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Conversely suppose B is not connccted, choose w.71 € B 2 ¢ D
with zg -< zg < z1. Assume that f(z) and ¢(z) arc not both equal to 1/=.
Using the notation of (8) except that we fix z = 2 and allow A to vary,

= n °_°‘ TS _,lr-—l :
HAY = tz2, ) = 14+ A D an(zt =)+ (1= ) Y balz PRagl

nz=1 n=1

Since #(z2,0) > 1 and #(z2,1) < 1, there exists a Ao, 0 <Ao< 1, suchlt.'l.u.ut
t(z2,A0) = 1. Hence h(z) € ¥, (8, 22} for A = Ae. S_mu? ¢ B, al;}) t3.111g
abm"e lemma, it follows that A(z) ¢ L, (8, B) which is a contraciction.
Hence B is connected.
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A CLASSIFICATION OF ALMOST CONTACT METRIC
SUBMERSIONS BASED ON THE FIBRES

By

T. TSHIKUNA-MATAMBA

0. Introduction. It is well known that the fibres of an almost colL-
tact metric submersion of type I, in the sensc of W a t s o n [17], are
almost Hermitian manifolds. Looking through this type of filration. one
can obtain a {arge number of results such as the following:

Let f o M — M' be an almost contact meiric submersion of type I

If the total space is cosymplectic, quasi-Sasakion or ¢ Kenmotsu manifold,
then the fibres are Kdhlerian.

This result shows that, taken as a total space of an almost contact
metric submersion of type I, many different almost contact metric mani-
folds may yield a determined class of the fibres, Indeed, since the fibres
are almost Hermitian manifolds, they have to belong to one of the sixteen
classes obtained by Gray and Hervella in [7].

According to the classification of Gray and Hervella, we attempt to
produce a classification of almost contact metrie submersions of type I; this
problem was brought up in [14, p-716). Among the defining relations of the
total spuce, we bring out those which are common and emerge in foreing
the fibres to belong to the same class.

In Section 1. we recall some fundamental notions of aliost Hermitian
and almost contact metric structures which will be used in this text.

Section 2 is specifically devoted to the classification in which we ge-
neralize many results of [2, Th. 2.1}, {14, Section 3] and [17, Th. 3.1].

In this text, arbitrary vector fields of A'(M), the Lie algebra of sthooth
vector ficlds, will be denoted by D, E and G while those of the vertical
distribution V(M) will be U, V and 1.
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1. Preliminaries. An almost Hermitian manifold is o Ricmannian
manifold (A, ¢} equipped with a tensor field J of type (1.1) satisfying:

(i) J?D = —D, and (ii) ¢(JD,JE)=g¢(D.E), for all D,E € X()).

Any almost Hermitian manifold (M, g. J) acdinits a differential 2- form
F, defined by F(D,E) = g{ D, JE) and called the fundarmental form or
the Kahler form. Ahmost Hermitian mamfolds are otientable aud of even
dimension which we will denote by 2me. The Lie form €, of an almost Her

1
mitian manifold is defined by ©(D) = ——10F( J D), where § denotes the
-

coderivative. From the classification of Gray and Hervella {7, we
recall the defining relations of some classes which will be needed.
An almost Hermitian manifold (M, g, J) is said to e

(a) Kahlerian if dF(D. E,G) =0 = N, where N s the Nyenhws tonsor
(b} nearly Kahlerian (or Wi-manifold) if(VpF)(D, E)y=0
(¢} almost Kahlerian (or W, -manfold) if dF(D,E.G) =10

(d) quasi Kéahlerian (or W, & Wo -manifold) if
(VpF)(E,G)+ (VipF)JE,G) =

(e) Wiy—manifold +f (VpF)E,G) - (VyoFWJE.G)=0=0F;
(f) Wy @ Wi—manifold if (VpF)(D, E} (VpFWIDE) =0=08F;
(g) Gi—manifold +f (VpFYD.E)~(VypF)YJD,E) =&

