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1. Introduction. This paper deals with a continunum theory for
binary mixtures of non-simple elastic solids. Precisely, we consider the
mixed initial-boundary value problew in the lincar isothermal case, and
alm to explore minimun properties for related functionals.

A modern approach to thermomechanical theories for mixtures 11 con-
tinuwm context is essentially due to Truesdell and T o n pin[l]
and K e 11y [2]. These authors first stated in a rational form the rel-
evant balance postulates. The subsequent developments carried out by
EringenandIngram [B4]. Greenand N a g hdi[5.0),
Muller{7,Dunwood yand Muller {8 and Bo we n and
Wics e [9]., have provided these theories of many important results from
both theoretical applicative standpoints, We refer to the reviewing paper
by Bowen[10], At ki u and Craine(lijandBedfor d and
Drumheller[12] for an exhaustive description of the snject and of the
intended applications.

Ignoring certain still unsatisfactory aspects in the thermodynamic as-
sumptious of the theories for mxtures*, we restrict our attention to the
purelly mechanical (isothermal| case. We also assume as non stmnple thoe
clastic materials involved in the mixture: this amounts to include second
order displacement gradients in the constitutive variabics, as well as to
consider higher order stress terms in the balance equations 113-15). The
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Tliese aspects regard the particular forms in which an entropy inequality should
be imposed to the constituents of the mixture; see the discussion in (12, sect. 1a).
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resulting model should be useful to account for some properties of non lo-
cality in the theory of mixtures that have been proposed by Muller [7].
Bowenand Wiesc [0 and Greenand Laws [16].

As regards the minimizing functionals, we shall follow, with minor
modifications, the method conceived by R e i s s in [17] and later cast i
gencral formby Reissand Haug [18]: this method allows to set up such
functionals for linear dynamic problems in the usual time domain, mstead
of the Laplace transform domain as in foregoing approaches (cf [19]}.

Starting from the field eqnatious established for the present coutext
in [20], Section 2 is devoted to introduce the inittal-boundary-value prob-
tem and some related topics. In Section 3, after recalling the guidelines
of Reiss and Haug’s method. we shall prove (strict) miniuum priciples for
homogeneous and nonhomogencous boundary conditions.

2. Statement of the problem and basic definitions. Through-
out the paper, Q will denote the smooth domain of the physical space (= 1t
occupied by the (solid) mixture in a given reference configuration; we shall
take ns f = 0 the time on which this happens. Identified % with the associ-
ated vector space, an orthonormat frame of reference is introduced, so that
vectors and tensors will have components denoted by latin subseripts (rang-
ing over {1,2,3}, unless otherwise specified). Summation over repeated
subscripts and other couvetions for differcutial operations are imphed, e.g.,
superposed dot and &; for partial derivative with respect to time or to i-th
coordinate, respectively. In this connection, we shall disregard regularity
questions, simply understanding a degree of smoothness sufficient to make
sense everywhere.

As discussed in the quoted papers on the argiment {ef. also [21.22]),
an efficient theory for binary mixtures of elastic bodies can be develaped
on the basis of a mere superposition of two interacting continui ) and Gy
this means that each of these follows its own inotion in sueh a way that
different particles, one from each constituent body. simltancously oceupy,
at any time, the same place i the currens domain of the mxiure If X,
and ¥; € Q denote the referential positions of two ty pical particles of €
and €, a basic assumption concerned in variotss approaclies [20-22]. and
here adopted, is that the reference configuration can be chosen 2o as to get
X, coinciding with Y;. This implics the motion of the mixture is simply
described by two maps

Thp = 37}1(*¥ut)e Yo = Uh (X5t} (X, 1) e T [U:r)

in which of course xx and yj are the current {different) positions of thase

particles occupying the saune X, at £ =0, and {0,T) is a time interval.
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. m]::gi(::iimithc possibility of chemical reactions betwis
s, we also assume the mass of ¢

COIlS(:?I‘V(‘d, so that the following motion e

classical {mechanical) balance laws [20]:

' the constitu
ach of them is individually
Yuations can be derived from the

(1) n {1
(1) 9; Tj:) = 0y 0ustsy; — pi + OB = H0z(0)
6-1‘(2 —_3a (2) . 2y,(2 (
i = Gty + pi + 0P = y@® ik (0,7,

{Where concerned, the top label o = 1,2 refers the v
. !

