?£< 17r>:=(t>]'~:1bllc. Ar]so N s 7r.—sol\':1blc. Henee G is m-solvable. If
Ay e gl Tt,n ]ct .f\. i.)c a 111.1:.:1111:11 normal subgroup of G such that
of the t!lCOl‘(‘flll B:'*ﬂil:xd):lzv:Ji‘;iil}é';;]?ml thEllt }()"I/NAS;‘“SHCS e
: ‘m. By induct 7 s m-solvable. Also i at N is
z-—bilzai)le;. I-’jl'relnce G is n—s-oi\ialhlc. Lastly we suppose tlifxtﬁil:m S<”1m>t» :z\mlcbl
t}fcn o (G) i;(t:lllle(r'l'l:?‘ d ])1.'1'1111t1vc group. If G 1s a primitive group of type 3
o C](,.; .1, ! « rit.ct pxroduct 01: r\\:o minimal normal subgroup N and
o, a. )ri,.;l‘lt‘y, ‘J(?l': 1 G/N) and G/N, are m-solvable and hence so is G.
ne .‘1 Ib ‘ itive group of type 2 then Soc(G) is a non-abelian minimal
G/Sn(m ?1 ng}()ul) of G. As Soc(G) ¢ M; (i = 1,2), G = M, Soc{G), and so
¢ Cal)lc[(m’gh:cﬂgil/ﬁ{f P SSo(:(G"). This itrllpiics that G/Soc{G) is m—solvable.
S B; i 11 .I(‘ .(‘)(: (G), < 1 >)isacommon maximal pair in ()
o W_.,-f,l'v-lb}p I}E‘()tG'l(.'blS, Soc (G) = Soc(G)/ < 1 > is m-solvable. Hence
a.]m]i.m‘ lve ] ‘ lS. a primitive group of type 1 then Soc(G) is an
an minimal normal subgroup of G, complemented by M. Since M, is

m-solvable it follows that G /S is m-s0lve i
e i tIrivmlfly-oc (G) is m-solvable and hence G is -solvable.

T .
heorem 3.4, Let G be ¢ group with two distinct m-solvable maexinal

subgroups My and M,. Then any one : e
m-solvability of G. 2 Hhen any one of the following conditions smplies the

(i) B,(G/D . ‘
) mi:(g G{A/[i )—75< 1> for each common marimal f-pair (C, D) in AL

() L(G/D . :
m(;d é(ﬂ){j< 1 = for each common mazimal 8-pair (C,D) i 6(M))

(iii) Co/p(C/D}#< 1 > :
in é(Ml) and#ﬁ(ﬁj{z)_for each common norinal mazimal 6-pair (C, D)

Proof. (i) We use induction « is =1

‘ m |G, If G is simple then (G

< . - . N ! < 1

ls*issch?l(l;mon maximal #-pair in 8(M;) and G(AM>) and so b3(/ hypotl‘i3

ﬂ_s()]f"lbl)e ;é‘fv (’lnzwa:ilcons?lue:ng B,(G) = G. This shows that G is

: able. W ssume tha is not simple. Le =
solval : s ple. Let L, = coreg(M,

Sroofl,;)'.nlf either Ly =< 1> or Ly =< 1 > but not both:then as ?IE tl;g

0 Lo 1ei)rem 3.3, we can show that G is m-solvable. We now assume
1#<1>and Ly #< 1> HL,NLy =< 1> then as in the proof of

Theorem 3.3, we have G is 7-sol
. = o ! vable. r
minimal normal subgroup of G su:h :hasto et LiNL; #<1> and N be o