{h) G;—manifold +f U{(VDF)(E,G) (V“)F)(JE,G)} = 0, where o
denotes the cyclic sum over D, E and G:

(1) locally conformal Kahlerian (or Wy -manifold) if JF = F 0O,

N=0
(3} locally conformal almost KAahlerian (W, @ Wy-manifold) if
dF = FNo;

(k) Wo@W;s—manifold if o {(VpFYWE.G)—{V inFWJE.G)) =0 =6F:
(1) semi—-Kahlerian (or WV, @ Wy @ Wa-manifold) if 6F =0
(m) W, & W;—manifold if (VpF)D,E)=

= 5t =1y {IPIPSF(E) - (D, E)F(D) = gl D EYSF(ID)):

(n) W, & W, ® Wy—manifold if (VoF)E.G) + (VsuoFYJE.G) =
= ;"_1—1{9(1?, E)F(G) — ¢(D,G)5F(E) + g(D.JGYSF(JE) —
—g(D,JEYF(JG))}.
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(1} £ 1w distinguished vector field.
tit} o 2 a differential 1-form such that (&) =1, and

{iil]pz.&:at-fpu edd T i sptiuf 2
i {1-[:1}5)?1' feeld of type (1,1 satisfying 2°D = =D+ y(D)E. for all

If in addition, A admits a Ricmannian metrie g such that gleD.oF) =
‘——'g{D, EYn( Dy E}, then ¢ is called a ('()mpati])l‘v etriv uml‘( AL ¢ i ¢ 7_)
is called an almost contact metric manifold [12). Alinost C()Ilt'u_‘;, 11‘1;{;1("?‘;“, "

nifolds are of odd dimension. The fundamental 2 form *I)( of a1 I; ”“‘“
contact metrie manifold is defined by $(D. E)=g(D,pE). ij we ((l:‘n‘;)rlg(l)::'}

{El E,, k) E : .
Ly v 2B B} o local o-basis of T T, ;
the coderivative § is ,E;i\'c:u by: P-basis of an open subset of M then
m

(1.1) 6®(D) = —Z {(Vi, ®NE, D)+ (V@) oE. D)} - (Ve®)E. D:

=1
ne

(12) oy = =Y Ve )E+ (VorpE) .

=1

In [101], J.A.Oubina has defined a I-form w by setting
cIu e (" (6@) — (67)n) which rescmbles to the Lee form,

tii'(gltifl.mfr: R}':L illinld ;1':(11);1 atakeyama have defined

N\(D. E) = [p.ol(D. E) + 24y(D, E)¢;

NyD.E)= (LopniE - (L pn)D, where £ denotes the Lie derivative.
glij:I(.;:(,_(‘)’At}"illﬂ(l;‘nom contact metric structure is said to be normnal and in
Hcrmf:g?::ﬁiﬁ,i; ycalt:ci III-I(“; v‘:: lll aG [7)in the classif‘icl-ation of almost
Zoté)lg:;l]i?:ts,xg?tii ;\ili(fst.contac’t m;txl'éc strsc]tln‘:'e:l ;I;telilul;:v:xs:jiz“:;g

a1t ructures, only a few number of defining relations have

been identified. We recall those which will be used in this paper
An almost contact metric manifold is said to be:

{1) almost cosymplectic if dd = 0 = dy;

(2) cosymplectic if d® =0 = dy = Ny;

(3) closely cosymplectic if (Vpp)D = 0 = dy;
)

{4) nearly cosymplectic if (V0)D = 0;
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(5) nearly—-K—cosymplectic if (Vpy)E + (Vpp)D =0=Vp;
(6) quasi—IN—cosymplectic F (Vo) DH(V pp)p E—y{ EYV 0€) =

i ic if db =0 =dy and
7) Ga—semi—cosymplectic if P =0 =4y ' -
v JE(VD(D)(E,G) —(Von®)@E.G) = f{ E){V )G} = O

