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SEMI-PSEUDO SYMMETRIC MANIFOLD
BY

M. TARAFDAR and MUSA A.A. JAWARNEH

Il]tl odl] tl() * 1 [)l(' ous l)d[ B | 4 l\ ntro 1 1
(M n I“. < V10 JCT l I. I”I.C'- C ]1 L I 1 1O C(l
])L H1etric tnanl . I B [)del f ¢ CONSl l 1 10 H 1e-

& =14 11(1() SYlIi ('t C 1 {()1(1 Il thl% we SIKKLer onllat I{

1a1 mait lf ( - e L= -
% ¥ g) ( 1 > 3 W 1105(} (
Inanniai 1811 f)l(i Ill 1 ) M \(]—tllr( t(.llS()I Ji 5 1“‘5“(’5 th-e

- (VxR)Y,Z)W = 2x(X)R(Y, Z)WV + n(Y)R(X, Z)W+
+ n(Z)R(Y, X)W + n(W)R(Y, Z)X

where 7 is a nou-zero 1-form
(2) (X, p) = n(X), for every vector field X

?l?j nz\t;li(:mtess tl.]]o f)p(‘f‘ut:or of covariant differentiation with respect to
the meu '”_lqc.l t]lt:;]l_ :ft nmmfnl]d ;:111{';!! be called a Semi-Pseudo-Syinmetric
1 ld ~form r shall be called its associated 1-form

dlrnculsmnz?l semi 1)&:.cudo symimctric nmnifol(;1111&?;101(;::;(:111011303)i)l;'l ( Sf}:g ;l
o f,:r}t;lllll: ilgi;-p;rbltll:\:h'(:w.“ that if its scalar curvature r s constant, then
o Einsw.in s (1:):. ‘s (lS:O(,lfltO(l 1-form is ?'iosod. It has been shown
e B Coni‘onn-;ﬁ , ﬂ:btn‘(;' exist., (SPS),} with Codazzi type of Ricel
pneor ud conle lc ’} ' at {(SP5), arc studl.cd. It has also been shown

, nformally flat (§PS), (n > 3) with non-zero constant scalar
curvature, the Ricei tensor has two distinet eigenvalues, namely - r

0 of which the former is of multiplicity n—1 and the latter is simpl:; _Fiu'tl]y

a necess: u . e . 1t
. éa ssary atwd .E:U{'ﬁCl( nt condition has been proved for Ricei tensor to be
of Codazzi type in a conformally flat (SPS), (

e

and

. )i.(;’;allmllnanes. Let S and » denote respectively the Ricci tensor
o “1: »2) and the scalar curvature and L denote the symmetric endo
orphism of the tangent space at cach point, corresponding to the Ricci
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tensor S, 1.e.
(1.1} g(LX,Y) = S(X,Y) for any vector fields X, Y.
From (1) we get

(VxS)Y,2) = 2n(X)S(Y, 2) + n(¥)S(X, 2)+
(1.2) L 7(Z)S(Y, X))+ m(R(X,Y)Z).

Contracting (1.2) we have
(1.3) dr(X) =2m{X)r + 3n(LX).
Also from (1.2) we find

(VxS)Y,Z) —(VzSNY, X) = n(X)S(}Y, Z)—
) —(Z)S(Y, X) + m{R(X, Z)Y).

Contracting (1.4) we get

(1.5) dr(X) = 2n(X)r.
From (1.3) and (1.5) it follows that

(1.6) (LX) =0.

In virtue of (1.6), the equation (1.3) takes the form
(1.7) dr(X) = 2x(X)r.
Further we have

{(1.8) rde(X,Y) =0

We shall use these formulas later on.

2. Scalar curvature of a (SPS})n. If the scalar curvature » of a
(SPS)n is constant, then from (1.5) it follows that

2m(X)r = 0.
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ThiS giVCS r =0 as W(,Y) -‘,lé 0. Agiiil], lf ' :,f': 0, t,hen fl‘OlIl (18) 1t f()ll(')\VS
that

dn(X,¥) =0

which means that the 1-form = is closed. We can therefore state as follows:

Theorem 1. If the scalar curvature r of (SPS), is constant, then
7 =0, while if r #£ 0, then the associated 1-form = of the manifold is closed.

3. Einstein {(SPS), {n > 2). It is known 5] that in an Einstein
(M",g) (n > 2) manifold, the scalar curvature » is constant. By Theorem
1, we can state

Theorem 2. An Einstein (SPS), (n > 2) is of zere scalar curvature.