NCLynL,.
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1t can be verified that G/N satébﬁcs giu- _hy!\)})thvmls :j t;ljz 1:11::))11\(:]1)11( B’:r
1 i N is mosolvable. Since N C My and My s mos;anie,
;Isldr;l—csf(l);)\i\:b]i./AHOH('(‘ G is w-solvable. Next .:\.ssuuw.th‘n..t..L]. .=< 1f t>\ i)l(l‘!(;
Ly=<1>.ThenGisa primitive group. If Gisa pmmt.ln (:ng71.0.11_;_)"<? ,5‘\‘.‘1],‘1‘.
or type 3 as in the proof of Theorcn} 53.3, we call show timrt,[‘l 1‘1551.( (HE (;i . ‘
Lastly we suppose that G is primitive group of type e 1(.11\1.:(,‘- D
non-abelian minimal normal subgroup of G. Al:;'u Soc{GY ! L g ._1 );1
and so G = M;Soc(G). Clearly. (Soc(G), <1 >)sa f:(311‘1111.011811111:(&1'11.1_ ‘1':11(‘
in 6(M,) and 6{ Mz ). By hypothesis B,,(G'} £<1>. Sméu .(()C(:)( é)g((;),
uni({ue minimal normal subgroup of G, so 1t ft_:llows'tlmt. g)‘(_ 2: o /{,1 i
and hence by (2.4), Soc(G) 15 r-solvable. S]}u'(' G/S(jcl (1‘1) _I_{ ! ?(‘;G, )
MSoc (G) and My 1s 7 -solvable, G'/Soc.(G) is # solvable. onee :
x—solvable, This completes the proof of {1).

The proofs of the remaining parts of the theorem

of (1) and so we omit them.

Theorem 3.5. Let G be a group ahich is not simple. Then the
following conditions are equivalent.

(i} G is m-solvable.

1 ] whgro' weh that for cach mazimal

1 k 1 -solvable mazimal subgroup M suc .

] HG-pLa(.I:T ((LC.D) in B(M), Soc(G/D})isam solvable subgroup of G/D:.

(111) S()C(G/Dj is a 7 solvable subgroup of G/D for each marimal 6-parr
(C, D) in 8(M) and for each M in 3p(G).

(iv) Soc(G/D}wsam solvable subgroup of G| D for ﬂﬂ.(.‘h.‘ umr'.-..?.n.(;'n 'm]uffz::::zi
‘ #-pair (C, D) in 8(M,) and 8(Aly) where My and Ay are two distinet
marimal subgroups of G. -
Proof. We shall prove that (i) and (i1) are cquivalent. (i) 11111)1;«;:51(11)
holds trivially. We now assume that (ii) holds. I.'l('r, L = cot 1"(_,-](1\‘3{1) ?E:}h(:i;
Then L is m-solvable. Tt can be checked that G/ L satisfics 't -1f 1}?(; ."‘].)1(‘.
of the theorem. By induction, G/L is ar-solvz}.l_)lo. H(“lltl‘(‘..G :s ﬂ--s()le.,G 15.
So L = coreg(M) =< 1> and cons{;:q}ucntly 'G H Y p[‘lll}l:.lf\%;.;,:.‘::L’l{}i;l . w.o
Amitive g e 1 or type 3 then as i the proot o vt 3. :
:al:ll I:I:)t\:(;lfi;)ng; ;;f :r)-l:;oli'ahle.HSo we asswine that G is a primitive gr«;ué)‘
of type 2. Then Soc(G) is a non-abelian Illll-l]ll'lill n-m'm:nl Suh'glstm.lzc‘:) _;
and Soc (Gy ¢ M. S0 G = M Soc(G) a?m\ th]H' ll?lpll('f-" th'n% IC.T/ I::( { lrl !)_(‘
=~ M/M N Soc{G) and consequently G/ Soc(G) is 7 s‘cr-.l\‘n [13 ( : t ,t.;.mqiq,
verified that (Soc(G).< 1 >) is a maximal pair n 9(_?\1.). v I;y‘p(.): C 1“
Soc(G/ < 1 >) = Soc (@) is a w-solvable sn'bgmup of G (lnu) BIRT:
x solvable. This completes the proof of the cqmvnlcg(-f' of (1.J“zm'( (1“ : i
Similarly, we can prove that each of the conditions (iit) and {1v) 15

are similar to that

equivalent to (i).
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The proof of the following theorems (Theorem 3.6 and Theoremn 3.7)
are similar to the proof of Theorem 3.5 and so we omit then.

Theorem 3.6, Let G be a p-solvable group and not simple. Then G
18 w-solvable of and only of Soc{G/D) 1s @ m-solvable subgroup of G/D for
each common mazimal pair wm O M) and O( M) where My and My are two
distinct mazimal subgroups of G, belonging to 8,(G).

Theorem 3.7. Let G be not a simple group with two distinct mazimnel
subgroups My and My. Then G is m-solvable if und only of My and M, are
w-solvable and Soc (G /D) is a  solvable subgroup of G/ D for each comnmon
mezimal pair (C, D) m 8(M,) and 8{M,).