(8) locally conformal almost cosymplectic if d0 = -2 Aw und
dyp =5 Aw; [
(9) locally conformal cosymplectic if dd = —2d Aw, dy=ynrw and

N, =0, where N, denotes the Nijenhuis tensor [6]:
(10} quasi—Sasakian if d® =0 = Ny:
(11) almost trans—Sasakian if P = & A w and

dn = ;)1— {6®(£)® — 2n A ™ (o) );

2in

{12) G,-Sasakian if (Vpp)D — (VepeleD + W(DUV.ng) =k
(13) Gy—Sasakian if o{(Vp@) E.G) ~ (Von®)eE G) -

- EXVepn)GY =0;

9
' N ) and diy = 0;

(14) almost Kenmotsu if d®(D. E,G) = 3 o {n(DYP(E,G)} and dy

(15) a Kenmotsu manifold if it is alrmost Kenmnotsu and normal;

(16) quasi Kenmotsu if (Vp@)YE,G) + (Von®)pE,G) =
= n(EY{G, D)+ 20(GYe(D, E) and dy = 0;

(17} nearly Kenmotsu if (Vpe)D = —y(D)2D and dy = 0;

18) G,~Kenmotsu if ) o
e (VIDq))(D E)—(V,p@)D,E) = g(D)YWHE.D) and dip =

19) Go—Kemmnotsu f o
Y 0{2('\7!)‘1’)(5, G) — (Vop®)9E.G) — n(D)P(E,G) =0 = di;

-1 (G —
(20) a Cs—manifold if (Vpd)E.G) = m {9{pD. P EYO(G)

— (D, 0GYSB(E) + (D, G)§®(pE) — ¢(D. E)s (Gl
and §P(L) = 0. |
Other classes of almost contact metric structures whicl are not listed
] and [16].
here cau be found in {i], [3], [11] and | : ' . ‘
Looking through the defining relations of all various classes of almost
contact metric structures, it appears that the differential ¢@ n.nd the vov}a-
riant derivative V& of the fundamental form can be expressed in one of the
following formulas in which b denotes a real number.
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b
3
(1.4) ([(I)(D,E,G)zga{‘b(D,E)C};

(1.5) d®(D,E,G) = bd A w;

(L6} {(Vpd)(D,E)—(V.p®) D, E) + by(D)C'} = 0:
(1.7) 7{(Vp®)E,G) - (V,pd)NvE,G) + by (DYC} = 0.

Note that in these formnlas, € s a factor which is determined by the
class of the manifold. For instanee, if we take b = 2 and ¢ = BE.G)

?
in (1.3) we obtain d®(D.E,G) = érf{?;r(D}(b(E;G)} which 15 onc of the
defining relations of an alimost Kemmotsu manifold (8], Taking b = 1 and
C = (Ven)pE + (Voem)E in the same formula, we get dP(D.E,G) =

1
go{F?(D)[(vGU)#”E + {Van)E]} which leads to deline « C',~uanifolkl

18]. However, if b = € iu the same formula, we get one of the defining
relations of almost cosyinplectic, quasi-Sasakion or a o manifold which is
defined i [5] by dd = 0 = V. Takingb = -1 and ¢ = $(E, D) in (1.4) we
obtain one of the defining relations of a G —Keumotsu manifold; if b = —1
and C = (V_pn)E, we got the defining relation of G ~Sasakian structures.

Clearly (1.5) can be illustrated by Ga-almost contact metric structu-
res such as: Gy~Sasakian, Gy-semi-cosymplectic and some others.

(1.3) d®(D,E.G)= ag{nD)C},

2. Almost contact metric submersions. A Rictmuming submeor
sion is a submersion f @ M — M hetween Ricianuian manfold such that
Fo/(Ker fo)+ is alincar isometry [9]. The tangent bundle T(ALY of the total
space Al admits an orthogonal decomposition (M) =V(ADH & H(M). We
denote the vertical and horizoutal projections by V and H respectively, For
any y € M', the closed ciibedded submanifold F71y) is called the fibre of
fover y. A vector field X of the horizontal distribution H(M) is called a
basic vector field if it is f-related to a vector field AL of the base space M.
Such a vector ficld will be denoted by f.X = X,.

