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By our previous considerations § < T.If § = T then {H.S) cannot take pi}:m-
for any § > 0, so the estimate in the right hand side is not better. When

8 < T, by (H3) one has:

T-6 1
(35) < re T8 T

That is the estimate is better if & satisfies (353}
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FUNCTIONAL DIFFERENTIAL EQUATIONS
WITH DELAY IN HILBERT SPACE
BY
DAN-ANDREI GEBA

0. Introduction. The aim of this paper is to prove the existence of
a solution for a certain class of differential equations with delay in Hilbert
spaces, using the theory of nonlinear semigroups in Hilbert spaces.

This work is structured in two sections. In the first one the main
result is stated and proved. Section 2 presents some examples to partial
differential equations. For other recent related results we refer to (1]. [2).

1. Main result. Let us consider the following problem:

z(t) € Agx(f) + Aya(t — h) + Apa(t - h) + f(t), (V) >0,
(1.1) z(0) =xz9 € H,

z(s) =a%s), (V)—h<s<0,2%¢ LY —h,0; H).

in which & > 0, H denotes a real Hilbert space with the norm Il - || and the
scalar product (-,-) and Ay, 4, 4, satisfy the next four conditions:

(1.2) Ao is a nonlinear, m-dissipative set in H » H and 0 e 4,(0).
(1.3)

A DAYy C H — His a linear closed densely defined operator and
Ayl < MlATull + Cllyll, (V)y € D(A}).

(1.4) A: H — His a Lipschitz continuous function,
' [ A2y — A2zl < Lily - 2|, (V)y,z € H.

(1.5) | AT (o — yo)ll* < —ft1(tg — vg, 2o — yo) + f2llxe — yoll?.
(V)[xo. o), [0, v0] € Ay, with 0 < i S 1and g € R
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We shall use the standard way to represent equation (1.1) as an ab-
stract differential equation in a Hilbert space (sce e.g. [4]). We refer to (1]
and [3} for standard results on nonlincar subscts and differentinl equations
of dissipative type in Banach spaces.

We will consider X = H x L2(—h,0; H) a Hilbert space endowed with
the scalar produet ((wg, 1), (v0,¢?))x = (w0, v )+ (0, 1), 2. Ou this space

we define the following operator:

(1.6 D(A) = {(wg,20)|z® € W' 2(—h,0; H) 0 LH(=h0; (A1),
6). (0} = 20 € Do)}

At
LT Afeoa®) = (dozo + A (=h) 4+ (). )
s

With all these assumptions, it follows:

Proposition 1.1. A is m — w dissipative.

Prooﬁ (_A(;]:U,:L'U} - A(yﬂs ?!U)-_ (:!:U‘. 1]"0) - (.‘fl]: U“”.\' = (-:lU:’:U -
—Aoyo. o — o) + (A12°(—h) — Ary®(=h), 20 —yo) +

0 de® 3"
+{Apz®(—h) — Apy®(—h) ko — y0) + [, (‘tj}.—(“) - %(U)) () —
—y®(u)du = (Aozo — Aupo. 2o = yo) + (O () = yPL=h), Ajlrg =) +
- g —h —TU - E
+(A-2I0(—h)— Agy“(—h},mg —yo)+ llza 23,'0|| _eT(=h) '3J (-0l < {Ayig —
- 1 —y 2
—AuynaTo”Uu)'i“”mo(—h)“yn(—h)u'(”-'l}(ﬂ-'u—.‘ln)ii|+LNi!=u-yu||)+l'i’2;"“'—
A A G )| o S PO o A 9L T,
B < (Agg— Aoy, 7o — o) 147 (xo — yo )| +{z+L%)|lwo—
—ygll? < (1 — i (Aoxo — Aoyo, o — o) + (3 4+ L2 + po)lleo = poll® =
< wllzo = yol|* < wli(zo = yo.2® = v* -

Thus A is w-dissipative.

Let us show now that R(AM — A) = X, for A large enough. It 1s
equivalent to prove that the equation (M — A)y = = has solutions
D(A), (¥)z € X, for A sufliciently large We aay write the last relation
in the following form:

o _ 4y’ _ o
(1.8) At =
(19) z\yo - Agyn - ."‘llyu(-h) - Azyu(—h) = I,

where y = (y0,1°) € D(A),z = (20,=") € X.
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We deduce from (1.8):

!
(1.10) v (1) = My / eMI=9) 01 5)ds,
0

Making in (1.10). ¢ = =, it follows:

0
(1.11) Y (—h)=e o -i-/ eA(_’_")zU(s)ds.
h

Combining this rolati .
smbining this relation with (1.9), we obtain:

AN — . _ io—Ah 1] -
(1.12) ( IO Aogfm _,A“e yo + [, M)+ Ag(e= Mgy
+[ e =0 20)ds ) + 4.