‘ arious ficlds to e
constituent C} or Cy). ]

In these cquations, the difference PT(-Q) - !‘(Q)J
* i i
represents the usual (non-symmetric) .

called hyperstress tensor, closely relate
ture {13-15]. o) is the referential m

force: Motoonar, th w referent ass dcx@ty and bf“’ the exterual body
: or field p; characterizes the mechanienl interaction

stress tensor, while yggg is the so-

d to the non-sinple materinl struce-

betweell ‘.-. e W Y <L]1C 73 z
5 11 (,OIIStltUCIl 5 C] dl’ld C’l’ Of hi(,h, ﬁlli‘-l[ 'H.II 1n 1 i)
' f z AIE
(llspla(.(.lllf,llt ﬁ(,ldb, FCSI)CLtI ¥ el 5 ; Of course u( = &y - \. y ) —_
? r i B 'I‘!’l

=Y — .)1'.-,.

For the linear theory considered in this paper, the follow

tiue eqllatiolls I‘elat ( T i - 'i I
L[] tl]e ”.(‘_‘ (]S T l,( ) b SLr ?’ U
l n I f!]l d'n'd pl {o t]le o t 217 TReAsures

eii =172 (0" 4 02}
; /2 (D5, +8,uj ,g,j=8;u§-”+ajufz), k,-j;.zaiajui”,

.. — 2
@) Yigh = 00, di = ul) — WP [2g)
-' TQ) = (A' + B,
Fii Jipq M)t) €pg + (szpq + Cjipq) Qpy +( Djih + E]”&)‘[h'*'

o + (ijpqr + Kjipgr) Kpgr + (Mjipgr + Niipgr ) Ypgr:

= Bugiiene + Cis » ¢ ; 7
J {1) pqijCpq iipedpe + Lijndn + KijpgrWpgr + NesparTpgr:

Moo = J hiiCpg + IV ' + L d -+ + H a7
Ji Pgujrtpg \pgh ’ hji s
o ghjiGpg rhijir Gh]apqrf\pqr hripgrYpgr:

D= Mo, T
\ ”’}])I. _ DthJ'qu + qufu'ypq -+ Prhj:dr + -Hpqrhjil';pqr- + I}zjipqr')fpr rs
i pqi€pg + quigpq + Ai;dj + Lipqrf\-pqr + P:pqr‘)’pqr" "

t 'The material' coctlicients appearing in these ¢
o enjoy the following symmetry properties [20]:

(3)

Aijpe = A =
i = A B. =n. e
[ Dﬁqu 1pgs Pijpg Bm'q’ C'JP'! = Cpqiﬁ Ay = Ay
ijh = JthaGthpq‘r‘zG rijh =G Hij = o
L.jhpqr . s quJ sthpgrs Hijhpgr = Hz)hqpr = H}ihpqry
Pgri; shpgry Jigpgr = Jijgpr = Jjipgrs Kippgr = Kirqpr
b

L; QI M;
pqr = Higpr, ijpgqr = i 7 =X 17 =
Pe ijgpr IJ'P?”NUP#" = Nijqpr: Prpqr = Pfqpr-

quations can be proved
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Of interest in the sequel will be the following guadratic forn:
(4)
7(Eiy Eijamigs Eijnsmin) = 1/ 2 Aijpe&is€pe + Cijpgthistipet
+Gijhpqr£ijh§pqr + Iijhpqr”]ijfﬂ?pql‘ + Aij&ifj. T Br;quiﬂlp-; + Deﬂﬂfuf-t +
FEijnénmij + Jijpar&iibpar + Nisparnii€par + Mugpur&esipar®
+Niqurnij”pqr' + Lipqrftépqr + .Hijhpqr{ijh Hpyr r rpr;r'El-'qur-

We note that, for & = di, &{; = ¢ij. Wij = G Eisn-=m Kign. i
yajk, this form attains the meaning of a poienizal energy density m the
mixture associated to some pair of displacement felds uf”. u&” 200 In
the case of simple materials, all the above equations reduce to those given
in {21,22}.