Let (M, g.0,6,n) and (M', ¢, ' €', 1"} be almost contact moetric mla-
nifolds. A Riemannian submersion fo M — A s said to be au almost
contuct meiric submersion of type I, [17), if it satisfics.

(1) fueD =¢'f.D, for wll D € X{M), and (i) f*£_= £

Proposition 2.1. (Watson) Let f : M — M’ be an almost contact
metric submersion of type I. Then:

(a) U € V(M) implies that oU ¢ VM), (b)y{U)=0, for olil € V{AL).
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Proof. Sce {14}, [13] and [171. :
In passing. Jet us note that, on the fibres. @U = JU. In the case of
necessity, we will denote by a caret A the tensors on the fibres.

Proposition 2.2. (Watson) Let f : M — M be an almest contact
metric submersion of type I. Then:

{(a) ®U, V)=, V) (L) NU, V)= N(U, V)

Proof. Sce W a tson (17, Prop. 2.2].
Now, let us look towards the classes of the fibres.

Proposition 2.3, Let f : M — M' be an almost contect metree
suhmersion of type I. If the total space s cosymplectic, quusi Sesalion or
o Kenmotsu manifold, then the fibres are Kdhlerwn,

Proof. It is clear that these manifolds have m common the following

l . . . .

defining relations d®(D,E.G) = éa{r;(b)‘ﬁ(E. GYland Ny =0, Let U,V

and W be tangent to the fibres. The vanishing of y on the vertical distri-

bution vields dd(U, V,1W} = 0. Since Ny = 0, we get N = 0. So, the fibres

are defined by d@(U,V.W)=0=N. which ave the defining relations of the
Kahlerian structure.

Proposition 2.4. If the total space of en ahnost contacl metric sub-
mersion of type I is almost cosymplectic, a Cy -manifold or an almost Ken-
motsu manifold, then the fibres are almost Kihlerian.

Proof. As in the proof of the preceding proposition, all these ma-
nifolds have in common the following defining relaiion d®(D,E.G) =

= Ecr{n(D)‘I’(E,G‘)}. which yields d&(U, ¥, W) = 0. Since no more is said

about N, the fibres are alinost Kéhlerian,

Proposition 2.5. Let f : M — M' be an almost contact metric
submersion of type 1. If the total spuce is closely cosympleetic, ncarly
cosymplectic, nearly-K -cosymplectic or nearly Kenmotsu, then the fibres

are nearly Kahlerian,

Proof. The common defining relation for all these manifolds 1s

(Vp®) D, E) = by(D)C. The vanishing of 7 o vertical vector fields yieids
(Vy®)(U,V) = 0, which defines the nearly Kahlerian structure.
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Propositi : i A ‘
I position 2.6, lLet f @ M — AM' be gn almost conteet mctrie
}(. -c, s1on of Lype [.. If the toial spuce 15 quast- K -cosymplectic or quas:
enmotsu, then the fibres are quasi Kiblerian.

Proof. Asi : pr ; 1 i
e C?f As in the proof of the preceding proposition, all these mani-
lds have 1n conunon the following defining relation

(Vp®) E,G)+(V.p®)pE,G) = by(D)C.
We get the proof by using the procedure of the preceding proposition.

Proposition 2.7. If the iotal spuce of an almost contuct metric sub-

T{;ET‘S?-()TL af type I'is Gi-Susakian or G,-Kenmotsu for ¢ = 1,2, then the
febres are G nanifolds. R

Proof. Note that for : = 1, the consider i i
T ¢ that fc , stdered manifolds hove in eo ;
;h? Flcﬁ;lmg relation(V p @)D, E} ~ (Vo,p®) (oD, E) + i C = 6“\1“1:11:
or 1= 2, we have o {(Vp®HE.G) — (Vi pd)@E.G) + by(D)C} = 0. The

proof is established by applying the preceding procedure.

