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AN APPROXIMATION METHOD
FOR THE SOLUTION OF A DIFFERENTIAL SYSITEM

BY

OREST IFTIME and GABRIEL TURINICI

0 Introduction. In this paper an approxiimation method for deter-
mining the solution of a differential cquation over finite dimensional spaces
is pl‘()]')()'%c%l. The algorithn in question could be regarded as a refinement o‘f
the succesive approximation method (see [2] cap. II, Section 1). Moreover
under some appropriate hypothesis. one can prove the estimated errors m'c,
sn}allcr than those obtained by classical means. This method is an analogue

for differential equations — of Seidel’s algorithm (see [1] cap. IX Sectignq
3-7} concerning the solution of a lincar system of f;quatimls. , ‘

' The probh;‘m 15 enounced in Section 1, where a first result ( Proposition
1) v_v1th a practical importance is given. Starting from here a refinement
for it (Proposition 2) is obtained, along with an analogue for th‘v case’of
another norm (Proposition 3). One can sec however that both ]1:-\’;: m;)‘;tl .
Y the'orrtic feature, a lot of calculations being necded. This is t:11c rcnlso:}l
why in Section 3 a statement similar to Proposition 3 is given which has, in
the cases it is to be used, the advantage to require less calculations. ’

1. Preliminary results. Let A={qa,b|x[¢,—r, Extry )X x[E -t
+ry,]) be a given {n+1)-di ional interval : , " e
Ea nl given {n+1)-dimensional interval and f = (f;. ..., fa): & — R®
a continuous function, where a < b, €, € R, +; >0, 1 =1.n .
the Cauchy problem : ,

= 1,n. We consider

(C-P) 'rJi(t) = f.(t,:tl(t),...,m,,(t)), -171(”-) =&, 1= m,

under standard Lipschitz-type assumptions about the functions fi
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n

(H1) [fi(8: 215 2a) = filsigns oyl €D Lilej =y,

=1
()8, T1, s Tn ) (S, Y15 tin) €A

Since f; is contintous over A (compact) it follows that-there exists M, =0
such that:

(1) If,(i,?)l < M;, I'V)(t:d.') e, 1= ﬁ!
Let us define:
(D1) § = min{b— a,ri /M. ..., rafMa}.

From (H1) and the continuity of f over A one obtains that (CP) has &
unique solution = = {zy,...,2n) 1 [@, @ + 6] — R", which satisfies the equi-
valent integral equation :

(E) z{t) =&+ / fls,x{s))ds (where £ = (&1, E0))

(see [2] cap. II, Section 1},
Tnn the following we will search for an approxitnation of the solution
above. In 01dnr to achieve that m, define the segquence of functions:

(2P = (2F, .., 2} : [a,a + 8] — R")p»1 by:
1(1“) =¢, i=1,n, andforp>1
(D2) ¢ T () =&+ ] Filsy e THs), ool (5), 22 (5), o 2 ()l

t=1,n.
t
(with the convention :rff“(t) = £+ ] fils,al(s), ..., 2l (s))ds).
a
We prove by induction that (27 ),»1 is well defined, t.e.:
(2) leh(t) =& <rivi=Ton,. p2 L

Forp:=1: |z} (t)=&| = |&—&i| = 0 £ ri. Supposing now that the functions

-1 - .
(2871, . zh7Y) and (2f, .., 2t ) arc all well defined we prove the sawme for

zf In fact:
2P(t) — &) = | / Fils, al(8), ol (s).al T (st o a7 s )ds] <

(3 / |fils, el (s ,_1(’),J:{-’_l(s),...‘m" P(s))|els
<t a)M, < BM; < 1,
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which proves (2).
We now consider the following norms (for each ¢ in [, @+ 8]):

lylle = sup |u(s)], v € C(lat), R),

3E[n 1]

and also

lyllm = max |yil,

i=1,n
where y = (y1,...,yn) 18 au arbitrary element in R™.
Denote, for simplicity, (yi....,y.} by (v, and ||(Jlo¥ — @ill)i, lm by
“1" _r”m
Let us define:
(D3) M = max M;,

=1,n

t—1
(D4) o, = > LI, ay =0,
=1

(D5) Bi=> L}, i=Tn,
(D6) L = max (a; + Bi).
=1,n
In all that follows we supposc :
(H2) 6 < L7 ! (so a6 <1, i=1,n)

