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EXTREME POINTS OF MEROMORPHIC UNIVALENT
FUNCTIONS WITH TWO FIXED POINTS

BY

5.M. SARANGI and SUGUNA B. URALEGADDI

1. Introduction. In 1] H. Silverman studied the class of

(s 0]
univalent functions of the form fz)=a;z - E tnz", a, 2 0 where either
=2

flzo) =20 {~1< 20 <1)or fl(zg) = 1 (=1< 29 < 1),
Tlis paper deals with functions of the form

(1) flz)y= ‘—1"3 = 2", (4, > 0} where either
- n=|

(2) 20f(z0) =1 (-1 < 20 <1, zp # 0)

or

(3) =25 (20} =1 (=1 <z < 1, 2y £0).

LL40]

oo
For 0 € o < 1, a function (=) = + Za,,z" regular in the

z
nw=1
punctured disk £ = {z : 0 < [z| < 1} with a simple pole at z = ( is said to be
meromorphically starlike of erder e if Re 2f'(2)/f(z) < —afor |z] < 1 and is
sald to be meromorphically convex of order a if Re (I+=2f"(2)/f'(2)) < —«
for |z] < 1.
For 1 < 2 <2 denote by EN(A) the subelass of functions f(z) given
by (1) satisfying Rezf'(2)/f(2) > —f for [z] < 1. In [2] it is shown that all

functions in T3 (3) are starlike. Henee univalent.,
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Given 8 and zp fixed, let TF (53, z0) and EF {8, z0) he the subelasses
of T3 (3) satisflying (2) and (3) respectively. In this paper we determine
coefficicnt estimates, extreme points and radius of convexity for the classes

7,(8,20) and N, (B.z0). Further the neeessary and sufficient coudi-
tion for a subset B of the real interval (0,1) to have the property that
U TN, (@, 24} forms a convex family is obtained. Most of the results in
2, €8
this paper teduce to those in [2] by taking 2o = 0.

2. Coefficient inequalities. In [2] it is shown that necessary and
o0

. .. 1 . .
sufficient condition for f(z) = oo Za,,z"., ay, = 0 to be in TY(A) 1s

$os s <0-1
n=1

Theorem 1. A function f(:j = (—ill - S anz”, uy = 0 belongs to

- n=1
S51(8) if and only if 31+ Ban < a1 = 1)
n=1
Proof. Suppose i(n + Ban < ap{f — 1) It suffices 1o show that
n=l
e | <1 rev

We have

o
Z(n + 1)ay, P

zf'(z)/f(z)-{-l n=1 <
t . -9 =S -
f'()f(z) = (1 =26) 23— 1)ag — Z(n + 24— 1)(:.,,:”"'1
n=1}
Z(n + 1)|aa|
S n=1 —
2(8 - Lag — y_(n+28 - Dia|
n=]

3
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Phis expression is bounded by 1 if

oC
oc

D (4 1)ay < AB—1jag - > (0428 — 1,

n=t
n=|

which 1y equivalent to

o

Z(n + Aan < ag(f - 1).

n=I

Conversely suppose

I

[¥]
y

. [ a]
| —ag — E na, "1

(4) re 2F ) _ Re n=1 s _g
f(2) = S
g — Za,!z"'“
nw=]

1
Choose valites of 2 on the real axis so that 2f'(=

the denominator in (4) and letting = )/ /() is real. Upo clearing

— 1 through real values, we get

e u)

Z(” +ﬁ)“n < au(ﬁ - 1)

=]

o0

Theorem 2. A function % Z
. netwon f{z) = —— . .
S ) 1", >01s1n E:‘\To(ﬁ,zo)

-

s

- n=|
of and only if nzx:l an (th — zé""l) <1,
Proof. We have z4f(zy) =1 = y — i a2zt e
n=1 ' -
o0
ag =1+ Z anzg Tl

n=]

Substituting this value of tp in Theorem 1 we get

= +
Zaﬂ (Z _’f —zé"“) <1.

n=1
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Corollary. If f(z) = — - apz", is in SR (B, 20) then

n=1

an <{(B-1)/(n+B8-{8-1)z "'H), n=1,2, ... with equality for

fz)= (M—(ﬁ—l)z") [(n+8—(3-1): L)

« o s
Theorem 3. A funciion f(2) = 2N gz a2 0 din T (5, 20)

g n=|\
d l!+l < 1
if and only of Z an ﬁ + nzg <1

n+1l
Proof. Since —z1fl(zp)=1=a + Z 1ty 2y Mo

n=I1
[=u]

ituti nt+l ¢ the result follows.
Substituting ap =1 — Z na,zy " in Theorem 1 the resul

=t

Corollary. If f(2) B N st s in N, (B z0) then

-
n=1

an < (B=1)/(n+ B+ n(B~ 1)zt with equality for

f(z) = (_’14— e (1—1);“) /(n+ﬁ+n(ﬂ_1):3+1).