1 -'1\‘0\.\'. w ersl'm.ll be concerned by the manifolds whicli ave defined by the
coderivative of the fundameutal form @ or the contact i-formn y ~

. Rcc:all that the.O hfc*ii! configuratiou teusor . of the total space of a
Ule;mmm.xa.n submersion, is definedin (9 by ApE = VO HE4+ MV yp VE
1 sing t?us temsor, Chinea [4] has defined an associated tensor A* on
lOl‘lZO.ﬂl'.‘rll vector flelds by setting A*(X,Y) = dyp) — 40vY, and has
established the following cquations _ o -

(2.1) 617y = ad(l)) + ég(tr A*UY;
(2.2) A®(X) =6'(X,)+ g(H,2X);
(2.3) dnp=én'of ~gylH.&),

where H denotes the mnean curvature of the tibres while tr A* is the trace
of the tensor A*. ‘

Concerni e forms w,w'’
ning the Lee forms w,w’ and ©, we have the following

Lemma 2.8, Let f. A — AL D j
. .8. DA ¢ an almost contact meiric submne
ston of type I. Then we have: e

(a) f*w =w if and only +f the fibres are minimal;

(b} O(U) = w{U) if and only of tr4* =0.
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Proof. (a) Let X be a basic vector field, by calenlation we have

(frw)(X) = (f.X)

1 = - r f 5
- (6P (" fo X)) = (6 YW (fo X D)

il

1 L
— (09" (' Xu) — (89 ) (' (X.)))-
Tt

By (2.2) it is clear that §®'(¢/X,) = §P(pX) if and ouly if H =0 whicl is
the required conddition for the minimality of the fibres. Similarly, by (2.3),
én = n'of if and only if H = 0 which completes the proof.
(b) The vanishing of n on the vertical distribution leads to w(U}) =
1 . P . . b .
; 6@(3U). But by (2.1), we have §0(pU) = 8P(¢U) if and only if
m —
tr A* = 0; that is to say &(I') = w(U) if and only if tr A” = 0. Since the

fibres of an almost contact metric submersion of type I are alinost Hermitian

manifolds, we have ¢U = JU and §P = §F so that &(U) = (U).

Proposition 2.9. If the total space is an almost contact metric sub-
mersion of type I is trans-Sasekian, locally conformal cosymplectic or a
Cy-manifold, then the fibves are locally conformal Kihlerian if and only of
trA* = 0.

Proof. The considered manifolds have in common the following defi-
b .
ning relationd®(D, E,G) = T o {®(D, E)C}, where the factor €' is defined
m
by the coderivative of the fundamental 2—forin. Clearly, ou the fibres, we

have d®(U,V.1V) = :5(7;-’—_—1)0{@([!\ V)C}, in which € is defined by the

coderivative if and only if tr A™ = 0.

Proposition 2.10. Let f : M — M' be an almost contuct metre
submersion of type I. If the total space 13 almost trans-Sasakian or « locally
conformal elmost cosymplectic manifold, then the fibres are locally conformal
almost Kahlerian of and only if tr A* = 0.

Proof. The common defining relation of these manifolds is d®=bPAw.
We have to show that d® = b® A0 if and only if tr A* = 0. By the preceding
lemma, we have seen that O(W) = w(W) if and only if tr A* = 0. Since
(U, V) = &(U,V) we deduce that dd = &A@ if and only if tr 4* = 0. The
proof follows from the fact that, in this case, ©(IV) = O(1).