Denote :

(D7) p = max .
i=Tn 1—ai

Now we can state;

Proposition 1. If (H2) holds then the sequence (27),50 defined as
above converge uniformly on la,a+ 8] to the unique solution = of (CP) with
the following error estimate:

a or
(4) fla? — z||2F* < MpP~! o » where p, b are given by (D7) and {D1).
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Proof. Note that the sequence (F)p>y veritics:
pi—1
j.ptl fa
jh ()~ a(t)] < / ZLH:E; () = (s)+
a
+ Z LJLE ) — Iy

J--l

(5)
(s)lds {p > 0)

Indeed:
lefH(t) — 24(t)] =

--Iff,(s 2P (), o2 (8),27(8).m o)) = [ il 1 (),
/ | fi(s, :cﬁ"“ ), ... 1"‘“ (=)

wherefrom, with (H1), (8) follows. ‘
The analogue to (5) evaluation for p = 01s:

(6 t
) 5/ |fils,x1(s)s sy aals))ids < Mt~ a).

One can see that:

-1

IIz(t)“~17(f|</ ZLJlr I+ZLJ|L](a — 2, (s )M“Q
i—1
(7) /tZLJ I‘I _$J|II+ZLJ|L —.’l‘j(.‘;)|ds <
a 521

ti—1
< [ L —'c;i!:da+ZL1M (s — a)ds.

Inequality (7) can be written as:

r—1 J 116 ( a)'l
tm?(t)—xf(t)|s/ S Ll]la? - aluds + MB,
¢ 5= -

(it € [a,a+6]. i=1,n

2

] AN APPROXIMATION METHOD 157

Using the inequality ||a? — ]|y < Jla¥ — oy Ly &= 1.m, we obtain:
t—a)?
led(t) — x:(1)| € ailla? hl”'"f dt 4- AL 3, ( o y

= 0 fla? — L“m(t"(’"i" Mp; & ga) si= 1l

2
Since t — a € § it follows: EHGE ()] < aillet — 2t 8 + Mp; - 2“_) 3

t=1,n Fors <t we have:

[23(s) — #i(s)] € @ille? ~ ||%,6 + AL . 5 c!)

< Clr,'”&':2 — ;r?” &+ Mp; ~(——(i = ﬁ

Taking the supremum over s € [a,t] in the ]cft hand side we obtain:

P
I2?(2) ~ 2:(Ole < aille® — a8 + 208 =L T
( | . o

Taking the maximuni in the left haud side too, it results:

t—a)t
() 102 = 2l < ay,blla? - 2t + py, 00 L=

(Here s is an clement from {1,...,n} with 2% = &l = |42, — 2y, ]|¢- The
index that appcars at s shows thdt it depends on the respective set.) We
continue by inductively proving the relation:
A[!‘j-‘!l “'ﬁ-ﬂp (t - ﬂ)p-i-l '

(1=, 6)l—a,d) (p+ 1)
For p = 1, the conclusion is immediate because of {8). Suppose (9) holds
for p; we will check it for p + 1.

Rewriting (5) and using |

(9) 2"+t =]}, <

(s)~ ()] < [la¥ -z, for s <t we have:

ri-!
[Tt - zift)] < f Z LJh?p+l 2]+ ZLJHr s =
5 (= “)ZL’I!':"“ — i+
Mﬂs (s—aypti &

- L <

./ (l a,gl Ct’ap_lé-) p! Jz:‘] ;=
S MAf,, .7, PRTES

St=allla™ —alll, > L7 + Asy - Bayy (t—a)

‘T - o )---fl a0 8) (10
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Changing t with u one obtains:

|wf’+l(1t) — zi(u)| € (e~ et — x|+
{u — a)F"H MpB,,..B,,_,
(10) BT T and) 1l — s, 0)
(V) € [a,a + 8]

The right side is an increasing function of u so, for u € [a,t], we have:

22 (w) — zi(u)] < (2 —a)lle? =zl ot
{11) +(t—a)p+1 M3y . Bs,_s 4
1) (1-as8)(1=a5_ 8

Passing to the supremum in the left hand side over u € [t} and then to
maximum over ¢ € {1,2,...,n} one has (denoting by s, that index for which
it is attained):

&P+t -zt < (t = @)t -zl as, +

(12) (t - o)t My, B, b, .
(p+ 1) (1-as6).(1-as_,6) °

It suffices now to replace (t — a) from first term of the right hand side with
é to get the desired relation.
From (9) one obtains:

[}

&1
lz? — z||f, < MpP! ;'-s (Vp=1, t€la,a+ 8]

For t = a + & we obtain (4).