Consider now two pairs of disjoint and complementary suhsets of the
(smooth) boundary T : {Z&, Sre1), kb =1,3. We define Si = Z¢ x 0,7)
and the normal derivative Dy = 8; fr;, f becing any scalar field and », the
outer unit normal to T. A typical initial-boundary - value problem for hinary
mixtures of nonsimple clastic solids can he set up by adding to motion and
constitutive equations the following initial and mixed boundary conditions

(a=1,2)

(o)
i

(5) ud® =l al® = ) on (1« {0}

(6) u%a) = uff;:) on Sy; P,(]) + P}ﬂ =Py, di=dix on So;
/ DUEO) = ﬁfog on 53; R;l) + REQ) =Ry, Ddi = JLL on Sy

where P‘(a) and RS") are suitably defined vector fields such that power of
the surface tractions and hypertractions can be written as

] (PO 4 PA® 4 R Dal" + RP DS (13 - 15,20]
z

We refer to [10,11,12] for comments on thesc and on other of bhoundary
conditions arising in the applications. Of course, PI-(Q) and RE") can he
determined by usﬂ) through the constitutive equations. Right-hand teras
in (5,6) denote prescribed fields; along with b(t-“), these are the daefa of the
(1y {2}
; i

L}

mixed problem in concern. An array of ficlds (u ) meeting equations
(1, 2, 5, 6) for sorue assignment of the data, will be referred to as o (regular)

solution of this.

£
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For any scalar field « = a(X,.t), define now

!

ﬁ(-\'f-f)—/a(-‘f.,r)dr, tef0.7).

0

USGfIll fm’ thf‘ sequel is wi o Ien ke 123
- J11¢L 18 Eh(‘ f()l].() mg r(‘sult 12ily H g ACTAK |
9 - 1 l [ ] g . £88¢ lltlﬂib (hl(, to naczal [ ]

Lem > fie (0 2k .
ma 1. The fields (u; . 1,”’) give a solution to problem (1,2,5,6)

]t a.“(} II] .llf t}.“ V sa f:}f‘n rh h(] ”]IJ( ¥ “(“ i() Q)
‘0 5 " Satis € Al'Y CO t e ” ﬂ"inﬂ (54 (i
. i N . 118 (6) HII({ uh(., f() = ﬁ Ar

=(-l.|' =(” =
Oy Ti =0i0h myyi — py -{-fi“) = p(l)ugll
=i2)

=) = ‘
& Ty =80 o+ b AL = pDuP a0,

wheore

[ ex) 3 T !
£ =pl b, +af°)+tc:“' L a=1.2

In the sequel we shall take T = +o0.

- .Mlmlnnum questions. Reiss’approach to minimum principles for
dca.r u';,lltla - ).011ndary 'valuc problems* begins by introducting the set H of
edmissible weight functions [17.18]. A positive function ¢ on [0. T) belongs

to H if

+ oo

(8) g(t) = ] exp(—st)G(s)ds

0

frar:ome c];ntumous, non-uegative G = G(s) having rompuct support in
+oo). cnote now by L the set of fields @ on © » [0,7) whichh admit
(real) Laplace transform « in §: .

+oo
a(X, s)= /cxp(—st)a(_\'“t)dt.

0

* L . - -
linor modifications are here included; cf. [25].
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Set also

i = {u cL: a,'a,agaja,a,'ajahu € L} .

Fixed any ¢ € H we can build the following (symmetric) bilinear form for
scalar fields a, b in L:

[a, b]y = /ﬁ;

Of course, thanks to (8), it also results

+

oC

gt + T)a (X, ) b( Xy, 7) dt dr 2.

o\.é.
S

+o0o -
[a, by = // G(s)a(X;,s)b(Xi,s) dsdQ,
aJo

what clearly implies the positive definiteness of such a form. When dealing
with n-dimensional linear space of vectors U = (U;), V =(Vi), i =1,....,n,
we shall mean

(9) U, vl =) [U,Vi, -

Consider now a linear operator
A DysCX =Y

where X,Y are linear spaces whose elements belog to L. and D, is the
domain of definition. We say that A is g-symmeiric in some subspace

DaCD4if

(10) [AU, V], =[U,AV], VYU,V e€Da.

We say that A is g-positive in D, if it is g-symmetric and further

(11) [AU, U], 20 YUe€Das [AUU)y=0=U;=0Yi=1,...,n
For such an operator, the solution U € D of the equation

(12) AU =F, FeY,

gives a strict minimum to the functional on D 4 defined by

(13) &,(V) = 1/2 {AV, V], = [V, Fl,;
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this trivially results from the following equation

(14) by(V) = &,(U) = 1/2 [AZ, 2], + [AU - F. Z),,
inwhich Z =V -,

\\f' now aim to cast in the form (12) the field equations (7). To this
ened, define the six-vectors U, F by

2

(15) Ui = "E‘t)v Uips = “(2)5 Fi = f;(]).- Figy = fi(-]

and, by means of constitutive equations (2},

S (1 =(1) ={1) _
(16) (.‘i[r)l : p(l)u,- —6; [Tji —a,f, ﬂf!ji:[ + P;