3. Radius of convexity.

Theorem 4. If f(z) € T¥ ( (8. z0), then Re(1+ M N <0m
L/ n+1
n+A ) Cno=1.2..... The result 1w sharp

lz| < r(ﬁ) = 111‘{f (—'—"—_7.1(1I i 2)(,3 — 1‘)
for f(z) = (M — (8- l)zn) Jin+B8—(8-Dz"").
Proof. It suffices to show that

lzf(z)/f(z) +2l <1 for fz| <r=2(f)
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We have

- (=¥

Zn(n-}-l)a,.:""’ll Zn n+ Da,|z/"t!

[:f”(.‘:)f(z) +2 = =l — n=l|

, R
g + E na,="t g — E na,|z|* !

n=1 n=1

Thus |z f"(2)/ f'(z) + 2| < 1 provided

[+ =] =
Z n(n+ Dy |z["! < g Z na, |z["t!
n=1 HES)
or
oG
(5). Z(nz + 2n)a,|z|" ! < g,
n=l

Putting ag = 1 + Z a2y T in the above inequality, (5) reduces to

n=1

(6) > [n(n +2)]2)"F = 22t Ya, < 1.

[e o]
But from Theorem 2 we have Z a (;tf - z[,"“) < 1. Hence (6) will
n=1

be satisfied if

@ g

Solving (7) for |z| we get
1/n41
]zIS(——ﬂ-— n=12..
n(n +2)(8 —1) ’ T

The result follows.

Remark. The conclusion in Theorem 4 is independent of the fixed
point zg.
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4. Extreme points. T3 (3. 20) is a convex family. If f1{z) ;m(i f‘g(:.:)
are in ¥ (3, z0) then it can be shown that f(z) = Afi{z) + (1 = A}fa(z) 38
; (B,z0) for 0 £ A< 1. We shall now show that the extreme
1 (n+3)/z—(6-1)" L
points of Ef,\,’o(ﬁ,zu) are — and - ;? - 1):3“ sn=1,2,...
, 1 B (n+8)/z—(8—-1)z"
Theorem 5. Set fo{z) = - and fuz) = - )t

n=1,2,.. Then f(z) € TN, (8.2} of and only if it can be expressed in the

(=)

form f(Z) = Z )\nfn(:)a where A, 2 0 and Z Ay =1

n=u

a member of Ly,

n=0

(s =]
Proof. Let f(z) = Y _ Aufu(s). Then

n=i

N Anlr + f) [ S VIV Al Y i
flz)= (A0+n2=:1'n+ﬁ—(ﬂ“1)33+1)

Y VRS Ve

Note that f(ze) = Z Anfulz0) = (Z An

n=1 n=0 0
Also
i An(8—1) (T’+‘B—('8—l):'3'+l> :i)\n =1—- g <L
n=1ﬂ,+ﬂ—-(ﬁ_l)z{?+l ﬁ_l n=1

T (A, z). Conversely suppose
Wl )
4

Thus by Theorem 2 it follows that f{z) € IJ,
f(z) € Tx (8,20} Then we have ¢n < (B =1/(n+ 73— (8 — 1)z
n =1,2,... We may set

An = {(n 48— (B=D=)/(B = Dlan, n =12,

and Ag =1 — Y Au. Then f(z) = 3 Aafalz).

n=1l n=0

_mAf)z— (-

1
Theorem 6. Sef fo(z) = B and fa(z) = ot B nlf — .1):3+|

n=12,.. Then f(z) € E§ (A-z0) f and only if 1t can be cxpressed in the

fore) [e 5} ‘
form f(z) = 3 Anfalz) where X 2 0 end 37 Ay = 1.
n=0

n=0

) -1— = lv i.(‘. s(,f(zu) = 1
20
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Proof is similar to that of Theoretn 5.