Since . WP
MpP~! - x—([l—:[) as p — 00,
p! p P

the uniform convergence of z? to z follows by the Weierstrass theorem.

Remark. The standard succesive approximations method gives an
error estimate similar to (12} where the second member is replaced by

éF . . .
M LP'1—|. We will prove in the following that p < L wherefrom we can
conclude the method above gives a better theoretical estimation for the er-
ror than the standard one. Indeed, (D7) imnplies (I}iy € {¢,...,n} such that

ﬁio i

i 1— a6
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B;
_._0.3 < @;

— O,

Iiteqquality p )
. o 1 3ip can be written equivalently as:

Pio S Qi + Big — (@i + Big)0ig§ = (i, + Bi )8 < 1.

But this is true because iy + i, < L. Tt follows that p = di + B, <L
—_ i g — N

Note that there are examples where p < L.

2. Mai : fac
n results. The facts above load us to an error estimate like:

(13 o (t-a) . R
) flaf — 2, < —p—!'——h.i(t): i=1,n, p> 0.

e P iti ]
where (h{,...,h2) are positive nicreasing functions over [¢, a + 6
¥ 3 ’ ’

Let us denote kD) ‘e wi
enote &i(t) = ——— We will prove by induction that (13) is

true and moreoy P
‘er that (b h2Y are vol Cors .
. . : 1o 15 ) are polinomials in (£ — ¢) having positive
cocficients. We have already seen thai: ( Fd) afing jiositive

ool . S
l2; = zille < Mi(t —a). i =T (see ()}

and also, by (5) and (8),

e ‘ f]i—1 ) n )
l277(¢) —ut:,(t)lS/a ZL{IJ:;’H(S) —z;(s)| +ZLf|tf(a) —z;(s)]| ds

=1 =

{p > 0).
Let us now suppose that (13} 15 true for

< po, i=T.n and for L
i Lowand for p = py + 1, till i ~ 1. Then:

t§i—1
|1f7’-}+l(t)—.'[?'(f.) <f —‘L.f P+l _ - g
| OLS [ Ll =il 4 Y ilef ~ | s <
=1

¢ 1 1—1
< /; Z] Lf6p+1(s)hi?+l(s) + Z L{@{s)h‘}’.’(s) ds.
i= =

By hy o IP o
¥ hypothesis A are polinomials in (t — a) with positive coeficients henee
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they are in particular increasing functions. Frowm (14} we get:

2Pt — @) <

i—1

] ZL Spals ()+ZLJ5,, hb(s)| ds =

- ZL Sppa(t)RET! (t}+§:L Sprr(DRD(H)

j=1

(
{we used / Sr(8)ds = g ().

The functions in the sccond member of (13) are all increasing in #; it. then
follows that, for each t € [a,u):

iz "H(f )~z {t) < z:.E%‘i,,.;,z(u)!r’-F i) ZL dprr{udht (u)

=1
i=1.n, p>0

Passing to the supremum over ¢ € [a, u] one finds:

i—1

Pl _ L < 6 Ll f"H(“ ,p+| iy
(16} ||=; z e < Gepa{u) Z ; ‘5+!(“) VT () +ZL ()

j=1 J=i

P _
But pra{t) _ouza and, putting:
Sps1(u) p+2

17 Rt =N 1 f’“fff+‘+ LIKT
(17) , Z oy 2 b

we obtain the desired relatiorn.
We have two major cases to analyse:

A) The first case is concerned with the norm |- 15+ Denotes

(D8) v*(t) = max hf(#).
i=1,n

6_{-((1 + (5)}85
D9 = .
(D9) o o Bkt 0) — aubrpr(a+8)

9 AP T
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Note that <
at o <L (in fact pp < o, + 3, wl
cquadity in {D9) is assured). e e i the

Let us no

7 W construcet a sequence (yf = {# ’

of o i (y* = (¥ ul) s ecato] = B7) sy
esive aproximations™ of x by -

t
(T
DI i =&t =&+ f Fty" N (s))ds for p < [6L] = po,
aud for p > po, let y* be deduced from y"~! by the method above (given

by (D2)). (Here [-] is the integer part function).