) B (2) :(2‘! :('2) I—
(AU}isa Pm“, - [Tjs ~0y f-‘hji} Py

Along with cquation (12), we firstly consider the following hemogencous
boundary conditions:

(17)
(1) (2 | 2
{“-,- UT . =(-z? on S B+ P =0, ul — ui? = 0on Sy
Du,”" = Du;” =0 on §;; Rf” + REE) =0, D?*EU - Duﬁ” =0 on Sy;

: . : . 0 - . ) . 1 2 sop .
and denote by D% the subspace of fickds ”E‘ Y uf }) m D, satisfying these

conditions {via cqs. (2)). We assnmne Dy C L, and prove the following
lemninas.

- I',.e::]mr;?. II,et the synnuetry propertios (3) hold for the constitutive
coetiicients, 101, ¢ rator A defined | Y fe - o
—— te operator A defined i (16) is g-symumncetric on DY for
- (1 (z) . i 2
Proof. Let U = ("’e‘ 1y )1 V= (’“E )!Uz(' )) belong to DY%. By eqs.

(2,16) and divergence theorem (%

(18)
(401 = fo 57 57 b+ 000y 0l
+[T{;.J (130 ()4 T (00014 B () v+

= =(2
L+ Fhji (t)(?,-c')f,v!”(r)ﬁ- ,u,lj], (t)(?j(?,u,vf?){T)]}d.fdrdQ-_

) e ={1} =1} oy
fg_f(%, I+ 0P o0+ By (09Dut(r)+ By (tyo!?(r)
+R, (t)DL‘EZ)(T)]dideS.

(+) ] g :
Spatial dependence is emitted for convenience.
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Of course, the boundary term above can be written as

(19)
( =(1} }
Jz, [Pﬁ o)+ P, (t)vf“(r)]fm

[ /=(1) =12) =(1)

+Js, (P:‘ + P, )(t) ey P, (f)(r.-ﬁ”—rf“)(r)] dT+
:=“) =(2) .

+fs, | B (tyDui(7)+ R, (f)DU('Z)(T)] dE+

[ /=) =(2) ={1) ,
+ Jy, (R, + R, )(t}De:‘”(r)—kR (t)(Du?’—va"’)(r;]43.

and clearly vanishes in DY. Insertion of eq. {8) in ¢q. (18; makes Laplace
transform of the various fields appear; taking into account the constitutive
equations, the claimed symmetry properties finally imply that equation (10)
does hold for DA = D% Q.ED.

Lemma 3. Assume the hypothescs of Lemmna 2 Lold, and et
P B > 0. Provided the guadratic form m of eq. {4) be positive semi
definite, the operator A is g positive on DY for any g € H.

Proof. Put V' = I” in eq. (18), and in what comnes out insert egs.

i2.8). We get

/] G)p g ()il (s) + p P sy P ()4

+(2/82)‘R‘[d—;[3'g,("u':_ﬁ),_(}ij[.s‘) L,ﬂ,( ). 'Yuh( ))}{]wa

that of course is non-negative. Futher, [AU, U], = 0 implies it = ;7 =0
in §2 for all s in the support of G, and the whole of 2 x{0, +oc). Wi conclude
that also v = u¥ =0 @ x[0,7) 0.6.0

The previous lemmas straightly enable us to lay down a strict inini-
mum principle in the case of homogencous boundary conditions (recall eqs.

{13,14)).
Theorem 1. Let ' = ( W ) Le a solution of the hommogeneous

problem (12,17), and let f‘-( *} belong to L. Given any g € I, consider the
functional on DY : ®Y(V) = 1/2[AV, V], — [V.F], (V as in the proof of
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Lemmma 2), that is,

VY =172, J; Tt + (e (el r)+
FplDul? )(f 7‘(2)(" )+ [Aupq Fu (t)F, :q(r)‘i‘

+Cijpy Hij (r)H,,,, )+ G,,;,,,qraa o) (£)9,0,0t0(r)+
‘f‘Iuh.rwraD v,, ()0, T)+Aij i (t)e;(r)+

(20) J +Bijpy F i () Hpg(r) + (D Zijh Fr.r (1) + Euh ‘szff (t )c"(TH"
+(Jijpqr F:,J (t)+ Nijper H L (£) + Lipgr ¢ e (4))2,0, n (T)+
+(ﬂfijp?:r Fi (1) + Ar:pqr Hu (t) + Hijuperdi0j v ”'h ) (t)+