Because of (1.2), for A large enough. i 2
L g ugh, if one defines w = (AT — Ay,

e —Ahy—1 S 4 y- )
(Ligy = A AT = A o) [0, Ao )
+A71 45 (e (I—A"1Ap) ' + fEh e ’\':“’“'):o(sjds) A AT .

We shall use the Banach fixe i i
. ‘the Bane :d point theorem in order t ; i
existence of a solution for (1.13) by F(w), we obtain: A

I1£(w) = Fu)ll < A1 e A 4, ((T — A=t 4g) Lo

—(I = A Ao)T o)l + LA e (T — AV )t aw—

—(I =27 A0) ™ || (L 4+ CYA e b ||(I = A2 4g)) 1o

=1 = A7 40) T || + MAT e M| AN((T = AT Ag) " w—

I(I —(,\-'_40)-1vu S MAtem M

‘= AU(I—'/\EIAD)-I'IU — Ag(T — A_IA et H

(I—A""Ag)tw — (I - /\“"Aoa)("‘u) +,ug|T) 1
(1.14) (I =ATT4g)w — (I = A~ A4g) o) /2 4

HL+C)AT e (T = A7 dg) o ~ (I = A~V gg)Ho) =

=MA e M (py — i NI A4 Te—

—(I - A_lA(])_l'Ul Z + [ll)\ g (w - ’U,(I - /‘\_1.‘10)_l'w'—

—(I—/\_le)_]v)]lﬂ +(L+C))\"e‘“'

(= A7 Ag) Y — (I = AP Ag)~ Yo <

< MA™ e (M) 2w off + (L + C)A—Te—

o = vfl = (M(py A2 + L+ C)A e Mo — |l

bl



172 DAN-ANDREI GEBA 4

for A large enongh.
Therefore, with A large enough, we obtain:

(MM 24+ L+ O™ <1

Thus, the proof of the proposition is completed.

According to standard existence theory for nonlinear equations of dis-
sipative type, for f € WHI([0,T]; H) and (xo. ") € D(A), the Canchy
problem

& e ACH+(£,0)
(1.15) {5(0) = (g, +")

has a unique solution { € W([0, T]; X ).
Generaly, if the initial datum g € D(A), then ¢ € C{0, T X)is a
generalized solution only. We have therefore:

Theorem 1.2. Supposc that f € WP ({0.T); H), (w0.2°) € D(A)
and Agz® € L®(—h,0; H). Then problem (1.1) has a unique solution x, for
which: -

(116) r € I/Vl’oo(io,T];H)

(1.17) Agz € L®([0,T); H), 41z € L=([-h, T — k|l H).

With this, first section is concluded.

2. Examples.
Example 1. Let us consider the following equation:

yo(t,7) € Ay(t,x) — Bly(t,2)) + ) - Vylt = h, )+
oyt = ) + f($)(a), (ML =0. (Ve Q
(2.1) y(t,x) = 0,(V)t 2 0,(V)x € 98
)(0,2) = yolr) € LH)
yls,2) = y¥(s)(z) € LHQ),-h <5 <l

in which § is an open and bounded subset of R" with sufficiently siooth
boundary 89 (for instance, of class C 2y and f, ¢, satisfy the next condi-
tions:
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(2.2 3 C R x Ris a maximal monotone graph such that 0 € #(0).
(2.3) pE W0 R") and lute)|| < 2714 (Ve € Q.
(2.4)

@: It ~— R is a Lipschitz contimouns funetion.
We shall apply theorem 1.2 in the next context:

H = L*Q)

Dido) = {y € H}(Q)N HAQ); A(y) € L?
} N (), Ay el

D(Ay) = H}(R). A1y =y Vy

Az (y) = o(y)-

()}, Aoy = Ay + S(y)

Condition (1.2) and (1.4) ar 1
2) 1 -d) are casy to be verified. We sh: ove b
(1.3) and (1.5) remain true. So, we have: e

(Ayy,z) = Jo(t - VyYedr = Jo vdiv(uz)da + [y div(jeyz)de =
= — [, ydiv(uz)dz + foq y2lpe - vido = | v
Ja o ¥x(e-vldo = [, y(—div){pz))de = (y, ATz).