I{ellldl‘k I()I i{. 0 ” - L JU al p OIe Call use 1‘ ‘
.

‘ S 1 1 t l(l 1[01]1 1) ( )
Ih(. Pl()of 15 dll(l]()g“(, t() th( rasc IJ[] - 1 S0 we ()Illlt 1t

Pro )
formly o position 2. The SeqUEnce (¥ )pso defined as above converge uni.
y over [a, a+8) to the unique solution o of (CP). Moreover, for p >
the following error cstimate holds: : P> po.
18 P [atd o7
(18} lly x| < — o PpPp-1. P;»GLPD—z."'IfI.

Proof. It follows from (17) that:

ntYy i Spralt) f)
f)<ZL s t)+ZL1u”

(19) p+1
J (t)
gy ) T
(t) Sori(l) o F ot (Y3, i =1, n.
Let 7 = 75 be that index which satisfies ot = ”+l . We have:

ePFH(HY < P (g :’Izg—; iy + vP(8)5;,,

wherefrom, by clementary transformations
p+1 \
(20) VTN Op 1 () = aig8pqa(1)) < 81 (E)0P (1)

If p+2 > 6L then {in view of L >
i + i, 1 =
and (20) can be written as: reHfat =1 bt 2 el

(21) UP-H(t) S P+I( )ﬁ:o )p(t).

6P+l(t) ID p+2(t}
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Relation (21) shows that for p > [§L} — 1 we can use the formula: V\’(‘r)are trying t(‘_"b“‘i“ a result similar to Proposition 2. In order to obtain
b (-E?)-ty be mh?t'!on’ (see below) one may start as follows. We have ajready
o) < gy 0P(t), (V)1 € [a,a+ 0], obtained (relation (17)): :
hence for t = a + § we have: i~1 N
Pl i
S (DA = Gppa(t) Z th;’“ + bprlt) Z Lih}
P — 2|5 = dp(a + Sv?(a + &) < pla + o)purla +8) j=1 =y
4 after iterat: henee, by summing after 1,
and after iteration:
n
P_ ittt < S (a4 81pppoaie ppot?® < Bula +8pppp_ipp LPe=2pg 41 - . =l i
o7 = elin™ < 25(a + Eloptp-1:-ro G D bR = 3 L bpa ()Y LI 4 §u() S LIRY
o =1 o= | - -
which is exactly (18). ! 7=l =i
Remarks. Changing the summation order in the second member yvields:

1. One can easily sce that pr € pret <0 S P+l S Ppy S L. Moreover.,

- n—1I
if (H2) is satisfied then pi < p (V) k > Oshence the crror estiniate is § p+1 S
=0 ’ : > LRI = ) prt! . j
sharper than that one of Proposition 1. The only difficulty appears p+1(80hT(E) z o ()8pa() Z Li+

g 2 =t jeel =
at the calculation of pg for each k. (23) . ’ 3 1=+
9 e N R T p 3
2. For a given s we have the relation: + Z hE(t)6py1(t) Z L.
i=t =1
Sxla + 8), ‘ Denote:
(22) — A, ask = 0o
Spla + 6) — aybppy (0 +6) n ; .
N gr = i ; .
) ) . (D12) s; = Z L, t; = ZL{, forj<n, ands, =0, ¢, = ZLU'
hence {px | k € N} has all its cluster points smaller than 4 = max .. i= 41 = ‘ '
NI . =1
This shows that it is recommended to carry out the approxunation Relation (23) can be rewritten as:
process in such a way that 3 to be minimnm, so it 1s not necessarily
to start with :1:’1’+l a2t ete. butin that order .1":;-&1). il f_;i'"]) for which n " n—-1 n
- VhP — pt+1
" B | o Y S ORE (1) = 3T R (0)8,00(t)s5 + SRR ()6, 1 (D)
m'g._"{Z L;’T“) has the minimuin value, For a given mafvix (L5 1< <0, =1 j=1 =
=R E
=1
the appropriate substitution is obtained as follows: one calculates the or, since s, =0,

sum of elements on cach line and choose as a first line the one with
tite minimum sum; then one calculates the xum of elements from each n . n
of the 7 — 1 remaining lines and puts as the second line that with the Z BT () [6p+1(2) — Gppa(t)si] = Z RE (8801 (1)

minimum sun... etc. =0 i=1

. We impose the condition
B) Now we consider the norn:

(D11) ||(z1, oy zadlls = &1l 4+ + |2ul- bpr1(a+8) —bpina+8)s; >0 (= p+2>68s;)i=1n.
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Let us take p > tg — 1 = [#s] — 1 where
(D13) s = max s;.

i=1,n
Under these circumstances:
(24) Zh”* ()41 (8) = Bpa(t Zh"* (Op41(1) = up2()s):
=1

Denote further:

br(a+ 0t
— T = max (s, + )
(D1 = ma o ) — e+ ) i Y

Relation (24) yields [8p+1{t) — épsa(?) Zh"’"’l < Zhi'(i)b,,.,;.(t]tl.

Hence

i)t

oK P+l < J"f‘! ]p i,
(—O) Zh zzz ) 'shp_hg(tj I!()

p+1 t)

If we had passed from step p to step p+1 by the classical method we would
have obtained:

Bprr(8) iy M) < Zh{-’(t)ap(f)m +5.)

(that is Zh"“(t) < Z "(?tl(“:)“") BE ().
=1

We prove that for sufficiently large p:

(26) Spi(a+ 0N, < bpla+8)(t + i)

1:+1(a +8) — "ép+2(a +46) © 5P+1(” +4)
Indeed, let us notice:
. : s Slat?d)
et T Guaatd) © G (et )

bpr1{c +6)
But titsi plat9) > Splatd) 1 =2 il and the condition can
t;  Spri{a-td) bpy1(a +6) é

be rewritten as pt1 N P42

& = p+2—s5.

13 AN APPROXIMATION METHOD 165

This 1s true wlienever p > A, A beiug the greatest solution of the equation
(X 10X 4+2~38)=(X +2)8.
Now we construct the sequence (2P = (z7,.. Py ifa,a + 8] = R™)p»y by:

(
(D15) = =& M) =€+ / f(#.277 (s))ds for p < qo = max{[A] + 1,4},

and for p > gy, let =# be obtained from 2= by the formulae (D2)).
Bemus( of the partienlarities of the norm || - ||y it is rather difficult to

"measure” the improvement lnuubht by the method above. One can only
say that (by (26)) there is an improvement (that is 2? converges faster to
solution than in the classical situation). We can therefore state:

Proposition 3. The sequence (= Jo>o defined as above conuverges
uniformly over [w,a + 8] to the unique solution = of (CP). Morcover, for
P2 qn, the following ervor estimate holds:

i=f _*ri||a+6)k=1“1 <
T _2.“']{]5‘10(([ + )

28 < Do -
( ) - 5}1+i((1+6) ?h n]) 1 T'?Q:I

Spla + 8)

n
where Mo = Y M;.

Proof. We have already obtained that for (D2)-type recurrences
takes place:

(29)
Z hE(a 4 8)[éx(a + 8) — Srq(a + §)sil <
=1
di(a + 6}t, =
,-=1 L. 1((1—5-5)_,,5‘6_*(\)],' (e + 6Ybk-1(a +8) = ila + 6)s;) <

<k Z[fia—n(rt + 8) = Si(a -+ 8)s, )+ 8).
i=]

Iterating {29) down to gy one has:

Z hf‘(a + 0)[on(a + &) — Sppr(ad-8)s:] <
izl

< ety D [Bge-1(a +8) = bgp(a+ 8)si]P 7 (0 4 §) <

i=1i
n

< Meeelige D Bgg-1(@ + OB + ) < ity TP Moo (a + 6)

=1
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(because usual estimates, that is the part till go. leads us to

Sgo—1(a + ST YWa+68) € TP 2 Myby—1{a +8)).
Hence:

n
Z k¥(a + 8)[6xla + 8) — bks1(a + 8)si] < nkennge TP 7 Mobyy—1ia + &),
=1

It suffices now taking (24} into account to end the argument.

3. Other results. We are now in position to give a result counected
to the one before. Denote

(D16) 8 = max{s,.t; | j = I,n}.

Proposition 4. If § < T, then the sequence (a),50 converges

uniformly over [a,a + &) to the unique solution x of (CP). Moreoner the

following error estimate holds:

gr .
(30) N(ll22*! = zill )il < ey Mobp4i(t).