+ Py € (1 ))0,,0(‘,;:, (7)) }dtdrdy—

= Jo Jo L a4 1 )

+fl.“) “)(r dtdrds?,

where F, ” = 1/‘)[0 s + div (“}7 01:( ) + 9.0 “) - ,U(_” o 42)
Then. provided J'(_’H”Ilrls 2.3 }mj(} W thL v . g vi

(V) > ®)U) vV eDs,

and equality above necessarily implies V.= [/

This result c: i
e of s e t can be used to prove a strict minimum principle in the
8 romogencous boundary conditions toon. Following [26], let us

introduce a given six vect (1) (2)
g ctor W= {w; ) € D4 satisfying all boundary

comreli b . - {0
conditions (G}, and let / = ( I ),n ) € D4 be a solution of the nou

homogencous 1wixed
problem (12,6); clearly, this is cquivs requir
that U = U — IV meets the equation ! 6 cauivalent to require

AU = F' = F - 4w

along with the homogencous bot
mdary conditio !
Theoremn 1 can then be claimed for [ e o e U € 24)

, and leads t i
functional: ads to consider the minimizing

) = S ), - 0, P, =

. 1
= 5AVU), + 5 (AW, - [av. W) - (0, ), %[AW, Wi, + [W, ],
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that can be explicitly evaluated by means of eqs. {_9,116,2.3} ;!md (ln-czzg:,il(l::
' Oul's » bracketed ternn above nov 5
. see also (18,19)). Of course, the : | v oo
2201‘::15(1: a; it (did’ for W,U € D%: morcover, some terms hehave as
! ) - . . .
stationary with respect to extremum properties. By putting
. -
P 0 = &, (U7)
and neglecting the stationary terms, we are finally in position to state the
following
Dot safurti : -homoge-
Theorem 2. LetU = (ug )’“; ) he a salution of the non-Lomog
neous problem (12,6), with f,v(o) € L, and let D¥ denote the subdomain of
all fields V' = (vf”,uf”) c D such that (a =1,2):

L u(i(;_:) on Sy, uf” u';fz) = d; v on Sq,
1 N ) .
1) Dol = fff‘:? on Si, va” Dngn =d;x on Sy
1 §—

e .
Given any g € H, consider the following functional ou D%

= = —1 + . + Y (r)dtdrdS—
d G (V ¢ Pox (1) Lo 4 v;7 ) (7)e E
oV) g( ) 2 /:m fu ./o glt-+7) Pez () ( )

3 / /""“ /°° g(t+7) 1_'_-?.1',2 (1) (D'nf]) + va'“) (7)dtdrdZ,
2 Iy 0 0

[ i : ‘ovide : wwes of Lenuna 3
E’h;;rc ‘-I'g}(]V) is as in eq. {20). Then. provided the hypothese
old, we have .
| 8,(V) 2 B,(U) VVeDj
and equality necessarily implies V' = U.
Of course, strict minimumn principles are important sice thqj 1(:;}(1
to as many uniqueness theorems; in the conpection, sce {10.27] for sumilar

results.
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ITERATED DEFECT CORRECTION METHODS
FOR NON-LINEAR DIFFERENTIAL-ALGEBRAIC
SYSTEMS OF INDEX 2

BY

SENNUR SOMALI

Introduction. We study the behaviour of the iterated defect
correction methods based on linearly implicit Euler method for DAE’s of
the forin

y' = fly, 2] 0)=w
(1.1 ¥y = fly.2) yE
) 0=gly) #0) = =p

where t € [0,T], y € R* and > € R*.
We assumne that f and ¢ ure sufficiently differentiable and that

(1.2) 9y(y) - f:{y, 2} is non — singular

in a neighbourhood of the solution, so that the problem has index 2, The
initial values yo, zg arc required to be consistent, what means that

(1.3) 9(yo) =0, gy(yo)- flyo,20) = 0.

Whenever an initial value y, satisfying g(yo) = ( has been specified, the
second equation of (1.3) determines a locally unique value for 5. This is a
consequence of (1.2) and the implicit function theorem. Then the equakion
{1.1) possesses a unique solution. Problems of the form (1.1} are frequently
encountered in practice. An important class of such problems are multibody
systems with constraints on the velocity level (see c.g., (4]). In the last years,
much research has been devoted to the development of numerical methods
for the differential~algebraic problem (1.1). Convergence results for BDF
methods has been given in [9].[1]. Implicit Runge-Kutta methods have been