If possible, let a (SPS), (n > 2) be of constant curvature. Then we
have

(3.1) RX.Y)Z = k{g(Y,2)X — ¢(Z, X)Y').

Since every manifold of constant curvature is an Einstein manifold, it fol-
lows from Theorem 2 that in a (SPS), (n > 2) of constant curvature the
scalar curvature r = 0. Buy » = 0 implies & = 0. So, from (3.1} it follows
that R(X,Y)Z = 0, which is inadmissible by definition. This leads to the
following corollary of the above theorem

Corollary 1. 4 (5PS), cannot be of constant curvature.

Since a 3-dimensional Einstein manifold is of constant curvature [5]
it follows from the above corollary that a (SPS); cannot be an Einstein
manifold. Hence we have another corollary which can be stated as follows:

Corollary 2, Einstein (SPS),, does not exist.

4. (SPS), (n > 2) with Codazzi type of Ricci tensor. In this

section we consider a (SPS), (n > 2) in which the Ricci teusor S is a
Codazzi tensor [3] i.e.

(4.1) (VxS)Y,Z) = (VzS)(Y, X).
Using (1.2) we get
(4.2) (VxS)UY, Z) +(Vy SN2, X) +(VzS)(X,Y) =

= H{x(X)S(Y, Z) + n(Y)S(2,X) + n(2)S(X,Y)}.
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In virtue of (4.1}, the equation (4.2} can be written as
(4.3) 3(VxS)Y,2Z)=4{x(X)50),Z} +=(})5(Z, \) + T(Z)5(N, 1)),
Contracting (4.3) and using (4.6) we get
3dr{ X} = 4m(X)r = 2dr(X) Dby (1.7).
Hence
(4.4) dr(X) = 0.

It is known [2] that in a Riemannian manifold (A", g) (n > 3)

( (div CY(X.Y)Z = f';" _2{(\7(‘5)(1:2) —(V4S)(1. X))+
4‘5) T — 2
b (X, Y )N Z) — g(3 Z)dr (X)),

2(n - 1)

where C denotes the conformal curvature tensor and div denotes divergence
with respect to V. In virtne of (4.1) and (4.4) it follows from (4.5) that

(div CH.X,Y)Z =0,
which means that the tensor C is conservative [4]. Hence we can state

Theorem 3. If in a (SPS), (n > 3), the Ricct tensor s a Cadazzt
tensor, then its conformal curvaeture tensor i conservative.

5. Conformally flat (SPS), (n > 3). It is known [2] that in a
conformally flat (M™,¢) (n > 3)

{dr(X)g(Y.Z) = dr(Z)g(X. 1)}

(VxSKY,Z) - (VzSHY, X} = 2(n - 1)

Hence in a conformaily flat (SPS), (n = 3) we have
(VaSUY.2) = (V2S)(Y. X) =

(5.1) == - AT(X)g(Y, Z) = n(Z)9(X, Y}y (1.7)
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From (5.1) and (1.4) we have

tn=1)m(X)S(Y. Z)~(n—1)m( Z)S(¥, X )+ (n = D) (R(X. Z)¥ ) =
=r{m(X)g(Y. Z)~ o Z1g( X, Y }}(n— NR(X.Z Y, p)=

= —(n-1r{X)S(Y.Z)+{n—1)x(Z)S(Y. X )+

Fra(X)g(Y, Z) — r( Z)g(X. ).

{5.2)

Again in & conformally flat (A", ) (1 > 3) we have

- 7 1 -
R(X,Y, Z, 1) T3 {S(2,Y)g(X, W) — S(X,Y)g(Z. W)+
(8.3) 4 9(Z,Y)S(X, W) — g(X.Y)S(Z, W)} +

r - -
Ty (2 W) - (2.1 (X 1))

Using (1.6) and (5.3) we get

Foyr .o on—=1
(5.4 TR Zop) = [SHS20rX) - R(ZIS(XY )+
+” — 2{.‘7(-\',)")7.'(2) - g(Y. Z)n(X)}

Henee from (5.2} and (5.4) we find

=l = D{(X)S(, 2) = (Z)S(1. X)) = gl X.V)o(2) -
. . n—
—m(X (Y. 2)} = — {5V, Z)m(X) - m(Z)S(X.¥) |+

I

=L {0 XY )R(Z) - g(Y. 2)7(X))
or
{S(Y,Z)x(X) - 7(Z)S(X, YIHn - 1)1 + ——l—q)-i-
n—2
+r{g(X,Y)=(Z) - g(V, Z)n(X)}(1 + -—1—)) =0
-2
or