Proof. With the previous norm and using also the evaluation:

pi-l

&2+ () = zit)lle < / > Lijl=5+ - ~v;|lr+ZLJ!IT — ;llsds,
Ja =1 b

() telaat+d], i=1n
one obtains, by summing all the n inequalities of that kind:

1
N2+ = wall)iz ||1 <

fZ ZL’ilm"*'—aau +Z_L’||:c — )| ds.

Hence, by changing the order of summation in the right hand side:

I "5"'p+ — zi[¢) -1"1 B
tn~1

31 - ,
O <[5 5 m ahe 2 I s
& =1 i=j+1

j=11i=1

[
' AN APPROXIMATION METHOD e

whicli can also be rewritten as:

I8 = wifeye l <

rl—-l

(32) ‘ 1
< Iélj'-i*l i
~Ja 2% el +Z’ % — IJIIsJ 5. {¥) p>0.

J=1 i=1

For p = 0 one obtains:

(33) I =it =37 ! — el el
b=t ; il <Zu

By (32) and s, = 0 it follows that.

WPl "
07 =2l el <8 |30 - @lle?® - 1,”,+/ 5 et — 2

J""’ i J_l
Replacing t — @ by 6 we got:
Nt S n S v+ 1 T :
™" = willoizh < 6602 = all i, +] I} = illa)iallids
a

hence:

B4 AW =zl < 6 - 0] / Wls? = s s

We will prove thie conclusion by induction. For p = 0 conclusion is clear,
via (33). Suppose that it is true for p. Then, by using (34}, one gets:

!
™ = wilfio, s < 611 - o6} / 671 [1 — 66)' =" Mo, (s)ds =
6”’[1 - gb} MU ])+)( )

Hence (30) holds, a i i
s, and this assures the CONVErE '
(30} @ his assures the uniform convergence of +? to z.

- Reln;z}lrk }If wo I:ml followed the usual way the right hand side of
wol * be P
id have been MyTPé,4,(4). To obtain a better estimate one needs

T < T, or equivalently § < T — T86, that is:

T

H .
(3)9<1+6T
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By our previous considerations ¢ < T. If6 =T then (H.S) cannot take prl:m-
for any § > 0, so the estimate in the right hand side is not better. When
§ < T, by (H3) one has:

T-60 1 1
(35) ‘< rg T § T

That is the estiinate is better if § satisfies (33).
BREFERENCES

1. Demidovich, B & Maron, LA, - Conputational Mathematies, Nir,

Moscow 1973, . .
2. Barbu, V.- Differential Bquations {Romanian), Junimea, lagi 1935

Faculty of Mathematics
AL Cuza”™ Universily
11, Copou Boulevard
GGOO Lassi

farmaa

Received: 23.X1.94

ANALELE STUNTIFICE ALE UNIVERST] AT "ALLCUZA® 1AS1
Towal Nil, <] a, Matematici, 1995, {1

FUNCTIONAL DIFFERENTIAL EQUATIONS
WITH DELAY IN HILBERT SPACE

BY
DAN-ANDREI GEBA

0. Introduction. The aim of this paper is to prove the existence of
a solution for a certain class of differential equations with delay in Hilbert
spaces, using the theory of nonlincar semigroups in Hilbert spaces.

This work is structured in two scctions. In the first one the main
result is stated and proved. Seetion 2 presents some examples to partial
differential equations. For other recent related results we refer to {1}, [2].

1. Main result. Let us consider the following problem:
() € Aoa(t) + Ayz(t — h) + Aqz{t — h) + f(1), (V)t >0,
(1.1) .’E(O)=-’l‘u EH.
z(s) =2%s), (V) —h<s<0.2'c LY —h,0; H),

in which & > 0, H denotes a real Hilbert space with the norm I| - || and the
scalar product (-,-) and Ay, 4,, 4, satisfy the next four conditions:

(1.2) Ao is a nonlinear, m-dissipative set in H x H and 0 € Ay(0).

(1.3)
4,:D{A,) C H — His a linear closed densely defined operator and
Ayl < MIATYI + Cllyll. (V)y € D(A}).

(1.4) Azt H — His a Lipschitz contimtous function,
' 42y — 42| < Llly — =)}, (.= € A,

(1.5) HAT (2o — v )lI* < —puifag — v, 0 — yo) + tallzo — wol

2
(V)0 wol, [yo, vo] € Aq, with 0 < #r < land pu, € R, '