. 0(:;0;‘0”{1[-3[. The exireme pnints ()f SR?] (ﬂ.;u) arc the fu,n(‘j;i()n_-; f"(z\,
= b e B

. 5. Convex Families. Let B be a non empty subset of the real
interval (0,1). We define TN, B) by N8, B)y= U EN(8,24).

) L, €
‘ As mentioned carlier if B consists of a single element then 3 (5. 1)
18 a convex family. Next we shall consider this class for other subsets of 3
We nced the following lemana. |

Lemma. If f(:) ¢ EX oz n LN la,n), where zg and z; are
] ;
pos

distinct positine numbers, then flzy=

o0
iy
Proof. Let f(z) = e Za,,z", ap = 0. Then we have uy =

n=1

o el
LR N tL :
1+ E a2y T =14 2 (.z,,s,"'H. This implies that a,, = 0 for n > 1. Hence
n=1

n=1\

Theorem_7. If B 1s contained in the interval (0,1) and 1 < g <2
then ENr_(ﬂ,B) 8 a convez family if and only if B is connected.

Proof. Let B be connected. Suppose zp,2) € B with z; < z,.
[¢4))] b[} -

o0
If f(z) — - un=", {a, 2 0) € "\To(ﬁ.zn_!, g(z) = — — boz",

o

FA
O =1

(b, 20) € EN(B,21), and 0 < A < 1 then we shall show that there exists o
72 (20 < 23 < 21) such that h(z) = Af(2) +(1 = A)g(z) is in S (3, 22). Set

=) oc
Hz) = zh(z) = Aay — A Zanzn+l (1= Ao — (1~ A) Z b2t
(8) o v=l - n=|
=14 Z an(zgFt - 2y (1 - A Z ba{zi*! .z,
n=1

me=l

Observe that #(z} is real when z is real with (=) >1 anil 1{z1) < 1. Hence
t(zz) =1 for soIe z2(z0 < z3 < 21). Since z),z; and X are arbitrary, the
family Ly (8, B) is couvex.
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Conversely suppose B 1s not connected, choose 9.3 € B = ¢ B
with zg -< zp < z1. Assume that f(z) and g{z) arc not both cqual to 1)z
Using the notation of (8) except that we fix z = 23 and allow A to vary,

& n i < L+l _,‘n--l,.
t()\):t(zg,)\)=1+)\Zan(z{,'“—:2+‘)+(1—)\}ZIJ,.(.,1 =L

n=] n=1
sre exists a Ag, 0 < Ag < 1, such that

i 0) > 1 and #(22,1) < 1, there exists a Ag, ‘ ;
tS(lzgceAto()zz——: 1) Hence h(z) € E}\}‘O(ﬁ’?, z9) for A = Ap. S.mc«? zy ¢ B, al;‘pl.\'mg
abo:'e lemina, it follows that h{z) ¢ £W,(f,B) which is a contradiction.

Hence B is connected.
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A CLASSIFICATION OF ALMOST CONTACT METRIC
SUBMERSIONS BASED ON THE FIBRES

BY

T. TSHIKUNA-MATAMBA

0. Introduction. It is well known that the fibres of an almost con-
tact metric submersion of type I, in the sense of W atson [17], are
almost Hermitian manifolds. Looking through this type of fbration, one
can obtain a large number of results such as the following:

Let f o M — M be an almost contact meiric submersion of type I
If the total space 1s cosymplectic, quasi-Sasakian or o Kenmoten manifold,
then the fibres are Kihlerian.

This result shows that, taken as a total space of an almost contact
metric submersion of type I, many different alniost contact metric mani-
folds may yield a determined class of the fibres. Indeed, since the fibres
are almost Hernntian manifolds, they have to belong to one of the sixteen
classes obtained by Gray aund Hervella in [7]-

According to the classification of Gray and Hervella, we attempt to
produce a classification of almost contact mnetric submersions of type I; this
problem was brought up in [14, P.716]. Among the defining relations of the
total space, we bring out those which are common and emerge: in forcing
the fibres to belong to the same class.

Ia Section 1. we recall some fundamental notions of almost Hermitian
and alinost contact inetric structures which will be used in this text.

Scction 2 is specifically devoted to the classification in which we ge-
neralize many results of [2, Th. 2.1], [14, Section 3} and [17, Th. 3.1].

In this text, arbitrary vector fields of A'(M), the Lie algebra of smooth
vector fields, will be denoted by D, E and @ while those of the vertical
distribution V(Af} will he U, V and W.