{S(Y.Z1m(X) - S(X.Y)w(Z)}Hn-1)+ (X, Y Z)—g(Y, Z)=(X)} =0

or

(53) {S(¥,2)~ ——g(¥, Z)}n(X) = {S(X,Y) -
T
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Putting X = p and using (1.6) we get

(5(¥,2) ~ — (¥, 2)}a(p) = — 7 (VIn(2)
B (¥ )x(Z)
or S(Y:Z) n"_l {g'tyaz)'_ TT(P) }1 ‘JT(p) #0
(5.6) S(Y,Z) = ;r_—l{g(}',Z) _T(YYT(Z)} where
(5.7) T(x) = =L
©(p)

Since S(Y, Z) # 0, from (5.6) 1t follows that » # 0. Thus in a conformally

flat (SPS)n, the scalar curvature is necessarily different from zero.
In virtue of (1.6), it follows from (5.6) that
T (LY)
(5.8) S(LY,Z) — —L—g(L¥,2) =0 as T(LY) = —=—= =0
et Vr(r)

Let A be an eigenvalue of L and X be an eigenvector corresponding to A

Then
(5.9) LX = )\X.

Hence from (5.8) we get

(A = ——\e(¥,2) =0

or P A=0
—_—
from which we get
T
A= .
n—1 .
If m is the multiplicity of r T then
n —
r
m- =r

7 nl
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or
m=n-1,

We can therefore state the following theorem

th”'{“l:z;rt‘em :1} In o conformally flat (SPS), (n > 3) with non-zero
l urvature, the Ricce tensor L of type (1,1) has two distinet eigenvalues

RAMELY ——— ]

L ¥ ] and 0 of which the former s of multiplicity n — 1 and the latter

18 simple,

Let us now assume that tl
- : : > that the scalar curvature r of (SP ¢
Using Theorem 1, we find from {5.1) I e constant

(VxSIY,2) =(V25)(Y, X)

Le. the Ricel tensor § is of Codazzi type.
Conversely, let the Ricei tensor be of Codazzi type in a conformally

flat (SPS),. Hence, from (5.1)

1

7 (MX)9(Y,2) - "(2)0(X,V)} =0
or —— {n(X) = 7(X)} = 0
or rr{X) =0

r=0 as m(X)#0.

Thus we can state

Theorem 5. A conformally flat (SPS), {n > 3) of zero scular cur-

vature y “I - } 4
D ld 31 ¢ t b
L
tur 18 tnl“ necessar ar i cien (O'H,d?H.OJ oT @ REC(J tcﬂnﬁoi o bc ()f
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AN APPROXIMATION METHOD
FOR THE SOLUTION OF A DIFFERENTIAL SYSTEM

BY

OREST IFTIME and GABRIEL TURINICI

o 0. Introduction. Iu this paper an approximation method for deter-
mining the solution of a differential cquation over finite dimensional 51)21(:0-;
is pmpnsc('l. The algorithm in question could be regarded as a rf:ﬁll(‘nlent.n}
the succesive approximation method (see [2] cap. II, Section 1}. Moreover
under some appropriate hypothesis, one can prove the estimated errors m'c:
sn}allm' than those obtained by classical means. This method is an an:illo e

for differential equations — of Seidel’s algorithm (see [1] cap. IX Sectiinq
3-7} concerning the solution of a lincar system of equations. , ‘

' The problem is enounced in Section 1, where a first result [Proposition
1) v_v1r.h a practical importance is given. Starting from here a refinement
for it (Proposition 2) is obtained, along with an analogue for th‘v ('e‘h‘(* of
anotlier norm {Proposition 3). One can see however that both ]1:1\’;: 1'!1;)€t1 .
S the'nrc'tic feature, a lot of calculations being necded. This is the 1'0'15031
why in Section 3 a statement similar to Proposition 3 is given which lm‘s in
the cases it is to be used, the advantage to require less caleulations. ’

1. Preliminary results. Let A={a,b]x[E;—r, £ 47 ] x --x[E—r
€nrtra] be a given (n+1)-dimensional interval and f = (fio.onfa): A "+ R”’:
a continuous function, where a < b, €, € R, vy > 0. 1 = 1 ;1 “\V(" COnsi 1
the Cauchy problem : I o

(C-P) 'r:'(t) = fi(t:wl(t),'--aq:n(t)), -'ri(”-) =&, t= Tj,

under standard Lipschitz-type assumptions about the functions I