Theorem 3.8. 4 group G is a p-solvable if the p-part of the indez of
each mazimal pair (C, D) in 8(A) for every M in 8,(G) is equal to [G = M),.

Proof. Let G be a non p-solvable gronp of minimal order among
those satisfying the conditions of the theorem. If 8,(G) is empty then
G = B,(G) and so G is solvable by (2.4) and hence it is p-solvable, a
contradiction. So we assume that 3,(G) is non-empty. If G is simple
then (G,< 1 >} is a maximal pair in 8(M) for each M in §,(G) and so
by hypothess |G|, = 1 and consequently G is a p-solvable group, which
is a coutradiction. So let G be not simple and N be a minimal normal
subgroup of G. It can be verified that G/N satisfies the hypothesis of the
theorem and so by the minimality of G, G/N is p-solvable. Without loss of
generality, we may assume that N is the unique minimal normal subgroup
of G. If N C B,(G) then N is solvable by (2.4} and hence it is p-solvable
and consequently G is p-solvable, a contradiction. If N ¢ B,(G) then
there cxists a maximal subgroup M in G,(G) such that N ¢ A and so
coreg(M) =<1 > . Thus G is a primitive group and Soc(G) is the unique
minimal normal sugbroup of G and consequently N = Soc(G). Theu G is
either a primitive group of type 1 or of type 2. If G is a primitive group of
type 1 then since Soc () is abelian and G/Soc (G) is a p-solvable group, G
is a p-solvable group, a contradiction. We now assume that G is a primitive
group of type 2. Then (Soc(G), < 1 >) is a maximal pair in (M) and so by
hypothesis |Soc(G)|, = 1, that is, Soc(G) is a p'-group and consequently
G is p-solvable, a contradiction. This completes the proof of the theorem.

The proof of the following theorem is analogous to the proof of The-
orem 3.8 and so we omit it.

Theorem 3.9. Let p be the largest prime dividing the order of a
group. Then G is p-solvable if the p—part of the index of each mazimal pair
(C,D) in 8(M) for every M in ,(G) 13 equal to (G : M],.
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Theorem 3.10. Suppose that G has a core-free maximal subgroup M
such that M is p-closed, where p is a prime dividing |M]. Purther suppose
that [C : D], = [G : M|, for each mazimal pair (C, D) in M), Then G s
p-solvable.

Proof. Assume that the theorem is false and let G be a counter
example of minimal order. If G is simple then {G,< 1 =) is a maximal
6-pair in #(M) aud so by hypothesis |G|, = [G : M],. Sinece M is p-closed,
it has a normal Sylow p-subgroup P. It can be verified that P is a Sylow
p-subgroup of G. Hence [G : M}, = 1. This shows that G is a p'~group and
consequently G is p-solvable, a contradiction. Hence G is not simple. Sinee
G has a core-free maximal subgroup A/, it is a primitive group. Suppose G
is a primitive group of type 1. Then Soc{G) is an abelian minimal normal
subgroup of G complemented by M and so G [Soc(G) = M. This mmplics
that G/Soc(G) is p-solvable and couscquently so is G, a contradiction,
Next, we suppose that G is a primitive group of type 3. Then Soc () s the
direct product of two minimal normal subgroups A and B of G wlich arc
both non-abelian and complemented by M. So G/A =2 M and G/B = M.
This shows that both G/A ad G/B are p-solvable. Since G = G/AN B
is isomorphic to a subgroup of the p—solvable group G/AxG[B, Gisp
solvable, a contradiction. Lastly, we suppose that G 1s a primitive group of
type 2. Then Soc(G) is a non-abelian minimal normal subgroup of G. Since
M is core-free, Soc(G) ¢ M and hence G = M Soc(G). This nnplies that
G/Sor (G) = M/M N Soc(G) and consequently G/Soc{G) is p-solvable. It
can be checked that (Soc{G),< 1 >) is a maximal § pair in (AL} and so
by hypothesis [Soc(G)l, = [G : M],. Since M is p-closed, it has a normal
Sylow p-subgroup P. Again since M is corc free, it follows that P is a
Sylow p-subgroup of G and so [G : ], = 1. Consequently, Soc(G) s o
p'~group. Hence G is p-solvable, a contradiction. This completes the proof
of the theorem.

Acknowledgement. [ am thankful to Dr. T.K. Dutta for his kind help in
the preparation of this paper.
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