Proposition 2.11. Let f : M — M’ be en almost contact metric
submersion of type I. If the total space is ncarly-Sasakian or quasitrans-—
Sasakian, then the fibres are respectively Wy Wy or W, & Wy, @ Wy-ma-
nifolds if and only if tr A~ = 0.
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Proof. Aunalogue to the preceding,

I M ¥
Proposition 2.12. Let f: M — M’ be an ahmost contact metrie sub-

‘”’H rRtow ”f type 1. If the total space is semi-cosymplectic or semi-Sasakian
thew the fibres are semi-Kdhlerian of und ondy if tr A* = (. J

Proof. See Chinea 14].

Propositi
- oposition 2..13. If the total space of un almost contact metric
submersion of type I is semi-cosymplectic normal, semi-Sasakian normal
or semi-Kenmotsu normal, then the fibres are W -manifolds if and only if

tr A = (.

Rroof. Note that the considered manifolds have 6P =0 = Ny as
the f(uumrm defining relations. Henee it is clear that §& = 0 if and only if
tr A* = 0. As in Proposition 2.3, N = 0 is obvieus. »

; Proposition 2.;4. If the total space of an almost contact metric
submersion of type I‘ 18 Gi-semi-cosymplectic, G,-Sasakian or G,-semi-
Kenmotsu, then the fibres are VW, g W, manifelds if and only if tr A* = 0.

Pl OOf- \\ H I)lOC(’(.(l as 1n t-l ! . =
& E 1 I'o )f Uf PlO 308 S 4
. L ] ( lO ltlnll ; l a..[}(l ) 9 b\
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SEMI-PSEUDO SYMMETRIC MANIFOLD
BY

M. TARAFDAR and MUSA A.A. JAWARNEH

Intr i 4 previ
e O?UCUO?]. In a previous paper [1] M.C. Ch a ki introduced
se symmetric manifold, In this paper, we consider a nonflat Rie-

mannian manifold (A
L . g) {(n > 3) whose curvi s bomrcer T2 ant
condition ' ) curvature tensor 1T satisfies the

- (VxR)NY, 2)W = 25(X)R(Y, Z)WV + n(Y)R(X, Z)W +
+7(Z)R(Y, X)W + n(W)R(Y, Z)X

where 7 is a non-zero 1-form
(2) 9(X, p) = n{X), for every vector field X

;';11111;:1 n?;t;l;cnztess Lﬁl}: 'op(‘%'utior of covariant differentiation with respect to
the mew an'('l o 1_(L)i»1111‘;]17,][-f(;l]‘;l llslh{';ﬂ bcl]calllf:d a Semi-Pscudo-Synunetric
! S H '] co 3 . o) A0 3, S
dlmcusionf.il senti-pscudo-symmetric 111:11({;011;21;11Tﬁ()1(;::1ct1;21;01tc§)i)l ll.( S‘L};j? ;l
o O‘I:'}f;lillfiI;r;p;rbltt.;s‘ .sh_o‘fv'n ttlla-t if its scalar curvature 7 is cnns);ant, th(.:;
- Einsm_in (SPS). 11(11:)(th assomfltpd 1-form is f'lo.q(‘(l. It has bheen shown
e B confm.m.;ﬁ ’ ﬂ:b 1;(; exist, (SPS)._, with Codazzi type of Ricc
[peor an o lc ’5 . at (SPS), arc studl.ccl. It has also been shown
, conformally flat (SPS), (n > 3) with non-zero constant scalar

curvatur icel tensor isti 1
ature, the Ricei tensor has two distinet eigenvalues, namely
, :

0 of which the former i iplici o F "
¢ (E)unc ris of multiplicity n—1 and the latter is sinple. Finally

a necessary and sufficient condition 1 : : ) b
. : 1as been proved for Ricci tensor :

of Codazzi type in a conformally flat (SPS)n.p o b

. )1. ;’;ellmmarles. Let § and » denote respectively the Ricei tensor
o yll(:‘ (0,2) and the scalar curvature and L denote the symmetric end
orphismn of the tangeut space at each point, corresponding to the Ric?;;