It follows that:

e — 2
!!-A;y[ = 'fﬂ(,u . Yy)zdrz: < fq[Qlf;: Yy + ydivp)? + 20y (divp)?]de =
= ,flni—(lle(;cy)) dr +2 [, y*(divi)dr < 2]l A1y|? + CHlyll <
< @7 47yl + Clyl2 o

Thus (1.3) is verified for M and C' large enough.

[<A‘;l'u — Al = fo (- Viu - ’u.) +{u - v)divu)de <

<2 fo(p-Viw—v))? + 2 fo(divg) (u - w)de <2 [ |2V (2~
—v)lldz + g [ (v —v)*dr < 4y Jo IN(u — v)”gd.,r:l-slE [1,2 ﬂu —ull* =
= —u1 Jolt — 0)A(u — v)dz + p|Ju — v))® < -
< = jﬂ(u — o) [A(u = v) = (B(x) = Bl))|de + pra||re — »||? =

= i (Aou — Agv,u - v) + s llu = v|?, Tor0 <y <1, e R

Thus, according to theorem 1.2, we obtain:

Corollary 2.1. Suppose that f e Wt
Lo at ([0, TT; L2(80)),° € w2
{(=h,0; LH(Q) N LA(—=h,0; HNQ), Ay° + Ay") € L=(—1,0; L*($)) and
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y?(0) = yo € HY ()N HYQ), Alyo) € LA Q). Then problem (2.1) has a
unique solution y, for which:

(25)  yeWhe([0,Th LAY N L=([0,T); Ho()n H ()

(2.6) Bly) € L=(0,T]; L*(Q)).

Example 2. Let us consider the following equation:

(t,3) = Dy(t, @) + () - Vy(t = b,a)+
eyt — b)) 4 (@), (9120, (Ve € 0

(2.7) % (¢,2) + Bly(t,x)) 30, (V)t 20, (V)a € 890
y(0,7) = yo(z) € L*(Q)
y(s,x) = y°(s)(z) € L* (), ~h<s <0

in which  is exactly like in Example 1 and 3, ¢, u satisfy the next condi-
tions:

(2.8) B C R"x R is a maximal monotone graph such that 0 € 5(0)
(2.9) pe W' R™), |[(u(z)]] €272, (V)2 € Qand j- v =0 on 092

(2.10) w: R — R is a Lipschitz continuous function.

We shall apply theorem 1.2 in the next context:

= L(Q
g(‘40) =( {)y € H¥(Q); Bly) € L*09Q) and 0 € B(y) + 5% on 0},
Aoy = Ay

D(A) = HY(Q), Aijy=p-Vy
Azy = o(y).
Because of the last condition of (2.9), satisfied by p, one can easily

prove that A} has the same form as in example 1. So (1.3) is true. (1.4} is
trivial. Thus (1.2) and (1.5) remain to be verified.
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The fact that Ay is nonlinear, 0 € Ap(0) are very casy to be confirmed.
Let's prove that 4, is dissipative.

{doy ~ Apz,yy — 2) = fQ Aly - z)(y — z)dz =
= = Jo IVl = 2)lfda + footy ~2) (52— 52) do =

v
== Jo IV = )Pde — f,0(8() ~ 3())y — 2)de < 0.
Therefore, toghether with the maximality of Ay which is easily de
duced, Ay satisfies (1.2).

For (1.5}, as in example 1. it follows:

[Afu — A70ff? = Jolo V{u—o) 4+ (u v)divi)ide <
Son fo V(e = 0)[2de + pgfju — off? =t Jo(u = v)A(u — v)dz+
114 Lm(% — :—:;—;) (v = v)do + pg|lu ~ vf|? =
= - Jolr — A - v)de — Faq(Be) = plo))u — v)de + paflu— <
=l — gy fy (0 — 0)A(u = v)de + tiallie — of|? =
—fi{Ao(u) ~ Ao(v),u — v) +pzflu —v||*, for 0 <y <1, 40 € R.
Therefore, according to theoren 1.2, we obtain:
Corollary 2.2.  Suppose that f ¢ W0, T): LY(), 4° e W12
(=h.00 Z3)) N L3 (~h,0; HY{M) A € LPo(=h,0; L*(Q2)) and y*(0) =

yo € {y € H*(Q); By) € L2(99Q) and gg—-%ﬁ(y) 30 o 9Q}. Then problemn
(2.7} has a unique solution y. for which.

(2.11) y € Wh({0,T]; L* () n L[0T} HA(Q)).
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